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Preliminaries on convexity

Definition. A function f: R™ — R is convex if for any 4,25 € R" and for all 6 € [0, 1] it holds
f0xa+ (1 —0)zp) <O0f(xa)+(1—-0)f(xn)

Proposition. A differentiable function f : R™ — R is convex if and only for all x4, x5 € R™ it holds

f(za) > f(zp) + V(zp) (za — 25)

Definition. A function f : R™ — R is strongly convex with parameter p > 0 if for any z4,2z5 € R™ and for
all 6 € 0, 1]

F0za+ (1= 0)zp) <Of(xa) + (1 - 0)f(z5) = 56(1 - )|wa — x5

Proposition. A (differentiable) function f : R™ — R is strongly convex with parameter p > 0 if and only if
for all z4,xzp € R™ it holds

f(xa) > flzp) + V(zp) (za —xp) + Elwa — zp|?

Remark. Strong convexity implies (mere) convexity
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Convexity and monotonicity of the gradient operator

Proposition. A differentiable function f : R™ — R is convex if and only if for all z4,xzp € R" it holds
(Vf(za) = Vf(@p) (wa—zp) >0

i.e., the gradient Vf : R™ — R" is a monotone operator

Remark. If specialized to x4 = Z 4+ x+ and xp = x,, then previous condition reads
(VI(@+w) = V() >0

which means that the gradient operator is a passive static map

},

<+~ Vi(+z) = Vi(z)
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Strong convexity and strong monotonicity of the gradient operator

Proposition. A differentiable function f : R™ — R is strongly convex if and only if for all z4,xp € R" it holds
(Vf(wa) = V(@p) (@a—zp) > pllwa — 25|

i.e., the gradient Vf : R™ — R" is a strongly monotone operator (or, coercive operator)

Remark. If specialized to x4 = Z 4+ x+ and xp = x,, then previous condition reads
(Vf(E+20) = V(@) & —pulE]* >0

which means that the gradient operator is an input strictly passive static map

},

<+~ Vi(+z) = Vi(z)
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Preliminaries on Lipschitz continuity

Definition. A vector field F': R® — R™ is Lipschitz continuous with parameter L > 0 if for all x4,z € R"
it holds

[F(za) = F(zp)|| < Lllza — =5

Remark. It implies that for all z4,z5 € R™ it holds

(F(aa) — F(zp))" (€a - v5) < Lllea — a5
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Lipschitz continuity and co-coercivity of the gradient operator

Definition. A scalar function f: R™ — R is said to be smooth if its gradient is Lipschitz continuous with
parameter L > 0, namely if for all z4,zp5 € R™ it holds

IVf(xa) = Vf(zp)ll < Lllza —zs]
Lemma. If f:R"™ — R has a Lipschitz continuous with parameter L > 0, then for all x4,z € R" it holds
f(wa) < f(z8) + V() (va — 25) + 5|wa — 25|

Lemma. If f: R™ — R is convex and has a Lipschitz continuous with parameter L > 0, then for all
za,zp € R™ it holds

(Vf(wa) = Vf(zp) (@a —x5) > 1|V f(za) = Vf(2p)|*

if specialized to x4 = & + x« and zp = x,: the gradient operator is an output strictly passive static map

Remark. This property is also termed co-coercivity with parameter % ~
<« Vf(+zs) = Vf(zi) « L
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Graphical interpretation

e Strong convexity imposes a quadratic lower bound on f (shown in red)

f(zB)
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Graphical interpretation

e Lipschitz continuity of V f imposes a quadratic upper bound on f (shown in blue)

_--""(za, f(za))

_ -
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Graphical interpretation
e Strong convexity imposes a quadratic lower bound on f (shown in red)
e Lipschitz continuity of V f imposes a quadratic upper bound on f (shown in blue)

e Both properties together impose lower and upper bounds on f, namely for all z4,zp it holds

(VH(@a) = VF@s) (x4 —28) 2 £ lIVF(2a) = Vi(2s)|* + £Llwa — os]

f(zB)

- (za, f(za))
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Unconstrained optimization

Consider the unconstrained optimization problem

min f(z)

where f: R"™ — R is u-strongly convex and has L-Lipschitz continuous gradient (L > p > 0)

Let . € R™ be the unique optimal solution, i.e., V f(z«) = 0,

The unconstrained minimizer of f can be found through the gradient method, defined as

Thtl = Tk — QUE, To given u o
k Th+1 = T — QUL
Y = Tk —O_> Yk = Tk
uk = V f(y)
with a > 0 being the stepsize
u,
- Z10)

Yk
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The gradient method in error coordinates

Let & := x — x,, then the gradient method can also be written in error coordinates as

Thtl = T — Qg
Y = Tk
Uk = V(e +2x) — Vf(zs)
—_

with initial condition 7o € R™

The convergence analysis amounts to studying the stability properties of the origin & = 0,, (unique equilibrium)

Remark. When = 0, then also § =0 and 2 = 0
— U Tpy1 = Tp — aly Uk
_ Uk = Tk
Uy,
VI +ae) = Vi)
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The gradient operator

Consider the static plant with input § and output @ (switched roles!) given by

gr—u=Vf(y+a) - Vi)

1 Vil +z)-Vi@) |

Recall that if f is L-smooth and p-strongly convex, then for all x4,z g it holds

(Vf(@a) = Vf(zp) (@a —25) = 15 IV f(2a) = V(@) |I* + £ llza —n]?

With the identification z4 = § + x» and B = ., it follows that

(VG +2) = V@) 5> o | VG + ) = V) I”+ 245 11517
i ot @ LTy

which means that the gradient operator is a very strictly passive map
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Equivalent representation of the gradient method analysis

The gradient method is a feedback interconnection of a discrete-time integrator and a static nonlinear map

gr—u=Vi(y+a) = Vi)

For the convergence analysis the nonlinearity is fully characterized by the inequality

a'y> Lﬂ lall* + #5 ll7l®
| S
'Yout “Yin
—Ug 1‘kt1 = ifk — Qug Yk — U Tp41 = T — iy, Uk
— Yk = Tk O U = Tk
ﬁk ﬁ’k ~ T ~ ~ 2 2
VH+ 20) — V(@) W > 7 all? + 2L gl

Are the two individual components passive?

Remark. The bound includes the gradient operator, but is more general
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Gradient method analysis

e The Passivity theorem does not apply because the linear plant is not discrete-positive real (DPR)

e How to “move” passivity from the nonlinear map to the linear plant?

—uy, Tpy1 = T — alig Uk
C Uk = Tk
Uk T ~ 2 L (s (12
Uy, G > ﬁ”%” + 252 19l
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Gradient method analysis: first loop transformation

First, actuate a (negative) feedback action on the plant (o In
Tt T T T T T T TS T T T Tt T T T TS TS 1
~ ~ ~ 1 !
(—a) = (—u) — py : wln | :
1 1
“stealing” strong convexity from the cost function f | _1 - |
1 —Ug Tp4+1 = T — QU :
The resulting (linear) dynamics is ¥ - Tk = g 1
I I
Frpr = (1= ap)@r — adiy . Itabh—— L
1
L | i
Yk = Tk b o !
PSS - - - . .. <~ VI(+z) = Vf(za) [+ T
with Uy =14, —pgr and g satisfying the co-coercivity bound i _I + :
| 1
AT ~ ~ |
Uy Uk = ﬁ||uk||2 ! ulp |« i
| 1
L s 1
o . . V()
Remark. The static nonlinearity (lower subsystem) can be thought of as being the gradient
of a merely convex function g(-) having a (L — p)-Lipschitz continuous gradient
Remark. The transfer function from —@x to g is (1 + puG—a—y(2)) "' G_amy(z), with G_ay(z) = 225
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Proof of the sector bound of the transformed nonlinearity

A negative feedforward action on the nonlinearity steals strong convexity from the cost function f

The original sector bound is

W g > el + 2L gl

Replacing 4, with Uy + gy yields

@@k + pie) G > 2 e + piell® + 25 1960

g+ g l® 2 2 (137 + 2088 5 + 6151 + BLlGe)))

v

~T ~ ~ ~T ~ ~ ~
@ G > 2 (18607 + 2088 Gi) + 5 (07 + L) 13607 = pllgel®

~T ~ —~
(1= 2508 i = 7 [l ?

V

which finally gives
AT - ~ 2
g > ]
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Gradient method analysis: first loop transformation

After the first loop transformation, the gradient method can be equivalently formulated as follows

-1 z = (1 — ap)Zx — o, ] -, e ]
K k+1 = ( )T k Uk 3 I Gk
_ Gk = T — 2= (1= ap)
iL\k g ak AT ~
Vg(-) Liu-co-coercwe g > ﬁ”ukw

Remark. We earned stability (provided « > 0 sufficiently small), but the linear part is still strictly proper
(thus not DPR), whereas the static nonlinearity satisfies a co-coercivity sector bound (i.e., passivity excess)
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Gradient method analysis: second loop transformation

Second, consider a feedforward action on the plant

~ ~ ﬁ+%1n
y=g+gC0 Umow)  Low ™

The resulting (linear) dynamics is

Zp+1 = (1 — au)Zr — iy
~ ~ 1 ~ O ~ e
Yk =Tk — g, Uk _ Yk = Tk +
with 2, and 7, satisfying the monotonicity bound uy, :::::::::::::::::::::::::::::::: Yk
1
1 I
AT ~ I 1
>
U Yk >0 . V(- o
| +T |
1 I
: . 17 :
Remark. Notice that @y, (§ix — £, Ux) > 0 : Tt !
L 1 L s 1
Vh(-)

Remark. The static nonlinearity can be thought as associated to a merely convex function h(-)
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Gradient method analysis: second loop transformation

After the second loop transformation, the gradient method can be equivalently formulated as follows

—y, Fry1 = (1 — ap)Zr — oty
_ O i
Uy
Vh(-) monotone

1 z—(1—al)
L—pz—(1—au) "

Up Yk = 0
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Gradient method analysis: discrete positive realness

The transfer function (n = 1) from —4y, to T is > 1 2—(1—al) m
—| G(z) = Liﬁ —
% (11— —pz—(1-oan
Glz) = Y (z) 1 z—(1—-al)

0() L-npz—(1—ap)

The open-loop plant has a zeroat z=1—alL and a poleatz=1— au

For DPR we need G(z) + G(z) > 0 outside the unit disk. It holds G(z) + G(z) is positive outside the disk

. — 1—alL—1 _
e of radius \Zozpol _ li-a - topl _ o L=p I

e centered at z = Z0fPo = Imalfl-ar — o Liw

For all v < 2, the disk (shown in blue for & = £ and in red for o =

contained in the unit disk, hence G(z) is strictly discrete positive real

2 . .
T35 is entirely
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Gradient method analysis: convergence proof

Consider a minimal state-space realization of the transfer function G(z) given by
Tpp1 = (1 — ap) T + a(—1x)
Uk = Tr + Lfi#(—ﬁk)
with a < % to ensure strict discrete positive realness

By the strict positive real lemma, there exists a storage function V(&) = 12" PZ, with P = P > 0, such that

1
2

V(@ei1) = 5V (&) + G0 (k) — 3| M1gi + Ma(—a)||?

with p > 1

Since it is feedback interconnected with a passive nonlinear map (i.e., satisfying g @x > 0) it follows

> ot Amax (P ~
W) = el < 5@ )

certifying exponential stability of £ = 0, and hence linear convergence of y;, to the optimal solution z,

V(Zpt1) <
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Gradient method: rate estimation via LMI

For 0 < a< % the best rate can also be obtained by selecting the largest p > 1 preserving feasibility of

P>0
A(a)T PA(a) — %P A(a)"PB(a) = CT <0
* B(a)"PB(a)—D—-DT| —
with
Ala) =1—au C =
B(a) =« D= %_#

Remark. The explicit value for P, M;, and M> is not required

Flo k-

L+p
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Traditional convergence rate of the gradient method
The increment of a quadratic Lyapunov candidate with P = I along trajectories of the gradient method is
Zraall* = & — ot

= 3112l + 307k — agi d

=2 2~ (|2 _
< slEell® + ga|lanl® — e lae]® — agis I
L = 2 -
= 1(1- a2 o) + o (o — 22 ) lal®
For a < 7+ the quadratic term in ||k ||* can be neglected, obtaining
~ L ~
||xk+1|| < (1-aZe )@
1
»
The smallest rate is attained for a = ﬁ corresponding to
1_q_ 2 2Lu _ (L—p)? :
p Ltp Ltp = (L+w)?2> 5 o
and giving rise to Ltn

&1l < 252018
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Gradient method for merely convex smooth functions

As a special case, consider a merely convex L-smooth function f, namely with =0

The gradient method can be equivalently transformed in
Tpt1 = Tr + o —Ur)
Ue = &r + +(— )
in feedback with a monotone nonlinear map satisfying @} §x > 0

The linear part has a discrete positive real transfer matrix for a < %

Hence, the positive real lemma implies
V(@) = V(@) = 57 (=) — 21Mage + Ma(—n)||”
resulting in the (possibly non-exponential) asymptotic stability of the equilibrium & = 0,

Remark. No rate can be established in this case

Prof. I. Notarnicola e Control and dynamical system tools for optimization e The gradient method analysis via control tools 21 |21



