SCATTERING FROM A THIN RANDOM COATING OF NANOPARTICLES:
THE DIRICHLET CASE

Amandine Boucart!?, Sonia Fliss? and Laure Giovangigli?

Abstract

We study the time-harmonic scattering by a heterogeneous object covered with a thin layer of
randomly distributed sound-soft nanoparticles. The size of the particles, their distance between
each other and the layer’s thickness are all of the same order but small compared to the wavelength
of the incident wave. Solving the Helmholtz equation in this context can be very costly and the
simulation depends on the given distribution of particles. To circumvent this, we propose, via a
multi-scale asymptotic expansion of the solution, an effective model where the layer of particles
is replaced by an equivalent boundary condition. The coefficients that appear in this equivalent
boundary condition depend on the solutions to corrector problems of Laplace type defined on un-
bounded random domains. Under the assumption that the particles are distributed given a station-
ary and mixing random point process, we prove that those problems admit a unique solution in
the proper space. We then establish quantitative error estimates for the effective model and present
numerical simulations that illustrate our theoretical results.

In this article we study the time-harmonic electromagnetic scattering by a heterogeneous object
covered with a thin layer of randomly distributed sound-soft nanoparticles. The size of the particles,
their spacing and the layer’s thickness are of the order of a few nanometers and very small compared
to the wavelength of the incident wave which is of the order of the centimeter. Two difficulties arise
when trying to solve Maxwell’s equation in this context : first, on account of the very different scales,
the computational cost with a standard numerical method is prohibitive; second the distribution of
particles for a given object is unknown. Our goal is to propose an effective model where the layer
of particles is replaced by an equivalent boundary condition and whose solution approximates the
original solution with an error that we can estimate.

Methods to build such effective models can be classified into two categories : methods based
on optimization techniques and methods based on asymptotic techniques. The principle of the first
class of methods is, given an effective boundary condition, to optimize the coefficients appearing
in the condition so that the effective solution fits in a certain sense as much as possible a reference
solution. Although the effective model is simple to implement, it is difficult to estimate its accuracy
with respect to the physical parameters of the problem. See for instance [30} 143].

Our work lies in the second class of methods. It is based on a multi-scale asymptotic expansion
which allows us to take into account the fast variations of the physical solution close to the layer
and its slower variations far from the layer. These techniques in the context of scattering problem by
thin layers are well known when the thin layer is penetrable and modeled by a constant coefficient
(see for instance [6} [29] 44}, 9]) or when the thin layer is periodic, i.e. the distribution of the particles
is supposed to be periodic in the direction of the interface (see for instance [1} [19] 20} [15][39]). Note
that in this case, the technique works whichever the nature of the particles is: penetrable, sound-soft
or sound-hard. It seems that our work is the first one dealing with scattering problem by a thin
layer with random properties. Let us however mention [37] whose study is based on the "heuristic"
quasi-crystalline approximation. Our work has of course lots of links with the literature on vol-
ume stochastic homogenenization (see for instance [28) 23] 21, 24]). We call it "volume" in contrast
with our problem which could be called "surface" stochastic homogenization. Indeed, in volume
stochastic homogenization, the question is to deal with (in general elliptic) PDEs with (stationary
and ergodic) random coefficients and to look for an effective PDE in general of the same nature but
with constant coefficients. Our problem is different since the random medium is constituted only by
a thin layer and we wish to replace the thin layer by an effective boundary condition, while the PDE
outside the layer stays the same. One will find of course similarities in the analysis (for instance in
order to obtain the quantitative error estimates) but some difficulties are really specific to surface ho-
mogenization. Let us mention that similar problems were treated in the context of Laplace equation
[14] 3] or Stokes equations [7Z, 26} 18] 33] in presence of random rough boundaries. The difficulty of
dealing with a random distribution of particles instead of rough boundaries lies in, as we will see
later, the derivation of Poincaré inequalities.

The problem that we consider in this paper is a simplification of the original application. First of
all, we consider the time-harmonic acoustic scattering by an object. In other words, the unknown is

1 CEA-CESTA, Le Barp, France
2 POEMS, CNRS, Inria, ENSTA, Institut Polytechnique de Paris, 91120 Palaiseau, France
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a scalar function and the equation is Helmholtz’s. When the dimension of the domain is d = 2, this
problem can be derived from the study of electromagnetic scattering by a 3D object that is invariant
in one direction, where the incident field is TE- or TM-polarized. More generally, this study is an
important first step before addressing the more general case of electromagnetism, on which we are
working. Also, for further simplification, we neglect the complexity of the geometry of the object and
assume that the object is planar. Moreover, in the applications, the object is covered by multple layers
of material whose goal is to attenuate the radar cross section of the object. This multilayer medium is
modeled and replaced by an impedance boundary condition that is imposed on the boundary of the
object. Finally, we impose Dirichlet boundary conditions on the particles. This corresponds, if we go
back to the electromagnetic equivalent (see above) at d = 2, to perfectly conducting particles and a
TE-polarization of the field. Imposing Neumann boundary conditions constitutes another challenge
from a theoretical point of view and will be the subject of a forthcoming paper.

The paper is organized as follows: The model is presented in Section[I] We detail in particular
the random setting with a classical stationary and ergodic assumption. Let us emphasize Hypothesis
that ensures that arbitrarily large portions of the layer without Dirichlet particles can exist but
only with a small probability. We also establish well-posedness of the scattering problem. The for-
mal asymptotic expansion is described in Section 2] The proposed Ansatz involves so called far-field
terms that approximate the solution far from the layer and the so called near-field terms, depending
on microscopic variables and the longitudinal macroscopic variables, that capture specifically the
scattering phenomena near the layer. The near-field terms satisfy Laplace-type PDEs parametrized
by the macroscopic variables, set in a random halfspace. We study in Section [3| the well-posedness
of the near-field problems for which Hypothesis is crucial. Imposing that the limit of the near-
fields vanishes at infinity yields the boundary condition satisfied by each far-field term. The behavior
at infinity of the near-fields is studied in Section[d} One can then derive an effective model (see Section
whose solution approaches the first two far-field terms. Quantitative error estimates are derived in
Section[6} Those estimates are established under a new Hypothesis[(L*)} that supposes that the dis-
tance from any point in the layer to the nearest particule is bounded. If we assume additionally that
the particles’ distribution process satifies a quantitative mixing assumption (see Hypothesis [[Mix)),
we can impove the convergence rate of the effective model. A certain number of technical lemmas
that are necessary to the proof of those improved estimates are proved in the appendices at the end of
the paper. Finally, we present numerical simulations illustrating the theoretical results of the paper.

Notations used throughout the paper. The integer d = 2 or 3 denotes the dimension. Let =
(x1,x7) and z := (x1, X, x3) denote the Cartesian coordinate system in R? respectively for d = 2 and
d = 3. Forall z € RY, z, denotes the tangential components of z, i.e. x, := x; whend = 2 and
x, = (x1,x) whend = 3.

The index w indicates a dependency in the random distribution of the particles. We will specify
the random setting that we consider in Section[.5]

The positive real number ¢ > 0 denotes a small parameter, all the domains and functions that
depend on ¢ are indexed by e.

For any measurable bounded domain B, the spatial average over B is denoted by f, := |B| ! I
where |B| is the Lebesgue measure of B.

The centered cube of side R of dimension d — 1 (we insist on the dimension d — 1) is denoted
Og := (—R/2,R/2)4" 1

1 Presentation of the model

1.1 Domain of propagation

Let us consider an infinite plane denoted ¥ := {x; = 0} covered by a thin layer £, := R*"! x
(0,¢h) containing a set, denoted P¢, of randomly distributed particles of size e. Let DY := R%~1 x
R* \ P be the domain above X outside P¥. .

For any L > ¢h, let us introduce Xj = {x; = L}, BY = R x (0,L) \ P¥ the strip below
2 where lies the set of particles (and which then depends on the particles” distribution), B}® :=
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Figure 1: Illustration of the geometry of the model

R x (L, +00) the half-space above X that does not depend on the distribution and finally for
eh < L' <L, By = B\ Bf the strip between ¥, and X;.
1.2 Problem formulation

For a given source function f € L?(D¥) whose support is compact and lies far away from the
layer, i.e. there exists L’ < L € (eh, +o0) such that

suppf C By with suppf compact; (1)
we look for the solution u¢’ of the Helmholtz equation
—Au® —Ku¥ = f in D¢ )

where k > 0 is the wavenumber. The infinite plane models a multi-layer object through a Robin
boundary condition so that
—Oy,ug +ikyuy =0 on X, (3)

where the surface impedance coefficient v € C is such that
Re[y] > 0. 4)
At the boundary of the particles 0P’, we impose to the field a homogeneous Dirichlet condition
u¥ =0 on oPY. ®)

Finally, the problem formulation has to be completed with a radiation condition. As in [12} [11]
(where a Dirichlet boundary condition on the infinite hyper-plane is considered) and in [31} 4] (where
an impedance boundary condition is considered), we make use of the so-called upward propagating
radiation condition (UPRC). This outgoing wave condition is detailed in the following section.

1.3 Outgoing wave condition based on a Dirichlet-to-Neumann operator

To define the outgoing propagation radiation condition, we refer to [13} [12] which consider 2D
scattering by a rough Dirichlet surface (defined as the graph of a function) and [4] which considers
the case of 2D or 3D scattering by a rough impedance surface.

We introduce the fundamental solution of the Helmholtz equation in R given by

ford =2, ®(xy) = ;H' (Kle —y|)

exp (ik|z — y|)
4tz —y|

z,y eRY, @ #y,
ford =3, ®(x,y)=
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where Hél) is the Hankel function of the first kind of order 0. The UPRC then states that
0 (a) = z/Z 0,0, (y, L)y, ()dy, € BY. 6)
L

For this integral representation to be well-defined, it is not necessary for u’|s, to be in L?%(%r). For
example for d = 2, u¥|y, € L®(Xy) is sufficient since dy,® = O(y, >'?). Nevertheless, in the case
where uf|y, € L?(%r), which is the case as we shall see in the next section, (6) can be rewritten in
terms of the Fourier transform of u¢’|y, as follows

u¥(z) = (2m)~ @172 / pr(¢) a VIR iz g ¢ = (2, x4) € BY. @)

RA-1

where by convention \/k? — [¢|? = iy/|¢]? — k2 when k < |¢| and

$L(C) = (27.[)—(11—1)/2 (pL (yu) e_iy”.c dyw C c Rd_l/
RA-1

is the Fourier transform of ¢y = u¥ |ZL (identifying ¥y and R?~1).
Let us recall the characterization of Sobolev spaces in terms of Fourier transforms: for s > 0

B (22) = {p € L2(Z0), (1 +1)7%p € 2R,
and H (%) = (Hs (zL))' = {(p e 8/ (R, (|c|2 +1)_S/2¢ € L2(]Rd—1)}. ®

Definition. The Dirichlet-to-Neumann (DtN) operator A¥ : H? () = H -1 (X1) is defined as
3 k — —(d-1)/2 2 U EFR2 S B
Yoy e HE), (M), = @0 002 [ ife-iRa0 R o

where here and in the sequel (-, '>ZL denotes the sesquilinear duality product between H -3 (Xp)and H 2 (Zp).
The operator A satisfies then the following properties (see for instance [12]).

Proposition 1. The operator AF : H2 (X)) = H -1 (X1) is a continuous operator such that

Vo € H1 (L), Re {(A"@@ZJ <0 and Im {(A"@@ZJ > 0. (10)

1.4 Well-posedness of the scattering problem

The problem given in Section[I.2]and [I.3|can be rewritten as follows.
Find u¢ in H! (BY) such that

—Auf —KuY = f in BY,
—Oyuy +ikyu =0 on g, 1)
u® =0 on JPY¥,

— Oy Uy +AuY =0 on X,
Let H}(BY) == {u € HY(BY), u=0on oP¥ } The variational formulation associated with is:
Find u¥ € H}(BY) such that
Vo € Ho(BY), af(uf,0) = I£(v) (EV)
with

Yu,v € H{(BY), a¥(u,v) = Vu-Vo — k2/

us— (A*u,v + ik’y/ uwo, (12)
A o= (o),

2
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and

Vo € HY(BY), 1€(0) = / I
BY

The standard arguments to prove that the problem is of Fredholm type, i.e. that the operator as-

sociated with the sesquilinear form a% is a compact perturbation of a coercive operator, do not apply

here because, on contrary to a periodic distribution of particles, the problem cannot be reformulated

in a bounded domain. Let us mention that in [10], the author proves that the scattering problem

by a 2D plane with a Robin boundary condition (with v € L* such that Re(y) > 5 > 0) is well

posed, using an integral equation reformulation of the problem . This result has been extended in

[45] to the case of a rough Cl!-surface. In the case of a more general rough Lipschitz surface, the

well-posedness has been proved in [5]. The proof in this last paper can be directly extended to our
setting.

Theorem 2. [5, Lemma 15] Let (¥ be in [H}(BY)]', i.e. a continuous antilinear form on H}(B). For all
¢ > 0and w, there exists a unique u¥ € H} (BY) solution of

Vo€ Hy(BY), af(u,0) = (£(0),
where a? is defined in [12). Moreover, there exists C > 0 that depends only on k, L and vy such that

e sy < CIEE N 13 0y (13)

1.5 Random setting

We present in this section the different assumptions that we make on the random distribution of
particles covering the object.

Let us consider the infinite normalized strip £ := R*~! x (0,h). Let {¥},cn denote the point

process corresponding to the centers of the particles. For n € IN we denote by B(x{') the particle
with radius 1 centered at xj;. We suppose in the whole paper the following

- foralln € N, B(z%) € L,
- the particles lie at least at a distance of § from one another and from %,

- {x%},en is stationary, ie. the distribution law P of {«% },en is independent of the spatial
variable.

Let ) be the set of point processes in the strip such that the set of particles satisfy the previous
assumptions. We equip ) with its cylindrical o-algebra F.

We introduce the translation operator T : Q) x R~1 — Q defined as follows
V(w,y) € QxR 1(w,y,) =, where :1;‘,;’/ =z +y, forallneN.
Note that T is measurable on Q) x R?~1. In what follows we denote Ty, = T(-,y,) fory, € R4-1L,

The action (T, ),, cgri-1 of the group (R?~1, +) on (Q, F,P) verifies then

ml\
Ty, Y € ;o Txyty, = Tw, © Ty,

Va, e RT"L,VA € F, P(tyA) =P(A)

where the last property means that T preserves the law distribution and is due to the stationarity
of the point process. Equipped with this action on (€}, F,IP), we can now state the definition of a
stationary process defined on Q) x R¥~1.

Definition (Stationarity). f: R%! x Q — RP is said to be stationary with respect to T if

\V/mwyn S ]Rdilr fw(wu +yn) = ny”w(m\|>/ w e .
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It is easy to show that if f is stationary then

Em:ELLf@Mwy=H¥ﬂmm%]

forall R > 0. We suppose moreover that the action (7z, ), crd-1 is ergodic. Let us recall the definition
of an ergodic action below.

Definition (Ergodicity). (Ta, ), cri-1 s said to be ergodic if any T-invariant event has probability 0 or 1,
ie.
VAeF, (Va, e R lA=A) = (P(A) € {0,1}).

An easy way to grasp the concept of ergodicity is through Birkhoff ergodic Theorem.

Theorem 3 (Birkhoff ergodic Theorem). Let f be a stationary process with respect to an ergodic action
(Ta,) g, i1 Such that f € LP(Q, L} (R?71)). Then almost surely (a.s.) and in LP (Q) for any measurable

loc
bounded domain K ¢ R%~1

Ve € ]Rd, ]{( fw(yu + wu)dy\\ H4oo> lE[f]/

where K; = {a:H e Rt g, € K} denotes the homothetic dilation with ratio t > 0 of K.

In other words, ergodicity implies that averaging with respect to the randomness corresponds to
averaging spatially. We refer to [42}136] for the proof of this theorem.

For y € R? and w € Q, let R¥(y) be the distance from y to the nearest %, i.e.

. R? —» R, ,
K5y minly - g a4
ne

By stationarity of {x, } forall y; > 0, (w,y,) — R¥(y,,y4) is stationary.

nelN’

Hypothesis (H1). There exists m > 2d such that

sup  E[R(,y)"] < +oo.
va€[0h]

Intuitively Hypothesis[(HI)|implies that there exist arbitrarily large portions of £ without particle
but the probability to sample a large portion without particle is small. Classical hard-core point
processes such as hard-core Poisson point process or random parking satisfy stationarity ergodicity
and hypothesis (see [23]). Note that the necessity for m to be greater than 2d is important to
obtain Lemma

Let us define the weight

R(yu, ya) ™™ if y; € [0, 1],
)= -1 15
! (y) (yé + R (yn/ h)Zm) Loif Yaq > h, (15)
fory € D¥ and w € Q). Assumption|(H1) can then be rewritten as: there exists C independent of v,
such that

Yyg >0,  Elu(,ys) '] < Cyi (16)

The set of normalized particles is denoted P € L and the set of scaled particles of size ¢, Py’ =
ePY C Lf=eL.
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1.6 Well-posedness of the scattering problem in the random setting
For any Banach space V, we define L?(0), V) the space of measurable applications u : QO — V
such that E [||u|3,] < 400, that we equip with the usual norm

Vue V), [ulagy, =E[[«]}].

Since the constant in Theorem []is independent of w € (), the following result can be easily deduced.

Corollary 4. Let {; be a continuous antilinear form on L?(Q), HY(BY)) then for all ¢ > 0, there exists a

unique ue € L?(Q, H{(BY)) such that for a.e. w € Q, u¥ is solution of (EV). Moreover, there exists C > 0
depending only on k, L and <y such that

E (4¢P 50| < CE[l16c)2 (17)

HY(BY) [H(}(B‘i’)]']

2 A formal asymptotic expansion

To build approximations of ug’ at different orders of ¢ we use multiscale expansion techniques.
The first step is to propose a multiscale aymptotic expansion as an Ansatz for u&. We then inject this
Ansatz in the equations verified by u% and obtain formally the equations verified by the different
terms of the expansion. This step is detailed in this section.

For a.e. w € ), we divide the upper half-space D’ in two regions :
- the domain BY, = R9~! x (0,eH) \ P below the plane L.z := {x; = ¢eH}, and
- the domain B, := R?~! x (eH, +00) above Zpy.

Here H > h is a parameter, the only constraint being that the set of particles is always in the domain
ctr- We will explain in Section[5.3|how this parameter should be chosen.
We propose the following Ansatz for the solution u,. Forall w € Q,

x, X
u (@) = 1 & UPNT (= ?",l) + Y o (),  zeBY

neN € neN (18)
ou( )7 Z nuw,NF T ﬁ B
e (L) = € n Ly, € 7 e ’ T c cH-

nelN

where

- the so called far-field (FF) terms u%'F defined only in Bg}; depend only on the macroscopic
variable x := (x,, x;) and a priori on the random distribution;

- the so-called near-field (NF) terms UY"NF depend on z, and on a microscopic variable y :=
(ylvyd) = (Silmurgilxd)-

Given the stationarity of the particles distribution, we suppose that the near-field terms are stationary
with respect to the tangential microscopic variables

Vn € N, Va, € R 1, Vys € R, (w,y,) — U;“’NF(m,‘;yH,yd) is stationary. (19)
We want for u¥ to be well approximated by the far-field terms far away from the particles so we

impose
Vn € N, Vx, € R* 1, Yy, € R4 lim LI,‘;"NP(mH;y”,yd) =0as. (20)

Ya—+oo

After injecting the Ansatz into (1)), we obtain the following :
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e Foralln € N, the far-field term u%"FF should satisfy :
—AM(HU’FF — kzu;ld'FF = f(SO,n in BSH,L

21
— 0y ud o ARt = 0 on X @)

with éy,, = 1ifn =0, dp, = 0 otherwise and L > ¢H (that is always possible since the interface

where the DtN condition is imposed is artificial). A boundary condition for utF on Ty is
missing for now and will be derived by studying the near field terms.

e The near-field terms USNF are solutions of Laplace-type problems posed in an infinite half-
space containing particles of size 1 following a stationary and ergodic distribution, x, playing

the role of a parameter: forall n € N, for a.e. x, € R, the near-field term y — Uﬁ{”NF(a;H; y)
verifies

—AyUPNE = 2V - Vy U + Mg U5 + R UST in By UBE,

Ay, USNE = ik UZ’;I\{F on &y, and UYNF = 0 on 9Pv, 22)

w,NF _ w,FF w,NF _ ,FF
[ }ZH =~y (@) and | -,,U; }ZH = |, (),

where utf’lp F—0and U‘f’lN F— U‘f’ZN F=o by convention and

[v]g, = (U’Bg) ’}:H B (U‘B%) ‘ZH'

The functional framework and the assumptions on the source terms for which these problems
set in an unbounded domain are well posed are not straight-forward. Neither is the condition for
which the solution tends to 0 at infinity. The next two sections are devoted to the analysis of this
problem. First in section 8| we study the well-posedness of the near field problems. Next in section 4]
we focus on the behavior at infinity of the near-fields.

3 Well-posedness of the near-field problems

The near-field problems can be rewritten as follows: for 1 > 0, we look for a stationary Ug"*
solution for a.e. z, € R¥ 1 and w € O of

—AyUSNF=FY .4V GY | in BHUBZ,

aydu,‘;"NP =YY , on Xy, and U,‘;”NF = 0 on JPY, (23)
[w“hfmwmdp%mwhfqﬂ

where F,_»(x,; -, ¥4), Gn—1(=; -, y4) and H,_q(=,; -) are stationary for any y; > 0. FY_,(x; - )
depends on the previous term UZ’;I\ZIF(:EH; -)and G (x,; -, yg) and ¥ ,(x,; -) on U:;Z\{F(a:,,; ).
a&P(z,) and a;"’f\{(w‘.) depend respectively on the far field terms uNE(z) and axdu‘,fff(w”). Fur-

thermore, a%"" (z,) and az’_FlF (z,) are functions independent of y;.

In x, plays the role of a parameter. For convenience we will omit the dependency on x, in
what follows. After lifting the jump of the solution across X we are interested in the well-posedness

of the problems verified by US NE.— yoNE _ p@oPq B, i.e. problems of the form
~AyUY =FY+V-GY in BYUBS,
—0y,,UY =% on Ly, and UY = 0 on 9P, (24)
17w _ o 17w — ,wN
{U }HfO and [ ay, U }H a@ N,

for given sources F, G, ¥ and aV. Since one can find arbitrary large boxes (g x [0, H] without
Dirichlet particles and since B3] is also unbounded im the y;-direction, we cannot find a solution in
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the classical L2-framework. Instead we consider weighted Sobolev spaces with weight y previously
introduced in (15).
Let us introduce the following weighted functional space

Wo(D) = {a.s. v¥ € HL (D), 1pv(-,y4) stationary for any y, > 0,
+o00
s = 00m9P, B[ [ [ 1o (utwlotw) + Vot Py < +00}, 5
0, Jo

equipped with the norm

—+o00
Vo e WD), ol =E | [ [ 10 (utw)lotw) P+ [Vo(w)ay]
1
We introduce the following functional spaces adapted to our source terms

L£3(D) == {a.s. v¥ € L2 (D¥), 1po(-,y4) stationary for any y; > 0,

loc
E [/Dl /O+°°]19 |v|2(y)dy} < +oo},

and for t > 0, EZ(Zt) = {q) er? (%, LZ(Q)),go stationary, E [|q0|2} < —l—oo} .Forallv € £?(D), let

loc
—+o00
us denote ||U||2£2(D) =E [/D /0 1p |v|2(y)dy}.
1

Remark 1. Note that Wy(D) ¢ L*(D).

Let us write the variational formulation associated to in Wy(D). We look for U in Wy(D)
such that for any V € Wy(D),

a(U, V) =1(V) (26)
where a : Wy(D) x Wy(D) — C is the sesquilinear form defined for all U, V € Wy(D) by

a(U,V) =

7

L
/ / 1p|[VU(y) - V7 (y)] dy
0, Jo

and | : Wy(D) — C the antilinear form defined for all V. € Wy (D) by

I(V)=E

L
L[ v 6 v ) dy+ [ 80 T + eV T () du,
0, J0 th

The objective of the next two subsections is to show the following proposition.

Proposition 5. Suppose that P verifies hypothesis then for all y*%F € £*(D),G € £L2(D)", y*%‘l’ €

L2(%g) and y*%aN € L?(Zy), Problem is well posed in Wy(D). Moreover the unique solution U €
Wo(D) verifies

~ _1 _1 _1
1Tl oy S 12 N g2y + 120N g2y + 1187 2Fll g2y + Gl 22y 27)

Remark 2. One can show that the unique solution in Wy (D) of Problem satisfies almost surely Problem
in the sense of distributions. That is why, in what follows, we designate the unique solution of in
Wy (D) the variational solution.
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3.1 Functional inequalities in W, (D)
We start by proving that (Wo (D), || - [ly,(p)) is a Hilbert space.
Lemma 6. Assume that P verifies hypothesis|((H1)|then (Wo(D), || - llw,(py) is a Hilbert space.

Proof. It is easy to see that Wy (D) is a Pre-Hilbert space. Let us prove completeness. For all R > 0
and w € O, let DY := DY N (Og x (0, +00)). Since a.s. ! € L} (DY), the weighted Sobolev space

Wo(D) = { € Hl (Df),0 =0onap, [ [ i () o) P+ [Voly) Ddy < +oo}

equipped with the norm

wo e WDR), elop = [ [ 10 (u) o)+ Vot )y

is a Hilbert space [38, Theorem 1.11]. Therefore (L?(Q), Wo(D¥)), || - || L2(0,Wo( D‘;{))) is also a Hilbert
space.
Let (vn)nenen be a Cauchy sequence in Wy (D). By stationarity (v,)senen is a Cauchy sequence

in L2(Q, Wp(D¥)) for any R > 0. As I%im 1+ Og = RY7, there exists v € Hlloc(]Rd, L%(Q)) such that
— 0
forallR > 0, v, — vin L2(Q, Wy(DY)).

It remains to show that 1pv(-,x,) is stationary for all x; > 0. Let n € IN. By stationarity of
1pvy (-, x;), we have forae. w € O, x € R4 x (0,+o0) and y, € R4-1

E [[1005 () + 1, %)) — 1po,"“ (2)|] = 0.
We would like to pass to the limit in this equality but we only have that v, — v in L?(Q), Wy(D%)).

Let R such that x,, x, + y, € Ug. Using and the stationarity of u we obtain by Cauchy-Schwarz
inequality

B[ N " o0 (@ + i 50) ~ oo (@) da| < | [ y R

(& L] @+ 50) Bow (@01, 52)) 100 (@, + w, 70) P
+E UDR /OXd H (& + Y, 24)) ‘]IDU;?”W(:%) —ﬂDvaw(i)‘zdi]>. (28)

Since v, — v in L2(Q, WO(D%)), we deduce by passing to the limit in this last inequality that
1pov(-, x4) is stationary for all x; > 0. O

In order to show well-posedness of we now derive a trace inequality for functions in Wy(D).

Lemma 7 (Weighted trace Theorem). Let P verify Hypothesis|(H1)| Let « € {0} U [h, +o0). There exists
Cy such that for any v € Wy(D)

2
B[ wwnn ol [ wdu| <oy

Proof. We first dprove the result for « € {0,h}. Let v € Wy(D). Let us consider the Voronoi diagram
(Vi) pen in R [0, h] associated with the point process {z% },en defined by the sets

VY = {y € R x [0, 1] such that |y — z¥| :m]ilgl‘y—m;‘" }, n € N.
je

For w € O, n € N let ¥ («) denote the intersection of the hyperplane {y; = «} with the Voronoi cell
Vi . Let (p, @) be the spherical coordinate system centered at x¢. Since V is convex, L% («) can be
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parametrized as X' («a) := {(1’(0),0),1’(0) €[1,4),0 € [6y,61] C Sd_l}. Since v € H'(V¥) with
0¥ = 0 on 9B(zj), there exists (v) penN in C®(V@)N with vy = 0 on dB(zj) such that vy — v in
H' (V). We have for all p,

/0)
VO € [00,6:], 1pevs(r(6),0) = /1 109,08 (5, 0)ds.

We deduce for any non-negative function i on (1, 4+0), for all 8 € [0y, 6]

r(6) r(6)
T [0 (#(6), 0) 27 (1(6))r(0)" < / 18,09 (5, 0) s 1ds (/ sldds> (r(0))r(0)" .
1 1
0 -1
For ji(p) := (/ sl_dds> p' ™, we get after integrating with respect to 6
1

0] 7(9)
/ U i (31, ) |0 (3, ) [2 dy, < / / 1p0[0,0% (5, 0)[2 % 1dsd.
5 (a) 6, J1

We can now pass to the limit when p — o0 to obtain the first inequality of

/Z‘“( )

01 1’(0) 4
ﬂDwﬂw(yH,DC)‘Uw‘Za|2(y||) dyu S / / 1Dw|arvw(510)|25 _1de0
n (& 00 1 (29)

S Ve dy
(o) < (0,h)
By definition (I5), for y € V¥, u“(y) = r(6) " with m > 2d. Therefore y — u“/ji“(y) is bounded
by monotonicity and there exists a constant independent of y € V{ such that u“(y) < i“(y).

Consequently holds replacing ji by u. For any L > 0, we sum over all £/ (a) such that z§; €
O x (0,h) to obtain

/ Ipe Vw (yw "‘) |vw‘2a |2(yu) dy, < / 1pe ‘vvw|2(y) dy,
Uneny Z6 (@) Uneny 55 (@)% (0)

where N| = {n € N such that y¥ € Oy x (0,h) } Finally we apply Birkhoff Theorem (Theorem
to conclude.
Let us consider now a > h. We write for v € C*([0; x (h,«))

Yy, € Oy, U(yn/ D‘) = U(yw h) "‘/h. aydv<y)dyd'

By Cauchy-Schwarz inequality we get
o
Yy € Dh, oy, )] <2 <|v(yl,h)|2 +(a— h)/h Iaydv(y)zdyd> :
We integrate over [J; to obtain
2 o )
/ 1 (g, ) ’v‘za‘ (y,)dy, <2 ((uc—h)/ / 1 (y, a)[9y,0” > (y)dy
Dl h Dl
2
+/EI1 1 (i, )| ‘v|2h’ (y)dy|> .

By density, this equality also holds for v € Wy (D). On one hand, by definition and since o > A,
we have u®(y,, a) <1 for all y, € [J; so we deduce for the first term of the rh.s.

E [ I 3 yw<y.,a>|aydv|2<y>dy] <E [ [ | anmwF(y)dy} | (30)
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On the other hand using the fact that u“ (y,,a) < u“(y,, h) for all y, € 0y and the first part of the
proof, we get for the second term of the r.h.s.

E {/Dl ue (g, )| ‘Uw|zh ‘2 (yl)dy.] SE

h
/ / ﬂmwﬂz(y)dy]. (31)
0o Joy

Combining and we obtain the desired result.

Let us now derive a random Hardy-type inequality in Wy (D).

Proposition 8 (Random Hardy’s inequality). Suppose that P verifies hypothesis Then

Vo e Wo(D), E [ /| | / i k) 0P w) dy} <E [ / | / i |Vv|2<y>dy] @

Proof. We first prove that for all v € Wy(D)

/Dl /Oh]lD n(y)[ol(y)dy /D1 /OhﬂD |VU|2(y)dy] , (33)

Let us consider the Voronoi diagram (V¢),cn in R~ x [0,4] associated with the point process
{z¥}nen. Letn € N and w € Q). We first prove that the following inequality holds a.s. in VY

E <E

[ Ao @) Py dy < | 100 Vo) dy. (34

n

The proof of relies on similar arguments as in the proof of Lemma 1.3 of [8]. We reproduce it here
for completeness. Let (p, ) be the spherical coordinate system centered at ;. Since V¥ is convex, it

can be parametrized as V¥ = {(p,e),p € (1,R(0)],0 € Sd’l}. Let v € C®(V¥) such that v¥ = 0
on dB(z%). We have for all (p,0) € V¢

(3
v“(p,0) = / 0,0 (s, 0)ds.
1
Therefore we derive by Cauchy-Schwarz inequality
(3 (3
[0“(0,8) > < / |8rv“’(s,0)|zsd*1ds/ s7ds, (35)
1 1

and for ji a non-negative function on (1, +0)

R(0) R©O) o )
| ke o< [ [T s o) tas ([Tt das) nop e,
1 1 1 1

By Fubini-Tonelli’s Theorem we get
k@) 2 d-1 R©) 2.d-1 R© P 1 d—1
[ kol o< [ s o st ([ ([t das) et tae ) as.
S

+oo s rp
For fi(p) :== p~™ with m > d, / (/ sldds) fi(p)p" dp < +oo. We integrate with respect to 6
1 1
to get
[ Ao @) P dy < [ 100 Vo) dy.

To obtain for v € Wy(D), we use a density argument and that fory € V¥, u“(y) < i“(y). We
conclude using Birkhoff Theorem (Theorem 3).
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Let us now prove (32). By integrating by parts, we obtain

/+OO/ K)o _2/+Oo/|jl yd+|v y,) e 4
2
)

+oo Uwa ¥ ) ‘Uw|):
]/d h

dy + dy,,.

/ /ml Ya + (RY(yy, h))™ Y o, h+ (R (y,, h))™ Y

We deduce the following by applying Cauchy-Schwarz inequality and using the weighted trace the-
orem (Lemmal(7)

o[ ] eonerma] e[ [ 0w [ ] et
‘E [/D /O+°°nD Vol (y) dy} |

(32) is then a consequence of Young’s inequality. O

Remark 3. Note that using similar arguments we can prove that

/V (y)dy /DwIVU‘”lz(y)dy, (36)

where for v € Wy (DY) for w € Q, where
—+o00
Wo(D) = {0 € L (D)0 =0000P, [ [ (wloPw) + (Vo w) dy < +o0).

3.2 Proof of proposition

The continuity of the sesquilinear form a given by () is straightforward. The coercivity of a is
guaranteed by the weighted Hardy’s inequality (32). The continuity of the anti-linear form [ given
by @) can be deduced from Cauchy-Schwarz inequality and the weighted trace lemma (Lemma [7).
Indeed for all V € Wy(D)

L _ _ 1 1
E /D /O uD<va“’+GW~vv‘“><y>dy] < 12 Fll 2oy 1142 VL 2y + 16l 2y IV VL 2
1

_1
< (I 2Fl 20 + 1G]l c2() ) IVl o),

and
—w —w 1 1
B| [ 0 Vs, o0 P 1) < (e gy + I 2 e Vi @7
1

By Lax-Milgram Theorem, problem is well posed in Wy (D). The estimate is a direct conse-
quence of the coercivity of a and estimate (37).

Finally, using similar arguments than in , onw shows that the unique solution satisfies almost
surely Problem in the sense of distributions.

3.3 Application to the first near-field terms
Let us now apply this uniqueness and existence result to our first near-field terms, and more

specifically to Uy = Uy NF 4 4@ FF }Z 1 which satisfy (24) with

Fi= Ap UYNE + K2 U@, G =2V, UYNE, ¥ i=iky UYNF, and aN = 0,u®"f

n—-2 7 n—1 7 n—1 7 xdn1|ZSH
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By Proposition@ for almost every x;, € R91, there exists a unique ﬁé\] F(z,; -) € Wy(D) solution of

~By U™ () =0 in B{UBY,
_?ydljgj'NF(ivu; +)=0 on Xy, and PISLNF(Q;”; )= 0 on 9P%, o
[0 )], = 0 and [0, 05 @], 0

We deduce that U$"NF = 0 and then USNF (z,;y) = —ug"FF|Z (@)1px(y). Since we look for a

solution that tends to 0 when ; tends to +co, we obtain the following boundary condition for uff

on 2.p
a.s. uS”PF|Z€H(az”) =0. (39)

Note that uf that satisfies (2I) is then independent of w.

By proposition for almost any x, € R, there exists a unique ﬁ{V F(x,; -) € Wy(D) solution
of
—Ayl;Ii‘)’Zi(a:H; )=0 in ByUuBy, -
—0y, " (x; - ) =0 on Ly, and U (x,;-)= 0 on oPY, (40)
[u;*"NP(mH; . )}H =0 and [— Ay, U (- )}H = ug |y ().

where we used the fact that LIE)” NE 0.

By linearity, ﬁi"’NF(a:,,; y) = axduB"’FF‘Z . (x)W5’(y), where W} is the unique solution in Wy (D)

of
—AyW§’ =0 in By UBY,
—9y,Wi" =0 on Xy, and Wy’ = 0 on JP%, (41)

[w;v]H =0 and [faydwﬂH =1.
If we want to impose that U’ NF that is given by
uy ™ (@) = —u? g (@)L (y) +0x,ug g (@) WE (), (42)

tends to 0 when y,; tends to 400, we need to understand the behavior at infinity of Wi, which is done
in the following section.

4 Integral representation and behavior at infinity of the near-fields

In order to study the behavior of the near-fields when y,; tends to 400, we first derive an integral
representation for (% the unique solution of in Wy(D) for F =0,G = O,V’%‘I’ € L2(Zg) and
‘u_%aN € L2(Xy). Let us introduce the Green’s function associated to the Laplace operator in R?

1

1
r(z) = —E 1n|z| for d:2, W

for d=3, zeR% (43)
Proposition 9 (Integral representation for ue). Suppose that P verifies Hypothesis|(H1)| A.s. fory €
R4 x (L, +00), U%(y) has the following integral representation

0 (y) = —2/

Ri-1 3zdr(y, (zw L)) (Pw (zu)dzu (44)

where ¢ denotes the trace of U“ on .

We postpone the proof of Proposition[J]to appendix|[A]l With this integral representation we prove
that a.s. and in L2(Q) U tends to a deterministic constant as Y4 — —+oo. This constant is the ensemble
average of its trace on an hyperplane above the layer of particles. In the periodic case one can estab-
lish a similar result with the constant being the spatial mean on the hyperplane over a period. Before
proving this result, let us start with a useful technical lemma.



4 Integral representation and behavior at infinity of the near-fields 15

Lemma 10. Let T be the Green's function defined in @3). Let us introduce

o, im 02,0z, T ford =2 and 7(z) = Z ford =2 (45)
02,02,0,, I ford =3, z1zp  ford = 3.

We have for a fixed R and for y; large enough that

1 _
[ i ya = Dldz S gy and AT ya — L) (¥ 4 n(z) | 42,21 o)

Or Yy RI-1\Og

1 1 .
/ 004 (21,90 — L) 42, S g and 192,04 (20 4 — L) ()| dz S —, i € [Ld],
Og v, RI-1\Og Ya

(47)
where the constants depend only on R and L.

Proof. A straighforward computation yields

1 —15
9T (2z) = —217222 ford =2 and 17273

— ford = 3,
7T (22 + 23)2 A7t (22 + 23 + 22)7/2

it is then easy to show the first inequality of (6). Moreover, by a change of variable z, — z,/y,, we
obtain the second inequality of

/l;d_l\DR

The proof of can be done using similar arguments. O

|u|(1+ |u|) du
(2412

/ |u1u2|(1 + |u1u2|) duiduy
R2 (u2 +u3 +1)7/2

ford =2

0l (z,ya — L) (v + (=) | dz <

ford = 3.

Proposition 11. Let P verify Hypothesis (H1)| U® the unique solution of in Wy(D) with F = 0,
G= O,y*%‘l’ € L2(X) and y*%ocN € L2(3p) verifies
s lim Uv =E[p]; y eR! 4
s ydim-‘roou (ylllyd) [(P]/ Y € ’ ( 8)
this limit being locally uniform in y, and

JEUEIW(-,yd)—lE[go]H — 0 and yglﬁﬂvﬁ‘”(»yd)‘z] — 0. (49)

Yg—r+o0 Ya—+oo

1
Recall that by LemmaH ‘u‘zz @ € L2(X1), and thus since ],tl;l € LY(Q) by Hypothesis |(H1)
L L

@ € L1(Q) by Cauchy-Schwarz inequality.

Proof. The proof is based as in section 4.6 of [7] on the integral representation established in Proposi-
tion[f]and Birkhoff ergodic Theorem.

Let us first rewrite % (-,v4) — E[¢] using the integral representation (44). We then have
Ue(-,ya) —Elg] == — Z/IRH 3:,T(z,ya — L) (¢ (y, — z,) — E[g])dz,
=2 /Rd—l 9z zll/ Ya — zH / yu - W [(P] )deZH/ (50)

:(_1)‘12/1{%1 adF(zH,yd - L)n(zu) []ﬁ ¢“(y, —w)dw — E[¢] | dz,.
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where we used the notations introduced in and also that 9, := 9,, ford = 2 and := 9,9, for
2 21 22
d—3and/ / ford—Zand—/ / ford = 3.

We first prove (@48). Let ¢ > 0. By Birkhoff ergodic Theorem (Theorem [3), we know that there
exists R > 0 such that forall R’ > R

a.s. <e¢ y,€elp.

][ ¢ (yy —w) dw — Elg]

Ur

On one hand we obtain then using the second inequality of

/R 94T (z,y4 — L) 7t(2,) []gz ¢“ (y, —w)dw — ]E[qo]] dz,| <e

d— 1\DR

On the other hand we have

/DR 04T (2, ya — L) 7t(z,) []gz ¢* (y.‘ —w)dw — ]E[(pw]} dz,

< (/,

and it suffices to use the first inequality of to obtain the wanted result.

¢ (yy —w) ‘ dw + R21E[q,w]> /D |0aT (2, ya — L) | dz,
R

Let us now prove the first limit in @9). Let e > 0. By Birkhoff’s Theorem, since [ ¢ € L*(Q0)
there exists R > 0 such that for all R" > R

d

By applying Cauchy-Schwarz inequality and taking the expectation, we obtain for y, € R~1,y; > L,

2
] dz,

94T (2, y4 — L)‘dz/DR 04T (z1,y4—L)| E U/ oy — —E[¢])dw

][ ¢(z,)dz, — E[g]
DR’

2
] < e. (51)

E “ﬁw(.,yd)_lg[q,]ﬂ S/RdI\DRyn(z)adr(z,,yd—Lﬂdz.

/R“\DR |7t(21)04T (21,4 — L) | E U]iz' ¢(y, — w) dw — E[¢]

o
Ur

To bound the second term of the right-hand side of (52), note that since ¢ € Ll oc (IRd_l, LZ(Q)), we

have
2
1 dz,

SRB[ [ Jow-w) —Blglfaw| [ it (- Dlds. 63

We then use the first inequality of to conclude. Let us now bound the first term of the right-hand
side of (52). From (51I) we obtain

/RH\DR 34T (2, ya — L) 7t(z)E U]é ¢(y,—w) dw — E[¢]

<e /I[{dl\[]R |adr(zl|/]/d - ) (Zn)ldzn

2
] dz,. (52)

94T (21, ya — U/ ¢(y. —w) —E[g])dw

Or

2
dz,
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By the second inequality of the integral in the right-hand side is bounded. Finally we proved
that for y, large enough

N 2 1
Ya
To prove the second limit in (@), we replace U — E[¢] by VU® and 9,;T by Va,T in (52) and use the
two inequalities of (7). O

In the periodic case, the convergence of U to its limit as y; — oo is exponential with a rate
inversely proportional to the period. In the random stationary ergodic setting, the speed of conver-
gence can be estimated provided that its trace ¢ satisfies some additional mixing assumption.

Proposition 12. If
2

RYE = 0(1), (54)

][DR qo(z‘,)dz” — Elg]

then
d IE Uuw va) —E[g] ﬂ +yg+1 E UVH“’(.,W)’Z} = 0O(1). (55)

Ya—r+o0

Proof. Let us fix ¢ > 0. We suppose now that there exist C > 0 and R > 0 such that for all R > R

(R)1E <C.

][ (p“’(zu)dz” - ]E[(P]‘
Ogr

Using similar arguments as in the proof of Proposition we have for y, € R4-1, Yya > L,

2
] dz,

ur (2 ya = L)z, | [0 (9~ )| B U /O " gy~ w) dw — E[g]

|G (va) - Blol[ ] < [ T CRPEIES
/Rd—l\DR |72 (2)94T (21,4 — L)| 7(z1) U][ ¢(y, —w) dw — E[¢]

2
—|—/ ] dz,.
Ur

We can bound the second term of the right-hand side as in the proof of Proposition [I1] (see (53)). To
bound the first term, we use the second inequality of {6).

~ 12
To prove the second part of (B5), we decompose similarly [E U VU“" } and use the two inequali-

ties of (7). O

5 Effective model

51 Construction of UNF
Recall that UNF is glven by (42) where W is the unique solution in Wy (D) of (4I). In particular
W satisfies proposmon As we look for a solution U}” NF which tends to 0 when Y4 tends to +oo,

we obtain the following boundary condition for u* on 2.y

as. —uj FF|Z (z) +8xdugF|Z€H(wH) 1 =0, (56)
where c; is given by
= i W) =5 [l &

Notice that u} that satisfies (1) is deterministic.
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5.2 Construction of the first far-field terms

The boundary conditions and which guarantee the existence of two near-field terms
going to 0 at infinity, allow us to complete the equations satisfied by the far field terms. We can now
write the problems verified by uff and uff.

Construction of ugF

Definition. By using @) and the boundary condition (39) on Sy, we define uk as the unique deterministic
solution in H (Bep 1) of
—AubF —KPulF =f in By,
ugP =0 on X, (58)

—axdugF—i-AkugF =0 on ZXi.

Since u{’ is solution of the homogeneous Helmholtz equation in a half-space with a homoge-
neous Dirichlet condition on the hyperplane and a source term in L? (B ;) with compact support,
completed by the outgoing wave condition (6), we can show that the problem is well posed in
H! (lig H, L) [12]. Actually, ug F canbe computed explicitly using a Fourier transform in the y,-direction

and one can deduce classical elliptic regularity results such as u{f € H*(B.y /) for any s > 0 with
L’ < L since the support of f lies far away from X,y by hypothesis (see (T)).

Construction of uf F

Definition. By using @) and the boundary condition (56) on Z.py, we define utt as the unique deterministic
solution in H (Bep 1) of
—Aufp — k2ufF =0 in B

ufF:claxdugF on  XeH, (59)

—8xdufF +AMEE =0 on 3.
where cq is given by (57).

The far field u!7 is solution of the homogeneous Helmholtz equation in a half-space with a Dirich-
let datum that is in H*(Z.y) for any s > 0. Using the Fourier transform, one can compute uff

explicitly and deduce in particular that ult € H(Bgp,1) forall s > 0.

5.3 Effective model

Either we build the far field terms incrementally, or we use the model that will approximate the
truncated far field series. This can be useful for studying more general geometries. By using an
approximated model, we can have a direct approximation up to a certain order.

The first model that we propose is built from uf" satisfying (58). The particles and the impedance
condition on the object are replaced by a conducting plane on X.. This effective impedance condi-
tion does not take into account the particles. Therefore we propose a second model. This model is
built from ufF and uf*. We want to have an approximation of uff + eu!’ up to the second order in
¢. Since ug F and uf F satisfy the Helmholtz equation, we also have

~AufF+ ety — K (uff +eft) =f in R x (eH, +0). (60)
Given the boundary conditions and
FF

(uff +eutt) =ecp o uff on Ty (61)

It is then natural to introduce the following effective model.
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Definition. Lef v, satisfy
—Ave —KPve=f in By,
—eC10y, Ve + 0 =0  on Zep, (62)
3y, 0e + Ave =0 on ¥,
where cq is given by (57).

If c; > 0, then the problem is well posed in H! (BEH,L) [10]. Moreover, v, can be com-
puted explicitly using the Fourier transform in the y,-direction, and one can deduce easily that
ve € H°(B.y /) for any s > 0 with L < L, with norms independent of ¢, since the support of f
lies far away from X,y. Let us prove that the parameter H can be chosen such that ¢; > 0.

Proposition 13. There exists Hy > h such that for all H > Hy
c1(H) >0, (63)

where c1(H) = E [Wy(H)] and W1 (H) denotes the solution of with the normal derivative jump occur-
ring at 2py.

Proof. Let H'>H. One can easily establish thanks to proposition 5| that
Wi(H') = Wi(H) + (va — H) X (1) (Ya) + (H — H)X (117, 1-00) (Ya2)-
Taking the limit as yy; — +oco, one gets
ca(H') = cr(H) + (H' — H).
Choosing H’ large enough leads to (63). O

Finally, let us show that v, is indeed an approximation of u{f + eu!F up to an order 2 in e.

Proposition 14. For H large enough and L > €H, the following estimate holds

O(£). (64)

HugF +£ufF — U

H2(Begy1) €0

Proof. Let e, := ubt + eul — v.. Applying the Fourier Transform in the y,-direction to (58), and
(62), one obtains that
~FF
60 %) = 222 G EH) /ey,
1 —iecr VK% — |C?
where ¢ (resp. dy, ﬁf Fy denotes the Fourier Transform of e, (resp. dx,u1) and by convention +/ k2 —|¢]2 =

iy/|¢]? — k2. Using the characterization of Sobolev spaces from the Fourier Transform (see (8)), one
easily shows that

FF
lecll 25,45,y < 102,141 | o2 )-

6 Error estimates

In this section we estimate

- the error between 1, and our two-scale asymptotic expansion in H!(BY) (Recall that BY =
R41 x (0,L) \ P¥ corresponds to the infinite strip (outside the particles) between Xy and X1
with L > eH);

- the error between u, and the far fields ufF + eult in H' (B} ). Recall that By, | is the infinite
strip {(x, x;), L' < x4 < L} with L’ > ¢H. To estimate the latter it is necessary to consider a
strip sufficiently far away from the layer (see Figure[2) so that the contribution of the near-fields
in the asymptotic expansion are negligible. This motivates our choice of considering a strip at
distance of order 1 from the small particles.
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Figure 2: Illustration of the different domains where the errors are estimated in section|§|

- the same two errors replacing the far fields uff + eul” by the effective solution v;.

We establish those error estimates in the specific case where the distance between two particles is
bounded a.s. and a.e. in the layer. We assume indeed that

Hypothesis (L®). The distance to the nearest particule R defined in satisfies

sup R(-,ya) € L®(Q, L(R"1)).
ya€(0h)

Remark 4. Hypothesis[(L*™)|corresponds to a stronger assumption than[(HT)|for the particle’s distribution. A
direct consequence is, since y is bounded from below, that the near-fields solutions of problem of the form
Ho(D) = {a.s. V¥ € H}, (DY), V¥ (-, yq) stationary for any y4 > 0,

are in
+o0 |Vw|2
1pw +|VVY?) dy| < 40 b
[ 1o (L e ay }

We first prove in Section (6.2) estimates relying only on Hypothesis We then improve those
estimates in subsection [6.3| by adding a quantitative mixing assumption (Hypothesis on the
particle’s distribution.

as. V¥ =00n P¥, E

6.1 Technical lemmatas

Let us start with the following general lemma and its corollary that provide L?(BY')-and H! (B 1 )-
estimates of near-field terms depending on their behaviour as y; — oo.

Lemma 15. Let u € H'(RY™1) and U € Ho(D) be such that

E[UP (- ya)] +yZ EIVUP(ya)) = o(1). (65)

Ya—r+oo
Then Uy :  — u(x,) U(%) satisfies
[Uell 20,028y < M@ [llzwa-r) and  + [Uellr20,m s, ) < 1Eulgpga),  (66)

where 1 (¢) tends to 0 as ¢ tends to 0.

Proof. By stationarity of U (and a change of variable in the first integral), we get immediately

/OL /IRH lu(z,)? ‘u <§) ‘zdmdxd] =¢ /OL/E]E [‘u(.,yd)ﬂ dyy /]R,H (2, 2da,.  (67)

Let 6 > 0. By (65), there exists Ly > 0 such that for all y; > Lo,

E

o

EIUP(C, ya)] + ZEIVURC,y)] < 57

(68)
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We can then write

L/e Lo 5
[ ?] v < [ (U ?) v+ o
0 0 S

This and the previous relation prove that for e small enough, || ||%2 02(Be)) < ) Hu||%2(le,1). More-
over

IVl i2i25,,)) _||vx”uu()upmzwy v () lpoew,,) 6

The first term can be dealt with in the same way as ||u(-)U () H 12(0,12(w)) Teplacing u by Vg, u. For
LB
the second term, we use (68) to obtain

L
! 1
;ZHM() ( ) HLZ QL2 By,) EHMHQ R~ 1)/ [\VU( Nl }d]/d
5 Ck (70)
= ZLEHMHL2 RT- 1)/L/ yddyd 5||”HL2 Ri-1)*

Corollary 16. Let u € L>(R9~1). Consider U € Ho(D) such that

"EUPCya)] +yi EIVUPC ya)l g ree O (71)

Then Ue : & — u(x,) U(%) satisfies (66) with
n(e) < O (81/2|10g8\1/2) for d =2,
| 0EY?) for d =3.
Proof. We follow the same ideas as in the proof of Lemma [I5 Thanks to we can improve our

L
initial estimate of / [|U (- ya)l ] dy, as such
0

L % L
€ c _d_
/o E [IU (. a) ] dv S/O E [|U (- ya)l] d]/d‘f‘C//L, vy,

L
1 log— —logL’' ford =2,
— [CE[uCuwraurcd e
0 (L'~ — Z) ford = 3.

This inequality combined with (67) gives us the first result. Moreover, one has to adapt using

that .
€ -
/L’ yd( +1) _ O(ed).

€

6.2 Estimates under Hypothesis

Suppose that uff and u}” satisfy respectively (58) and (59) then UN* is given by {@2) that rewrites
forz, e R,y € DY,

N (@ y) = xguf” |y () V' (y)  where Vi“(y) == —crlpg (y) + Wi’ (y). (72)
Consider now W, the unique solution in (D) of the following near-field problem

—AyWE*’ =0 in ByUBf,
=0y, W3’ = —ikyV{” on Xy, and W3 = 0 on JP¢, (73)
W] =0 and |-3,Wy| =0
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Since Wi |, € £2(Zo) under Hypothesis then V3|5, € £2(Xy) and is well-posed in Ho(D)
(see Remark ). Moreover we know that the results of Proposition [IT| can be applied to W,. Let us
denote c; := E[Way, ], V3 := —collpe + Wy’ and

Ve, € ]Rdfl,y e DY, ljlé”NF(:cH;y) = axdufplst(mH)V{"(y) +8xdu5F|Z€H(sc”)V2“’(y). (74)

Remark 5. Note that we cannot prove that Problem with n = 2 is well posed since it is not clear in
general that Gy, which depends on V 5, UNF (see 22)), is in £2(D). The function ljlé" NE is somehow the part
of Uy’ NE that is well-defined and enables us to perform the error analysis.

We estimate in the theorem below

- the error between u, and the second-order multi-scale asymptotic expansion

~ X
w2 (uf (@) + enfF (@) ysen(@) + [N + TN (25T ) € L2(Q, HU(BY));

- the error between u, and ult + eul® in HY(B 1).

Theorem 17. Suppose that ‘P verifies Hypothesis Forall L > L' > ¢H, the following estimates hold

[|1e — wel|

L2(QH(BY)) ¢S50 o(e), 75
and
‘ ue — (ubt 4 eul®) (e). (76)

Thanks to Proposition [14} similar error estimates can be proven replacing the far field expansion
utf + euy by the effective solution ve. More precisely let us introduce for € D¢

L2 (QH (B, ,)) 0’

~ xr Zr
ws(w) = ve(w)ldeEH(w) + axdvz:’zeH(wu)Vlw (wu; ;) + €Zaxdv£|2gH ((L'H)Vzw (wu; ;) .

In the following corollary we estimate u, — @ in H'(B¢) and ue — v, in HY (B 1 ).
Corollary 18. Forall L > L' > eH, under Hypothesis the following estimates hold

[|1e — We|| (77)

e (omse) 502

and

[|1e — ve| (78)

L2(QH By 1)) 0 o(e).

Proof of Theorem[I7} Let us write the problem verified by w¢’ in Bf’. w{’ satisfies on one hand for

x € BY
AR @) = (@) oA+ R [(UPN e (2 7) |

= flz)+ {_1Ay — Vg, Vy— S(Am‘, + kz)} (Ui‘)’NF + SCIEU’NF) (a:l,; %)
= )= eV [V (N el ™) (27 )| - (U T (7).

where we used that UN and ﬁé\] F are solutions of near-field problems with no volume source terms
and that eV[V(z;z/¢e)] = e[Vg V](x;x/€) + [VyV](x;z/¢€). On the other hand wy’ verifies the
following jumps and boundary conditions
[wfg’} =0, and [axdwg’} =0,
eH eH
—3y,w? + ikyw? = € ikyUSNF|y, on ¥, and w¥ =0on P,

Oy, w¥ + A = [gayd + AR (U NE 4 2Ug Ny onyy,
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where AK denotes the DtN operator introduced in the definitionl
We can now write the variational formulation verified by e; := 1 — we in L?(Q, H'(BY)). For all
v e L2(Q,HY(BY)),
E [a¥(e¥,0Y)] = elk(v) + 202 (v) + ef2(v), (79)
where a¥ is defined in and

tl(v) =-E

/Bw 1pw Ve, (Ui‘]’NF + 8&5”’NF) (zc,,; %) VoY (z)dx
L

+k2 /B ' o

. ~w,NF _1: JE—
2(v) =ikyE {/}: ll;’ 5, (w,,S)UW‘ZO(w,)da:']

_ 1 ~
Bl) =E [/2 s, () [sayd +A"} (u;“'NFJrsu;"NF)
L

1pw (UT’NF + SCIEU’NF) (x; %)W(a:)dw ]

(2 w)d:n,] .

o Ve
Let us now bound the norm of each anti-linear form appearing in (79). For £}, both volume integrals
can be bounded applying Lemma (15[ to UNF, V4, UNF, ﬁé\fp or unljé\’F with U being V;,i = 1,2
and u being axdufF‘ZEH or Vg, dx,U; |Z€H. Note that Vj,i = 1,2 verify by Proposition and
axdufF\ZEH, anaxdufF € H'(Zep),i = 1,2 (Zeq being identified to R-1). By Cauchy-Schwarz in-
equality, we get

12| 1) ol )

where 7 (¢) tends to 0 as ¢ tends to 0.
For ¢2, we use that under Hypothesis the following trace theorem (analogue to Lemma E)

holds for all U € Hy(D)
[l <[ o]

We obtain for u € L>(R?1) and U € Hy(D)

B[ futeouly, (%) o] < g B B[ [ [ 190P W]

Applying this result to ﬁé\’ F we get by Cauchy-Schwarz inequality
1 (0)] S o]y, 22050

We conclude with a trace inequality in L2(Q, H!(BY))

Va € [0,L], [[Mpols, lli2(0r2(z,)) S MDollr2(0,m (5e))- (81)
Finally let us focus on £2. Since by Proposition Vi va)liz) T vall Vil ya)lli) - = o(1)
Yg—>+00

fori =1 and 2, we deduce that
IVily, iz =, 000, and [y, Vils, .20 =, 0(e):

By Definition and of UNF and UNF and thanks to the continuity of A¥ and we deduce
that

()] < n(e) 0]l 12,1 (80

Therefore, we have shown that, for any v € L? (Q, H! (B‘L"))

|t (v) + €202 (0) + el2 (0)] < en(e) 0]l 2, (me) - (82)
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Thanks to the well-posedness result of Corollary f{we deduce that

IIEeHLZ(Q,H&(B‘L")) 30 ene).

This ends the proof of (75).
To prove we decompose the error in two parts

From (75), we know that the first term of the right-hand side is a o(¢). For the second term we use
the result of Lemma O

FP)

U (“0 + euy < ||us_w£H

+ HSU{\IF + 82L~I§\1F

2 (QH(By,)) 2 (QH(By ) 2(QH\(By,))

Proof of Corollary[I8} To prove (77) we need to estimate the norm of we — @, in Vi, := L?(Q, Hy (BY)).
To do so we decompose the error in three parts

e = elly, < [[uf +euf” — e

+s'
VL

ou " et =00l 4 ()],
&2 ’ By, (ubF — 00|y Vs (g) HVL. 83)

Proposition [14|allows us to estimate the first term of the right-hand-side. Let us now deal with the
FF FF
two remaining terms. Since Vj,i = 1,2 verify (65) by Prop051t10n and 9y, u; |Z x;V¢ |Z€H €
(70

H*(X.p) for any s, we get deriving inequalities similar to (69) and (70), and from Lemma
Ox, (upF +euft —ve)|y V; ||8 upt + eutt — o) Il 2¢
a\Ho 1 )|y, V1 xg \H0 1 ey L2 (Zer)
1) 10, (" +eur” = ve) |5 (s (84)
and
[oss T = w0l V2 (2)], S El0sa T = 00l lrage g + 7(E) 2 57 = w05,
Xd 0 € ZaH 2 o) VL ~ € d 0 z eH L EH 17 € ZfH H (ZSH)
(85)
where 7 () tends to 0 as ¢ tends to 0. From (64) we know moreover that
10x, (ubF + eul® — ve) |y, 1z S &2, and |0y, (ufF — ) 5. M) Se (86)

Inserting into and allows us to conclude. Finally, to prove we combine and
(64). O

6.3 Improved estimates under a quantitative mixing assumption on P

The limiting factor in the two estimates of Theorem [17]is that contrarily to the periodic case, we
cannot without an additional quantitative mixing assumption on P quantify the rate of convergence
o}i V1f an;l 3 ‘1V V1| to 0. Under such an assumption (Hypothesis [(Mix)) we prove in this subsection
that for R >

2

E < RUE-D, (87)

2
Bl - £ Wk,
Ur

fu
Ur

so that the results of proposition[I2/hold true. More specifically we establish the following result

XL

Theorem 19 (Fluctuations of Wy’|x, ). Let L > eH. Providing that P verifies mand the mixing hypoth-
esis ) Wi°|s, verifies for all f € L°°(ZL) with compact support

var | [ fWi ke, )dw | < 1 e 59)
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For f := R~ T 10, with R > 1, we directly retrieve (87). Consequently the L2(B¢)-and H!(By, , )-
estimates of corollary E can be applied to the near-field UNT and we can then prove the following
improved error estimates

Theorem 20. Suppose that P verifies and . Forall R > 0and L > L' > ¢H, the following
estimates hold

e

”0 —i—sul )

2 O (3|loge ord =2,
||u£ wSHLz(QH] Bw = { ( ‘ g |> f (89)

2(QH(Byy)) e=0 | O() ford =3,

Corollary 21. Suppose that P verifies and Forall R > 0and L > L' > eH, the following
estimates hold

_ O (£3| logs|> ford =2,
12(Q,HY(By ;) 550 O(e%) ford =3,

Proof of Theorem 20} By Theorem [I9} under Hypotheses and forallR > 1

HMs wS” ) + ||us USH

12(Q,HL(BY)

E

Bl - £ Wi,
Or

2
] 5 Rf(dfl)'

Consequently by Proposition[12) we know that V;, defined in (72), verifies

vy 'EViPCya)] + i T EIVVP Gyl = O(1).

Ya—r+oo

We then obtain for L > ¢H
a1 d+1
Wils, iz =, 0 (7)), and 3y, Vals, . llziey =, © (e7%). 90)

Inserting (©0) and the result of Corollary [I€]in the proof of Theorem [17 yields (89).
O

Proof of Corollary[21} The proof is identical as the proof of Corollary[I8|but we take advantage here of
the improved estimate of Corollary[16]
O

The rest of this section is dedicated to the proof of Theorem

6.3.1 The quantitative mixing assumption

To prove Theorem |19 we need to assume that the point process associated to the distribution of
particles P verifies a quantitative mixing condition. Since the dependency of Wi’ in P is highly non-
linear, we choose to write the hypothesis as a variance inequality on any function F of P. As proven
in [23], most common hard-core point processes such as random parking or hard-core Poisson point
processes verify the following variance inequality.

Hypothesis (Mix). There exists a non-increasing weight function 7t : Rt — R with super-algebraic decay
such that ‘P verifies for all o('P)- measurable random variable F(P),

+o00 2
Var [F(P)] < E [ / /R (9%, wH)F(P)) da, 0~V (0 — 1)(14 , 91)
where Ly(x,) == Oy(x,) x (0,h) is the portion of the layer with width £ > 0 centered at (x,,h/2) and the
oscillation aggcﬁ ( ) of F('P) with respect to P on Ly(x,) is defined by:

0%, ) F(P) = sup ess {F(P’),’P’ N (]Rd \ Eg(:c”)) =Pn (md \ Eg(a:”))}
—infess {F(P’),P’ N (]Rd \W) =Pn (]Rd \m) } 92)
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The structure of the proof follows the classical structure of proofs of quantitative stochastic ho-
mogenization estimates [28]]. For a particularly pedagogical proof of the same nature but in a Gaus-
sian setting we refer to [34]. More precisely to prove Theorem[I9we adapted [24] that study random
suspensions of rigid particles in a steady Stokes flow to our setting of a thin layer of randomly dis-
tributed particles.

The starting point is to apply @1) to [5, f(y)Wi’|s, (yi)dy, for f € L*(E.) with compact sup-
port. A preliminary step of the proof consists then in bounding a.s. the oscillation of the integral.
This step is done in Section The analysis requires the introduction of a (well-posed) auxiliary
problem and the control of high stochastic moments of W;. These constitute the respective subjects
of Sections and Theorem|[I9]is then finally proven in Section [6.3.5]

6.3.2 Auxiliary problem
Let

+o00
Wo (D) = {v e H..(D¥), 0= Oon apw,/d 1/ Ip (u[of? + |VoP)dy < +oo}. 93)
R4=LJO

Equipped with the norm

+oo
Vo € Wo(D¥),  [loll3yy(pe) = /d 1/ (ulo2 + |Vo]?)dy,

the weighted Sobolev space Wy(D“) is a Hilbert space. Recall that we proved in Proposition [§ (see
Remark B) that if v € Wy(D%) for w € (), then

[ oo s [ e, o1
Dw Dw

so that the Wy(D“)-norm and the H' semi-norm are equivalent in Wo(D®).
Consider now the following adjoint auxiliary problem

7A1/lfg =V g ian\(ZHUZL),
aydufg =0ony and ujﬁg =0 onodPv,

{f,g}H_O and { aydufg] =0, 95)

[u;gh:o and [—ayd f,gL_f,

for f € L®(X1) and g € L®(R?! x R*)? both with compact support. Problem is well-posed
a.s. in Wy (D) as stated by the following proposition.

Proposition 22. Let f € [2(X1) and g € L2(R4~1 x R™)4 with compact support. There exists a unique
process u g such that a.s. uj{g € Wo(D¥) is a weak solution of and

_1
l2pey S 2 fllize,) + 191l 2(peye- (96)

IViugg

Proof of Proposition It suffices to use Lax-Milgram Theorem. The variational formulation reads for
voU € Wo(D¥), [ vus, v = / g-vov+ [ fo@. 97)
Dw Dw X

The coercivity of the sesquilinear form is ensured by (94). Since f € L?(Zp) has compact support,
uif e [2(%y)and
L
XL

_1 w
<2 fllize) 19wy () -
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Theorem 23 (LP-regularity of usg). Suppose that P verifies and There exists Cy ~ 1 such

that forall f € L®(Xp) and g € L®°(R¥~1 x RT)4 with compact support, the solution uf,g of the auxiliary
problem (D) statisfies

110V g o e e ey S Ifliocs) + 190 o grootme o 98)
1
forall [p—2],lq—2| < &.

The proof of the theorem is postponed to Appendix

6.3.3 Higher stochastic moments of VIV;

The last ingredient we need is a control in L7(Q)-norm of [|[1p VW1 |l12(, (a,)x (0,1)) for L large
enough.

Theorem 24 (Stochastic moments of VW). Assume that ‘P verifies hypotheses (L) and For all
q > 2, Ry > 1, the following estimate holds for all L large enough

L 1
E[(f /1D|VW1|2>] SL ©9)
O, Jo

where the constant depends on Ry and L.

To prove Theorem 24| we adapt the proof of [24, Theorem 4.2] to our problem. The proof relies on
two arguments that we state in the two propositions below. The first result is a control in the L7(())-
norm of the fluctuations of VWj.

Proposition 25 (Fluctuations of VWi ). Providing that P verifies hypotheses[[L)jand[[Mix), VW’ verifies
for g € L®(R*1 x R*)? with compact support, g > 2 and Ry > 1

1
+00 L % 1
/ / Ipeg - VIW¢dy / /11Dw|vwlw|2 . (100)
0 RA4-1 Og, /0

The second argument consists in bounding local norms of VW; (such as the one appearing in the
right-hand side of (100)) with large scale averages of VIW;.

Proposition 26. Suppose that P verifies Hypotheses and Consider x € C® (0 x (0,1)) such
that |5, 0,1y X = 1and define forr >0, x,(x) = r~x (%). Forall R>1,L>1,a € (0,1) and q > 2

977 2 3
L 2 2L qla
IEK][ /11Dw|vw;*’|2> } 51+(/ E ] dxd) ,
Og J0 0

where the constant only depends on X.
We prove below Theorem 24} The proof of Propositions 25|and 26)is postponed to Appendix[C}

1
q

q
E < ||9HL2(1Rd*1x1R+)d]E

—+00
/ / Ipe X ga (Y1, X — ya) VWY’ (y)dy
Ri-1.J0

Proof of Theorem 24, We prove here for ¢ > 2. By Jensen’s inequality the result can then be
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extended to all g4 > 2. By stationarity of W; we have on one hand for all Ry,R, > 1,L > H

1
L 379 L
E <][ /HDVWHZ) =E ][ <][ /1D|VW1|2> (f /HD\VWH2 da,
DR] 0 DRZ EIRl(zH) O DRl(mH
1
q

q-1
_ (Rl +R2>
=\ R

]
2 L 2
(7[ /anw1|2> ][ (7[ /IID|VW1|2> dz,
DR1+R2 DRZ DRl(a’u) 0
L ot
§<R1+R2> (7[ /11D|vw1|2> (/ ][ /]1D|VW1|2> d,
Rl DR1+R2 0 DRZ DRl :13“)
1
q
(R1+R2) S <][ /ﬂD!VW1|2>
B Ry dT URry+r, Y0

where we used Jensen’s inequality since x — /x is concave. On the other hand according first to
Proposition 26|for R >> 1, L > 1 and q > 2 and second to Proposition 25|
1
77 ’
dxd

L % 2L
E (7[ / |vw1|2> <1+ / E
Og J0 0
1 974
2L ) 2 L ) 2
51+</0 ||xRa<xd—->||L2(Rdlxmdxd) E[(/D ) / |vw1|>]
7 1
ad _4=1 L 2!
S1+R 2R’ E f/|vw1|2
DRl 0

(102)
Injecting (102) with R = R + R; into the final inequality of (101) yields

L N Rt R - L ak
E (f /npvwnZ) s (f) E (f /|vw1|2>
O, /0 1 R Cg, /0

With « chosen so that (1 — a)d < 1 and R; large enough, the second term of the right-hand side can
be absorbed into the left hand-side and we get the result. O

(d-1)(g-1)
29

, (101)

1
q

+0c0
Lo Xetwn v Wity
R7-1 Jo

a-
(R1+Ry)
] + d—1
q

R,

= ‘

N el —

6.3.4 A.s. estimate of the oscillation

We prove that the oscillation of / f(y)W|s, (y,)dy, in Ly(x,) can be controlled by the L*-
z

L
norms of VWy” and Vu{, in a layer slightly larger (represented in orange on Figure 3) than Ly(x,)
(represented in red on Figure [3).

Proposition 27. Let z, € R?' and £ > 1. For f € L*(X) with compact support

PoL(@) /ZLf(yn)WﬂzL (y)dyn‘ S (€$($|\))2||1Dwvujg”LZ(Eﬂi(m”))H]lD‘UVWf)HLZ(C&;(mH))f

where u§ = u{q and ({(x,) is the smallest distance such that Lo (2y) \ L¢(,) contains at least one
particle (see Figure[3), i.e.

09 (x,) = argmin {d >/{, 3 €N,B(x]") C Ly(m) \ Lo af:H)} (103)

=
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e e W - - L(aj)
@) ®) Lo\
at o O@x o O!
h I d@lOOOOOOCSOOO OO'O(C))
—== e = 2o
/

Figure 3: Notations used in Sectionm

Proof of proposition Letx, € R and ¢ > 1. Consider P a realization of the particle distribution
in the layer and let P’ be a repartition of particles satisfying the hard-core assumption and such that

P (RN L () = P20 (RO Zo(@))
We let W] denote the solution of problem (1) where P¥ (resp. D) is replaced by P’ (resp. D' =

R 1 x RT\ P).
Step 1: We first prove that Wi is well-defined and verifies

||1D’VW1||L2(LW+J (@) < () HHD“’VWiUHLZ(ﬁ[(i (@) (104)
Consider the set of particles of P¥ (resp. P’) intersecting with £,(x,), i.e.

Py = |J B(x), with I{(m):={ieN, xec Lz},
i€y (x)

resp. Ppi= |J B(x}), with Zj(m,)={ieN, xjecLy(z)}].
i€Z)(x)

Let S := Hull (P{’) where Hull denotes the convex hull. Let X be a smooth cut-off function such
that supp C S then X := W] — Ipo Wi’ (1 — ) verifies the following problem in D’

“AXY = A(YW¥) in D'\ Ty,

-0y, XY=0o0on Xy and X“=0on P, (105)
w — —_ w =

[x ]H_o and | -d,,X }H 0.

Since V(xW;) € [L?(D’)]? with compact support, there exists a unique X% € Wy(D') by proposition
Hence W] is well-defined. Let us now show that it verifies estimate (T04).
Let D := D U 7372*’ 79 = ]17;2 Wi — Tpw Wy verifies

Vo e Wo(D¥), [ VZ¥.Vo= VWY -nG+ [ VW, -nT. (106)
D« AP P
To simplify notations we use here integrals on the boundary of P;” and P, to denote the duality
product H1/2, H1/2,
The coercivity of the associated sesquilinear form is a direct consequence of the weighted Poincaré
inequality (94). The continuity of the linear form is ensured by the trace theorem and a Poincare’s in-
equality that holds with a constant proportional to /4 () since at least one particle lies in £ () ().

We obtain for all i € Z)(z,),j € Z¢ (z,), v € Wo(D¥)
1oll12@p(e)) + 10l m@p@y) S ¢ (@) HVUHLZ(L&: (@) (107)

Let us now estimate ||V}’ -n||H,1/2(aB(m¢,,)) fori € I} (x,). We proceed by duality. Let ¢; €
HY2(3B(z¥)) and ¥; € Hl(ﬁgi(w”)) a lifting of ¢ such that supp¥; C L (), ‘I’i|aB(w§u) = 9;0;
forall j € Z}’ (x,) and

||Ti||H1(£&,(mH)) < il 2 @By
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We write the weak formulation associated to &I) in £ ()

Lﬂi () oB(x{)
By definition of the H~!/2-norm we deduce that
IVWE -l g2 pgagy) < IMDe VIV ll2(2 0 )

We can prove similarly for i € Z)(z,), | VW, 1l g20p@)) < Mo VWilliz,w @)
i +
Testing (106) with v = Z«, we get

/~ |VZ“’|2:—/ vw;”-nﬂD/W;—/ VW, - lpe WO,
Dw Py P

and therefore

/f)w VZe? < f‘i($n)||]1DwVWf]HL2(,% (@) ”]ID’VW{”LZ(E& (@)

Claim follows from Young’s inequality.
Step 2: Sensitivity of Wi |x,

Recall that uf := uf o denotes the unique weak solution in Wo(D*) of with g = 0. The weak
formulation associated to reads for all v € Wy(D%)

/~ ﬂDqu;f -Vo = /Z f5+ o VM? ‘N 0. (108)
w L }u

We evaluate (106) for v = Ipw u?’ and (T08) for v = Z«. After subtracting both expressions and since

uj‘f = W}’ = 0 on 0P, we obtain

: fzv = — - wjﬁ-nﬂD/w{—/w VW, - llpend.
L ¢ 14

Next we can estimate ||Vujt’ “n||ga 12 (aB(aw)) fori € Zy(x,) using similar steps as in the estimate of
1
VWL - nl g-1/2(5p (20 ))- We deduce that
j

Vg - nllg-1r2(ap(ae)) < ||]1D“'V”?)||L2(Eeﬁ(wu))'

Therefore

’/ZLf(ﬂng{ —]IP;)W{”)‘ S () HﬂDquj‘c’||L2(c£$(mH)) Mo VWil (2, ()

Using (104) we deduce that

‘/2 f(p Wi —LprWy)| S €4 () ||]1D“’V”?]HL2(£4$(9:H)) ”IlD“’VWf]”LZ(LM(ZH))‘
L

where P/ satisfies the same assumption than P; and W}’ is the associated solution. By definition of
(©2), this allows us to conclude. O
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6.3.5 Proof of Theorem
Let f € L®(X;) with compact support. The first step consists in applying the mixing hypothesis
(Hypothesis |(Mix)) to / fy)W|s, (yy)dy, and use PropositionEr

X
+oo
b e

+o0
—(d—
5 ]E |:/l ‘/I[{1171 (Eﬁ(wu))ALH:ﬂ_Dwvuf ||L2(£ w ‘13\\ ||IlDwVW1 HLZ L w(wu))dw”f ( 1)7‘[(6 — 1)d£:|

Var |:/ f(y,,)W{qu (y)dy||:| <E dmuf (d-1) (g _ 1)d€]
Xy

E;JSCC( () / f Yu Wl |ZL(yH)dyu

Next we use Hypothesis to bound a.s. and for a.e. z, € R¥~1, ¢4 (x,) by £ + R™.

+o0 h
Var |:/ f(yH)WiU‘ZL (y..)dy} 5 / / (f + R+)2(d+1)IE (][ / ]IDw|VM;-U|2>
b 1 RA-1 Opip+ (=) J0O

h
<][ /lDw|VW{"|2>]daz.,é_(d_l)n(f—l)dé
Oy g+ (@) JO

By Holder’s inequality, we get for g such that |g — 1| < ﬁ where Cj is defined in Theorem and

q=4q/(q—1)
h qq1/q
][ / Tpo | Vs
O g+ (@) JO

—+o00
Var[/ f(y)w;dzL(y.ody}s / / (0 4+ RHPHDE
T 1 RRA-1
1/q

h q
E <][ /anww;”) da, 0~ V(0 —1)de.
Oy g+ (@) /O

We use the stationarity of W; and Theorem with Ry = £+ R™ to deal with the near-field term
1/q

n 7 n 7
<][ / ]1Dw|VWf’2> =E <][ / ]1Dw|VWf’2> <1 (109)
O, ot () J0 Oy ps (0) Jo
Since X + E[|X]7]'/1 is a norm we get by Jensen’s inequality
" 2 2|14
Lol [ ) " o < |1 / [T | Vu 1]
Rd-1 Uy r+ (z) JO Ri-1 D[+R+ x)

1/ (110)
:/ /IE [pevus 1]
R4-1 J0

= HﬂDv”?’}”%Z(RH *R+,129(QQ))"

1/q
E

(+RT

On the penultimate row we simplified the spatial average in the second term of the right-hand side
by noticing that by Fubini-Tonelli’s Theorem for i € L!(IR9~1)

oy 2

We conclude with the regularity result on the adjoint problem (see Theorem [23). Finally since 7 is
super-algebraic the integral over / is finite.

yu dyndmu :/ h(mu)dxn-
Rd-1

Opy g+ (@)

+oo
/ (0 4+ R =61 (0 1)df < +oo. (111)
1

Combining (109), (110), (11I) yields the desired result.
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Figure 4: Real part of the total field u, for p = 0.4, frequency= 2GHz, § = 7/4, kpe = 10~ 'm,
y=1+1i

7 Numerical results

In this section we present numerical simulations that illustrate our theoretical results and more
specifically the error estimates derived in Corollary[21} All simulations were conducted using XLife++-
an open source FEM-BEM solver [35].

Instead of considering a compactly supported source we study the scattering by an incident plane

wave i, := e'(kixitkex2) We solve then the following problem
—Aug —Ku, =0 in Ben L,
—Ox e +ikyue =0 on ey,
_axdue + Akue = _axduinc + Akuinc on X,

Since the problem satisfied by u, is unbounded in the longitudinal directions, we approximate
it by truncating the layer Lt := O x (0,¢h) with T = 400 and impose that the field, still denoted
ue, is k1 T-quasi-periodic, i.e. x; — e ¥1¥1u,(x;, x7) is T-periodic. Thanks to the quasi-periodicity the
Dirichlet-to-Neumann operator on £! := Or x {y; = L}} admits the following modal decomposi-

tion
Vo e HY2(Z]), Af()=i Y Bulv, Pm)p2(z1) P (),
meZ

where 2, := k% — (2m7t/T 4 k1)? and @, (x1) = 1/y/Te!@"/T+k)x1 for x; € R. To implement this
operator we truncate the series to —N < m < N where N > 0 is chosen such that

o=V N7/ T+ky)* =k (L—eH) <y

with 77 being a small threshold parameter (7 = 10~° in the simulations). The centers of the particles
are sampled according to a Matern point process [32, Section 6.5.2] restricted to the truncated layer
Lt. The algorithm follows the following steps :

1. for a given initial density p € (0,1) we sample uniformly in L1, N, centers where N is drawn
according to a Poisson distribution of parameter v¢ := pTeh/ mre?;

2. we assign to each center independently and randomly a score between 0 and 1;
3. we remove the centers violating the hard-core assumption with the centers with a lower score.

On Figure[d) the real part of the total field u¢’ for a given realization w is displayed.
To implement the effective model (62) the first step is to compute c;. By stationarity of W for all

R > 0, it holds that
=E W-
Z‘L} |:fE|R ! z

To compute the expectation we use a Monte-Carlo algorithm so that

C]NNZ le
R

j=1

1 = IE[Wl

L(y|)dy.} :

ZL(y|)c1y.} : (112)
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Figure 5: Profile function Wj for p = 0.1 (left) and p = 0.4 (right)
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Figure 6: [u¢ — ulf| (left) and |u% — v¢| (right) on (eH, L) for a given w and L = 70

W}’ is solution of a Laplace-type problem in 5}, an unbounded random domain. To compute it
numerically, we restrict the domain to g x [0, L] \ P% and impose periodic boundary conditions at

x1 = —R/2,R/2 as it is customary in stochastic homogenization (see [16]]). Since y; — Wi’ (y1,Y2)

is R-periodic, the DtN operator on o= (y1,L),y1 € (—R/2,R/2)} admits the following modal
decomposition

2\m|T
Yo c H;/Z(ZﬁL), AU() = Z %<U,¢m>L2(2ﬁ)¢M('>/
mezZ L

where ¢ (y1) == 1/v/Re?"W1/R for y; € R.To implement this operator we truncate the series to
—N < m < N where N > 0is chosen such that

¢ 2NT(L=H)/R
The centers of the particles are sampled according to a Matérn point process restricted to the trun-
cated layer O x (0,h). Keep in mind that contrarily to the simulation of u,, the particles are now
of size 1 so that the parameter of the Poisson process for a given p is v := pRh/ 7. On Figure [p| two
plots of W{” for two different realizations and two different p are displayed. We see that the density
of particles plays a role in the convergence rate of Wi” when y, — +oc0.

In we can adjust the size of the domain R and the number of realizations N to improve the
rate of convergence. On Figure[7]on the left, we have plotted the value of the computed constant for
different sizes R of the computational domain. In green, the average is computed over 100 realiza-
tions and in red over 500 realizations. The two averages are displayed as the dotted lines and the
colored zones correspond to the 95%-confidence interval. On Figure [7]on the right, the constant is
computed with one realization for three different realizations thanks to the ergodicity. We notice that
the computed coefficient does converge to the same limit as the ones computed with Monte-Carlo
algorithm but as expected it requires a much larger domain to achieve convergence (3200 vs 1700).

Finally we verify the convergence rate of the error between the effective model and the reference
solution. In the case of an incident plane wave u;,. := el(kixitk22) the solution v; to the effective
model problem

—Ave =K. =0 in By,
—&010x,0e +0e =0 on Xp,
—0yx, Ve + Ao, = — 0Oy, Uinc + Aku,-nc on Xp,

is explicit:
U€(x1/ xz) = el(klx1+k2x2) —+ rgel(klxlkaxZ)
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Figure 7: Computation of the effective model’s coefficient

1wk

01|

Blre —nl]

102

10-2 10716 1019 10" 10052 10707 1072 10710 10713 10" 10°0% 1007

Figure 8: Error between the reflection coefficients for the reference solution and the effective model
for p = 0.1 (left) and p = 0.4 (right)
for x; € R, x; > eH where the reflection coefficient 72 is given by

2. tkoger =1 Hipyen
€ ik2€C1 +1 ’

Similarly uff = elllivithkexa) 4 ploilivi—kexa) with ¢l = —e2*2¢H  The reflection coefficient of the
computed reference solution 1y’ for a given realization w can be computed as

w . eikZL w L —k1x1 d
Tref = TR /ZﬁL(u£ Uine)(x1,L)e xq.
On Figure 8 we plot the errors E[|r¢ ;- ri|] for i = 1,2 with respect to koe for two different densities
of particles p = 0.1 and 0.4. The expectation is computed over 50 samples. The shadowed areas
correspond to the confidence intervals using one empirical standard deviation. For each p we recover
the expected rate of convergence of 1 for i = 1. For i = 2, the convergence rate is 1.57 for p = 0.1 and
1.3 for p = 0.4 (recall that the theoretical rate is 1.5). Note first that as expected the larger the density
the closer the solution is to the solution of the Dirichlet problem. For ke = 0.025 the first order model
gives a precision of 0.22 for p = 0.1 and 0.14 for p = 0.4. For this value of k¢, it is imperative to use
the second order model that is more accurate. At order 2 for kre = 0.025 the error is indeed about
0.01 for p = 0.1 and 0.003 for p = 0.4. Again, the error at order 2 becomes smaller as p increases.
This explains in our point of view why the convergence rate for the order 2 degrades as p increases.
Indeed, since the error is smaller it is more sensible to the approximation of the reference solution.
As a result to witness the theoretical convergence rates one needs to solve for the reference solution
with higher accuracy (i.e. smaller ¢, larger T) which makes the computation more costly. Note finally
that this last observation justifies directly the need for effective boundary conditions.
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A Integral representation of the near-field

Let us introduce the space of stationary traces
1 1 . 1
Wz (L) = {¢ € L*(Q, HP (X1)), ¢ stationary, E [”h\zleP”%z(Dl)] < +oo}

where we have identified ¥; with R?~! for the definition of the stationarity.
For any ¢ such that ¢ € Wi (XL), we consider the following half-space problem

(113)

~AU“=0 in BY,
Uu“ =¢“ on ZX.

The appropriate functional framework is defined as follows

W(BP) = {V € L2(Q, HL,(BY), V (-, y4) stationary for any y; > L,

e[, [ ovra] <o}

Let U be the unique solution of in Wy(D) for F =0, G = O,‘u_%‘i’ € L£2(%y) and y_%ch €
L£2(Zy). Note that U%| Br € W(BP) verifies with ¢ = U“[x, . The outline of the proof is the
following : we first show that there exists a unique solution V€ W(B{°) to (113). We then prove that
the integral representation is in W(B{°) and verifies problem (113).

Let us first prove the well-posedness result.

Proposition 28. For all ¢ such that ¢ € Wi (Xp), there exists a unique V- € W(B{°) that is a.s. solution of
(113).

To prove this result that is similar to the analysis of the half-space problem for the Stokes equation

1

with a trace H?

uloc

¢ such that ¢ € Wi(%),

by D. Gerard-Varet and N.Masmoudi in [27], we follow the following steps: for all

Step 1 we construct a regular stationary lift of ¢;

Step 2 we reduce problem (113) to the problem with a vanishing Dirichlet boundary condition and
prove well-posedness using an appropriate Hardy inequality.
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In the rest of the proof ¢ is fixed. Step 1: construction of a stationary and reqular lifting of ¢. In order to
derive a lifting, we introduce the Green'’s function associated to the regularized operator —A + T~
inR? for T > 0, namely

—1
g_\/f | 2|

for d = RY. 114
prep or d=3, z¢€ (114)

Gr(z) = —ng”(i\/TﬂzD for d =2,

Note that, using [2| Equation (9.2.30)], one can show that for d = 2 there exists a constant (whose
value is not relevant for the sequel) such that

VT 'zl )
Gr(2) :CT (1+c9(|z|— )) as |z| — +oo. (115)
zZ|2

As we shall prove in the next proposition, a natural lifting of ¢ is given by the integral formula

a.s. V](y (yn/yd) = 72/ adeT (yn ) L) (Pw(zu) dz,, Y € IRd_l, Ya > L (116)

R4-1

that is in the functional space

HY(BP) = {V € L*(Q, H,.(BY)), V(-,y,) stationary forany y; > L,

—+o00
E[/ / Ve + |vvw|2c1y] < +oo} ;
Dl L
Lemma 29. The function Vy given by (T16) is in H(B%°) and satisfies a.s.

{—AV}”+T1V{~":O in B, a17)

VP =¢“Y on Xp.

Remark 6. Even if it is not fundamental for the sequel, note that the function Vr given by (116)) is even the
unique solution of (I17) in H'(B)
Let us also mention that if ¢ € H : (XL) then it is easy to show using Lax Milgram’s Theorem that

V@ € HY(By). The difficulty in our setting comes from the fact that ¢ € Wi (XL) but as we shall see the
stationarity plays a fundamental role.

Proof of Lemma Let V7 be given by the integral expression of (I16). It is easy to show (using similar
arguments than in [17] or in [10, Theorem 3.2] for instance) that a.s. for any y, € R4-1, Ya > L, 177‘5
is in C2(B°), it satisfies the first equation of and the boundary condition of in the trace
sense. This implies in particular that a.s. V& € H} (B°) . By stationarity of ¢, we have for y,,
z, € R 1 and ya> 1L,

‘77(:’] (y.. + a:..,yd) =-2 /]Rd*1 ade]a"} (yu — 2, Yqa — L) gow(zu + -'BH) dz,,
=-2 /]R’Fl ade(f") (yu — 2, Yd — L) q)Tfﬂuw(zll) dz, = V;m”w(yn/yd)'

which shows that (w, y,) — V¥ (y,, y4)is stationary for any y; > L.
Moreover, we have on one hand for L' > L,
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4FE

+o00 2
[ il
O, JL!

/D1 /UmlE U}R‘“ (1) "Ny, — 21, L) |9y, Gr (21, ya — L)| dz.}

w L w 2
E |:/]Rd] |adeT(zw]/d - L)| |<V‘EL)2(P (yn - Zu)| dz} dy,

o0 2
S /L’ (A{dl |adeT(zwyd - L)| dZ|> d]/d]E[h‘ZLM)‘Z]

12
N HF“(PHL%ZL)'

where we used that (-, L) and ¢ are stationary, E[u (-, L)] < L? and that (thanks to (TT4) and (TT5))
for L’ large enough

E [/Dl /;m [VE (w1 ya) lzdy}

/]Rd—l adeT(z‘.,yd — L) §9w (yu - Zu) dz,

A

1
/]Rd—l ‘adeT(zHryd - L)‘ dZH S m for ]/d > L/.

On the other hand, for x € C& (]Rd_l) suchthat0 < y <land xy = 1on (—%, %)dﬁl, we can write

L' 2
/ / / adeT (yu — 2, Yd — L) Xq’w(zu) dz, dy‘|
0, /L Ri-1

2
/]Rd—l adeT(yH — 2y Yd — L) (1 - X)(Pw (zu) dz, dy‘| .

E <E

L/
A /L |V%} (ymyd)|2dyddyn
1

LI

Since a.s. x¢* € H: (Xp) itis easy to show (see Remark@) that a.s.

LI

Moreover, using that when y, € Oy, (1 — x)(y, — 2z,) = 0 when 2, € [J;, we deduce that

L' 2
[ ]
0, JL

wy—1 _ B
/]Rdl\[\] (]/l ) (yu zy, L) ’adeT(zH/yd L)’ dZ|‘|

+E

2
dy < +o

/]Rd—l adeT(yH — 2, Yd — L) X ¢“(z,) dz,

E

/IRdfl adeT (z‘.,yd - L) (1 - X)(Pw(yu — zH) dz,

I/
shLF
0, JL

1 2
/]Rdl\Dl ‘adeT(Zwyd - L)‘ |(V‘|;L)2(Pw (yu - Zu)| da;| dy,

E

2

L/
2
/L </H;dl\|jl |adeT(zH'yd - L)| dz.,) dyd]E{h\zL|(P| }/

120l s, -
KOl 2y

174N

N

Note that 9,,Gr € L'(R?~1\ Oy x (L,L")) is a regular function with an exponential decay at infinity
(see (114)-(115)).

Similar results can be derived for VV.
O

Step 2 : Laplace Problem with a vanishing Dirichlet boundary condition. Now consider V = V — Vr. By
Lemma V verifies a.s.

—AVY =-T7'V{ in B,
{ T k (118)

VY =0 in Xp.
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We introduce the following functional space
Wo(B7?) == {a.s. V¥ € HL.(BY), V(,y4) stationary for any y; > L,

+o0 Vu;
/ / | ;2 vVl ?) dy
th

as. V¥ =0onx;, E

<—+m}.

equipped with the norm

IV |50 = E

e |Vw|2 w |2
// 1+2+|VV|)cly.

A classical Hardy inequality gives that for all V € Wy (B{°) and since V¥ = 0 on X a.s., we have a.s.

v |y R
5 dy < [VV¥|<dy.
o, JL 1+y; 0, JL

By taking the expectation of the last inequality, we obtain that the following Hardy inequality is
verified in Wy (B}°)
+m|vwF ~+o0 )
/ / 5 dy ,S]E[/ / V| dy]. (119)
O 1+y; Oy JL

Lemma 30. Problem (I18) is well posed in Wy(B5).
Proof of Lemma[T19} The variational formulation associated with is given by

vV e W() Boo

—+o00

~ — +00 JE—
YW e Wo(Br°), E [/ vVv. VWdy} = —T'E [/ / VTWdy} . (120)
O 0 JL

1 L

The coercivity of the sesquilinear form can be directly deducted from Hardy’s inequality (119). From
the integral representation of V1, we deduce that y; — Vr(-,y,) is exponentially decaying and in

particular
+o0
IE[// (1+y§)|VT|2dy] < oo,
o, JL

We have then by Cauchy-Schwarz inequality

+o00
1 o 1 2
E // VTWdyHST 1+ 2V || 2o W oo -
|:D1 . | vVl 22 Wl

The linear form in the r.h.s of (I20) is then continuous in W’. We conclude by Lax-Milgram’s Theo-
rem. O

We deduce finally proposition [28[: since there exists a unique V € Wo(B{°) solution of (118),
V=V + Vr € W(B}) satisfies (113). The uniqueness result for (I13) is the consequence of the one

for(118).

Let us finish the proof of Proposmon O|by proving that the integral representation given by @4)
is in W(B%) and verifies problem (T13). By uniqueness of the solution this shows that U] B can be
represented by (44) .

Proposition 31. Let Z : R*~1 x (L, +-00) be defined as

Z(y> = -2 /]Rd—l aydr(yu — 2y Y4 — L) (Pw (Zu)dzw

Then Z € W(B®) and Z¢ is a.s. solution of (113).
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Proof of proposition[31] We follow the same steps as in the proof of Lemma[29|to show that Z satisfies
(TT3), that a.s. it belongs to H} (B5°) and that Z(-,y,) is stationary for y; > L. To prove that

]EL/ /+m|vaWde]<-+w
o, JL

the calculations are similar to the proof of Lemma 29} provided one uses that

1
9y, V.I'(2) =0 as |z| — +oo
" (((zd>2+ |z..|2>d/2)
and
/d (jz” 7S ! T fory; > L' and /d iz” 775 < too.
R (g - 1) 412 2)" RN (g — 1) + |2, 2)

B LP-regularity of the auxiliary problem

To prove Theorem |23} we adapt the proof of [24, Theorem 3.1] to our problem. To this effect we
start by reproducing two technical lemmatas that are key in the proof of the theorem. The first one is
Gehring’s Lemma [25] in the form of [40] proposition 5.1].

Lemma 32 (Gehring’s Lemma). Let 1 < q < s and Qg be a reference cube in R?. Take F € L*(2Qq) and
G € L1(2Qo) two non-negative functions. Suppose that for every cube Q C Qo

(]écqy Sb]éQG+b<]£QFq)}]+9<]£QGq)}’,

where b > 1and 6 > 0. There exists 0y = 0y(q,s,d) and 119 = 1o(b,d,q,s) > 0 such that if 6 < 6y, then for

allg <p <q+mno ) )
(7[ GP)” < (7[ PP)” +4 c
Qo 2Qo 2Qo

The second lemma corresponds to the dual version of Calderén-Zygmund Lemma due to Shen
[41, Theorem 3.2].

Lemma 33 (Dual Calderén-Zygmund Lemma). Let1 < pg < p1, C € [%,2] and Qg be a reference cube

in RY. Take F € LP1(2Qp) and G € LP1(2Qq). Suppose that for every cube Q C Qo, there exists two
measurable functions Fq o and Fq 1 such that |F| < |Fgg| + |Fo1| and |Fg| < |F| + |Fg| on 2Qo

1 1
(f 17aaim) ™ < i (£ reiw)”,
Q cQ

1

(7[ |F, |P1)p1 C |Foq|P0 n
01 <G (][ 01 ) ’
Q Q

C

with C1,Cy > 0. Then for all pg < p < p1

(f, W)? sfore(f, |Grp);.

Proof of Theorem[23] Step 1. We prove thata.s. forall2 < p <2+ Cio

1

1 1
ol vue 1) < / / r)” / ~5iap)’
(/R o dpe Vil ) A R e i (121)
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Let R > 0. Take x a smooth cut-off function such that X|DRx(0,R) =1, x > 0,suppx C Lhr X
1
(0,2R) and |Vx| < 7 We test (97) with v := x(us,4 — c) where c is a constant. We obtain

lleu“’zg/ Ipog- (xVu¥, + (u¥, —c)V
/[|R><(0,R) D | f,g| Do % (0.2R) Dvg (X f.9 ( f.a ) X)

+1 / u® —c—/ 1pe Vu® - (u%¥_ —c)Vyx.
R>L DZRQZLfX( f.9 ) Do x (02R) D f.9 (f,g ) X

Using Young’s inequality with K > 1 we get

1 (K> 1 1
llDqu“’ ZS(‘F)/ llpwu“’ *C2+7/ JIDqu“’ 2
/DRX(O,R) | f,gl R? 2 2K? Oor x(0,2R) | 9 | K2 Opr % (0,2R) | f,gl

T N L N . el
2K? DZRmzLy fa 2 JOyrx(02R) 2 DZRmZLy '

Choosing ¢ = ][ 1pw u? g- We apply Poincaré-Sobolev inequality to the first term and the
(pr % (0,2R) ’

trace Theorem to the third term of the right-hand side

1
2

1
Vuj}’,g|2>

1
2 A1
Tpe|Vus, |? gK/ 1pw|Vus |P +—/ Tpew
(/DRX(O,R) pe| f’g> (DZRX(O,ZR) D [Vitggl ) K\ Jorx(02R) P

+K ( /D . (lg+ (2RV)‘1|f|2)> ,

with p* = 2d/(d + 2) and where we have identified the function u~!(f|? € L'(0r NZ1) to a func-
tion in L'(Chg x (0,2R)) that is independent of x;. We conclude by applying Gehring’s Lemma

. _ */2 *
;LerT;né\ with g = 2/p*, F := (|g|> + 2Ru)'|f?)" " and G = [Vuff [P that forall 2 < p <
+1/Co

1
x

1 1

4 \7 P
(f nowwu;ﬁgip) s(f ﬂoww;tigip> +(][ o7+ f <2Ru>-5|f|”> ,
DRX(O,R) DZRX(O,ZR) DZRX(O,ZR) DZR

(122)
where Cy := ygp*. By Jensen’s inequality and since 2 > p*, (122) yields

1 1
» 2
P) 5 R(%f%)d (/ HDW|V74?€]9|2>
or X (0,2R) §
1
_p P
+ </ g7+ [ 2|f|”>
Oar % (0,2R) Uar

1pw Vu“’
</|ij(0,1<) pe| g

implies

1 1
1 2 2
(/DRX(O,R) p<lVitgy ) ~ Ré-1 xR+ 91 Ri-t /!
+ (/ o+ [ va’)
Crx (0.2R) Oar

Next we let R — 4-00 and obtain (121) for2 < p <2+ CLO

==
N—

==
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Step 2: Proof of @8) for2 < g < p < 2+Ci0 Let2 < py < p1 < 2+Ci0 and R > 0. Letuj}”gbe the
unique solution in Wy(D%) of

—Auf) =V - (gl o,r)) in DY\ (S UZL),

—9y ;4? , =0onXy, and u}”’g =0 on 0PY,
{u;},ﬂH =0 and { y, Ut fg} =0,
{ujﬁ'gh =0 and { aydufgL g,

We apply (121) to u]‘é’/’g

/ / ]1Dw |V1/l
Ur

< o [ V0P
] <E _/]Rd_l/w:u,; Vs ]
[ _Po
SE[[ [ lgr [ w z|f|P°]
|Jor JoR) Ok
[ _Po
SE[[ [ gl [ 2|f|”°]-
| /Or /(0.2R) Lhr

On the other hand u;’g =g, — uﬁ; verifies in DY := g x (0,R) \ P¥

—Au“"l =0in DY \ (ZpUZL),

—E)yduj}’gl =0onXyNOg, and uj}” =0 on oPY,
w,1 _ w,1 _

[uf,gLHﬂDR =0 and { aydufg}ZHmDR ,
w,1 _ . —

[uf,g O 0 and [ dy, f'g}zmljg 0.

n
We first deduce from the triangle inequality in L @ (O R X (0, 8)) the following

27 70
P P1
][ ][R IlDw|VMW1 :| ][ ][ ]1Dw|Vu .
D% (0,7) EIR

From (122) with g = 0 on g x (0, R) and f = 0 on X; N g, we obtain

" 075
E |1pe|Vut|po| b0 <E ][ ][ Lpe| V), )
(][Dg f(O’R) |:D | frg| :| ) [( Og J(O,R) b | |

Finally with Jensen’s inequality (since pg > p*) we conclude that

0
7[ ][ 11Dw|w‘*’1|r’0 O <]E f ][ Lpe | Vg [P0
.Dl} (0,%) Or /(0,R)

We are now in position to apply Lemma [33|with C = 2,

1 1
— E[|Vusg |||, G:=E[|g|P+pu~ 2 [f|7]70
FO._]EVo pgplfo Fl._IEvl PO%
= E[[Vul g[Po[]70, FYi= E[[Vulb |70
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We obtain for all pg < p < p1, Rg >0

Vu pO ff Vu Po
(it < i
1
Po£ e AN
jg f;2R llgl™] ;f FIfeT
ZR 0

We let Ry — +oc0 and obtain for2<p<2+ Cio
Step 3: Proof of (98) for2 —1/2Cy < p < g < 2. We proceed by duality:

IVsglomaemoy= s {B|[ Vg Il e s =1}
FTLIRE R0 helV (RI-1xR+,L7 (Q)) RI-1xR+ fa LV (RE=TxIR,LT ()

Moreover testing the variational formulation verified by ug p, with v := iy ; yields

1pw . = h-V . 123
/]Rd—lx]R+ b vuo’h vuf’g A{d—lXR+ Uf.g ( )

Testing the variational formulation verified by uf g with v := g, and subtracting (123) gives

/ h - Vuf,g = / g- Vuolh +/ flxlo,h.
RA-1 xR+ RI-1 xR+ RA-1

Moreover

sup {IE |:/]Rd_1><IR+ g- vuO,h + /Rd—l qu,h:| ‘|‘h||Lp/(]I{d—1 xR+,L1' (Q))) = 1} < (||g||LP(Rd*1,Lq(Q))

_1
+lu 2f“L!’(II{d—l,Lq(Q))) sup {||vu0,hHLp/(1Rd—1X]RJr’Lq/(Q))|HhHLp/(]Rdle]RJr,Lq/(Q)) = 1} .

Since2 <q' <p' <2+ Cio we conclude thanks to step 2.2. By interpolation estimate holds then
forall [p—2|,|g—2| < %with Cy = 8Co. O
0

C Proof of propositions 25/and

To prove Proposition 25, we use the following corollary of Hypothesis [22, proposition
1.10].

Lemma 34 (Control of high moments). If P satisfies Hypothesis then for all ¢ < +oo and all (P)-
measurable random variable F(P)

E [|E(P) — E[F(P)]")7 < ¢°E

1
+oo ) % ) 1
/1 </]Rd1 (3%, F(P)) dw) e —1yar|

Proof of Proposition Step 1: Sensitivity of the VW; Let ,, € R~ and ¢ > 1. In what follows we use

the same notations as in the proof of Proposition[27} Let us first prove that

/N g-VvVz¥

Let g € C°(R4! x RT,RY). We introduce the auxiliary problem 14 solution of (95) with f := 0.
The weak formulation associated to (95) reads for all ¢ € Wy(D®)

< (@) 0w Vit 2 o)) [0 VI 52, ) (124)

/NllDqug-W:/N ang-vTﬁ/ 1pwVig - ng. (125)
Dw Dw Py

!
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We evaluate (106) for ¢ = 7ig and (I125) for ¢ = Z. After substracting both expressions we obtain

ﬁ g-VZ¥Y = — Vug-nlD/Wi—/ VW{-n]lDwuZ.

w Py P,

Using the same arguments as in the proof of proposition we can estimate by duality ||Vug -

n| 1 and obtain,
H"2(9B(zf))

Vug -ml| < ||]1DWVMZJHL2(£/$($H))' (126)

(9B(”))
Combining (107) and (126) we conclude that

/Ng~VZ“’
D

We get (124) using (104).
Step 2: Let g € CP(R* ! x RT) and 2 < q < +oo. The second step consists in applying the

+o0
higher-order version (Lemma 34) of the mixing hypothesis (Hypothesis (Mix)) to / / 1pwg -
0 RA4-1
VWi (y)dy.
2
+o0 qlq
/ / Ipeg - VWi (y)dy ]
0 RA-1
q

| oo 2\ g
0SC -
< PE /1 /IR . (aw(w) /O /R . IlDwg-le(y)dy) dz, | " n(0 - 1)de

q(d—1)

+o00 3
w 4 w2 w (|2 -
/1 (/Rm(e*(w)) 00 955 R, 3, [0 T W |L2(£Zﬁ(m>)dw”> I n(e_1)d4

S 2002 @) e Vug 2 2 ) 1D VW 22 )

E

2
q

2
q

SPE

Next we use Hypothesis to bound a.s. and for a.e. ¢, € R4 1, 04 () by £ + RT.

+oo h
(e (£ [
1 Ri-1 Oy g+ () JO

q(d-1)

h _
(7[ /11Dw|w;;|2> dm) (0 4+ R EDa- "5 1 _1)de
Opyr+ (@) /0

+o00 h
< ¢ / ]E/ ][ /IlDw|VW{*’|2
1 R\ JO,, g () JO
h 3 q
(7[ /1Dw|w¢;|2> d,
Oyt () JO

E / / Tpwg- VWi (y)dy| | < ¢°E
0 ]Rd—l

N
=N

g(d—1)

(0 + RV~ (0 — 1)de

(127)
By duality we can write

2
h h 777
E (/ (7[ /an|VW$|2> (7[ /anwu;’F) d:c)
RA-1 D5+R+(mu) 0 D£+R+(m”) 0
h h
sl st (o oo
]Rd71 D[+K+(w”) 0 D[+R+(w”) 0

= sup E

7
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where § = qiLZ and the supremum is computed over positive random variables X independent of x.
We artificially introduce a spatial average over [, for a given Ry > 1 by noticing that by Fubini-

Tonelli’s Theorem for h € L1(R~1)

/ f yu dyndmu :/ h(mu)dmn- (128)
]Rd 1 D[+R+ ml\ ]Rd71
We get
h h
oo 7 (o) (1o
HXHLq D/ Rt w”) 0 D[+R+(wu) 0

h h
o (o 35 (£ 5] s
l:\Rl i) D£+R+(w”) 0 D(+R+(wu) 0
Ry \T h
! ][ / 1 |VW‘“|2>
Dw
<< €+R+> Opirt or, () J0 !
h
][ ][ /]lDw|V”2]|2df'3u dy, X
DRl(yH) Dg+R+(m\\) 0

By Holder’s inequality and the stationarity of VIW; we obtain then for g > 2 such that |§ — 1| < 5=

h h 3
(o i 58 (£ om0 )
RA-1 \JO (x,) JO Oy g+ (=) JO
d—1

" aE
Ry \ 2
<(1+ ) E ][ /1 w| VWG 2
< {+ R+ [( Oy gt 4r, (0) /0 pe| il
1
qla
sup / ][ ][ /llDw|Vu‘;|2Xda:,, dy,,.
Rd-1 DRl yu O
1

Since X — E[|X|#] ? is a norm we have by Jensen'’s inequality and the stationarity of VW;

917
h 2
</ /1Dw|vw;0|2> ]
O 0)Jo

(+RT+Rq

<1 (/ / /anww1 |2dw|>
(e + R+ 2 D1+R+ DRI .’.BH
2 11 2
N T q
EK/ /ﬂwvvvﬁz) ] dw_ug[(/ oo |2> ]
O, (0) Jo O, (0)

(129)

HXH i /
P

HXH i)~

=N

E

(+R+

orr+ (@)

1

— = E
(6+RH)T

(+RT (0)

SR
(¢+R+)7 Jo
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1
Since X — E[|X|7]7 is a norm we get by Jensen’s inequality

h
sup E <][ ][ / 11Dw|wg;|2de.> dy,
HXHq =1 Ri-1 DRl(yH) D[+R+(mu) 0
HXH i 71 ‘/]Rd ! ‘7éR1 () ‘7[Dg+R+ ()

1
= sup / / E {]lDw|Vu‘§’|217|X|'7] " da,.
Xl =1 /R0

In the last inequality we simplified the spatial averages in the right-hand side thanks to (128). More-
over since the supremum is computed over positive X we can reformulate it as follows

h 1 " N
sup /d_l/ E [1p|Vug P7|X|7] " da, = sup /d 1/ E 100 (] d,
X3 0= 70 1Yl 27y =1 /R 0

_ w 2
= sup H]ID‘”V“gY”LZ(]RHx(o,h),LZﬁ(Q))
HYHLZQ(Q):l

1
/ (1 |V P X]7) Ty,

Appealing to Theorem [23|we get
||IlDqu‘;YHLz(Rd_1X(o,h),qu(Q)) = HﬂDwV”%HLZ(Rd—lx(o,h),Llﬁ(Q)) S |\9Y\|L2(Rd—1xR+,qu(Q))
= HY”LZ‘?(Q)HQHLZ(]R“'*lleﬂd'

Finally we proved that

h
E (/ <][ /]lDw|VWiU|2> <][ /ﬂDw|Vu |2 de
R4-1 Oy g+ (@) JO Opgs (1) JO
g
~ ”gHLz RI-1xR+) JE (/ / 1pw| VWG |2> ]
DRI

We inject (130) into (127) and conclude thanks to the weight 77 with super-algebraic decay. O

(130)

Proof of proposition[26, Let R > R* and L > R+ H. Take x a smooth cut-off function such that
1

0 <X <1 xXlggx(or) = 1 suppx C Lhr x (0,2L) and [Vx(z)| < R forall z € R x R. We test

with v := xW;. We obtain

L 2L
/ / e [ VWS < —/ vwgf.wlwvH/ AW
Og JO Ohg JO OhrNZy

Using Young’s inequality with K > 1 we get

L ) 1 KZ 2L ) 2L )
Tpe | VWY |2 < 77/ / 1pe |[WF |~ + / / Tpw| VW
[ wwers gy [ WP + oWy

+505 / Wi + K*RT 1.
2K Jorzy

Next we apply the trace Theorem to the third term of the right-hand side

L 2L
1
/ /an|vw1w|2§1<2 R 1+ﬁ/ / 1o [WE|2
Ugr /0 Ohr JO
2L
+i2 / / Tpe|[ VW2 ). (131)
K=\ Jog Jo
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Recall that under Hypothesis Poincaré’s inequality holds in boxes larger than R* with a constant
linear in R". We decompose the second term of the right-hand side as follows

2L 2L 2L
J A A A P A i I A PR
Ohr /0 Oor /0 Oz JO

where X, (z) = r~9x (Z). On one hand, we obtain by Poincaré’s inequality under Hypothesis

2L 2L
/ / Ipe|x, * W12 < (R*)Z/ / Ipw )X, * VW%, (132)
DZR 0 DZR 0

On the other hand, we write

r 1
Ipe (WY — X, * WY") (@, x4) = /0 / /0 Ipe X, (y) VWY (x + ty) - ydtdy,dy,.

Using Jensen’s inequality, we get

2L 2L r 1
L[ e - xeweP < [ [T [ [ apa ) PIVWE @+ 1) Py ddyde
Ohr /0 g J0O 0 J0

2L+r
< / / oo VW () Pda.
Uar+r /0
(133)
Plugging back and into we finally proved the following

L 2L
f / Tpe| VW > < K2 <1+][ / ﬂDw|Xr*vw1w|2>
DR 0 DQR 0

r \d—1 1 7‘2 2L+r
14 — — + K2 1pw w2 (134
Pe) (ki) f, [ e iomer a3

Next we take the L1 (Q2) norm of both sides of (134) for g4 > 2. By stationarity and Jensen’s inequality
we have on one hand

2
2L a 2L 5
E (f / an|Xr*vw1W|2> g/ E [Lpex, * VW13
Chr J0 0
2L
<[ ¥
0

and on the other hand similarly as in (129)

2

97 q
[ e —ydWWf’(y)dy\ } dx,,
RA-1 xR+

2 2

roNd—1 2L+r i 2L+r 3
(1+—) E ][ / 1pe | VIWE 2 <E ][ / e | VW2 . (135)
2R Carsr /0 Ok Jo

To conclude we want to absorb the last term of the right-hand side of (134) into the left-hand side. In
order to do so we decompose the integral in y; in two parts: (0,L) and (L,2L + r). Thanks to (135)
choosing K > 1 and r = R* for some « € (0,1) so that % + KZ% is small enough we can absorb
2
E| (o o1 \vww|2)% " into the left-hand sid
O Jo 1pw f o the left-hand side.

2
174
Let us deal with the last term [E {( foe Lz B 1 e VW |2> 2] . We plug in W{"’s integral repre-
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sentation (44) and use Jensen’s inequality

2
2L+r % 1 2L+r 2
E ][ / Ipe| VIWE|? 5][ / 1pE [[VWy’[7]9
DR L DR L
1 2
2L+r 2z a9
g][ / an/ V3T (2, x4 — L)|E (/ |¢w2(m—w)dw) dz|
Ogr JL Rd-1 0

where ¢ := W{’|z , with L > L’ and 9,T is defined in (45). By the trace Theorem we deduce

2L+1 2, 3 i
][ / ]lDw/ V3T (2, %) — L)|E (/ |g0“’|2(m.—w)dw)1 dz,
Or JO Rd-1 0
2041 . 1%
5][ / 11Dw/ VauT (2, x4 — L')|(2R) T E ][ / VW 2 (w)dw
DR L lefl DZR 0

where the constant is proportional to R*L'. We obtain finally

2

dz,| ,

S
|
==

1
q

][DR /LZLHIIDW /W_1 V3T (2, x4 — L')|(2R) T E K]lmm /OUWWﬁz(w)dw)g] dz,
< RYIE [(J[D /OL|VW{"|2(w)dw> 3] q/LZLJrl 2

We conclude once again by stationarity of W; and thanks to the integrability property of Vo,I' that
ensures that both in 2 and 3 dimensions

2041
Ri-1 /
L

/ |Vad1“(z”, X4 — L')|dz.,
Ur

2
=0(R,L).

/ |V8df(z”,xd — L')|dz‘,
Ur
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