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Introduction

Figure 1: Examples of waveguides (source Wikipedia).

The aim of these lecture notes is to consider a concrete problem, namely the identification of
situations of invisibility in waveguides, to present techniques and tools of applied mathematics
that can be useful in other contexts. We will be interested in the propagation of scalar waves
in guides which are unbounded in one direction. Such problems arise in many fields of physics.
For example air ducts and horns in acoustics carry sound waves in musical instruments as well as
in loudspeakers. Conductive metal pipes are exploited to propagate high frequency radio waves
while optical fibers serve as waveguides for light in electromagnetism. Waveguides problems also
appear in water waves theory, in classical mechanics or in quantum mechanics. In general, the
diffraction of an incident wave in such structures in presence of an obstacle generates a reflection
and a transmission characterized by some scattering coefficients. Broadly speaking, our goal is
to play with the geometry, the frequency and/or the index material to control these scattering
coefficients.

This document is divided in four chapters. In the first one, we present classical results con-
cerning waveguide theory. This is a rather long story and the aim here is not to be exhaustive
but instead to present the main ideas and ingredients that will be useful to address the invisibility
problem. In Chapter II, we develop perturbative techniques based in particular on the use of
shape derivatives to design invisible defects of the reference geometry. With these approaches,
in principle we construct small amplitude invisible obstacles. In Chapter I1I, we exploit resonant
phenomena to provide examples of larger invisible obstacles. There, we also propose a method
to hide given objects by perturbing (in a singular way) the boundaries of the waveguide. Finally,
in Chapter IV we change the point of view, assume that the obstacle is given, and construct a
non-selfadjoint operator whose eigenvalues coincide with frequencies such that there are incident
fields which produce zero reflection.

Our approaches mainly rely on techniques of asymptotic analysis as well as spectral theory for
selfadjoint and non-selfadjoint operators. Wherever possible, we will illustrate the results by nu-
merical experiments.

The first chapter contains classical material. In the next three, some more recent results are
presented. They have been obtained with different collaborators, among them Antoine Bera,
Anne-Sophie Bonnet-Ben Dhia, Jérémy Heleine, Sergei Nazarov, Vincent Pagneux. I thank them
warmly.

These lecture notes have been written as support material for a one-week course (5.5 hours in
total) that I delivered at the Institut de Mathématiques de Toulouse in the period 23-27 June 2025
as part of the summer school Control, Inverse Problems and Spectral Theory. They have been
proofread several times. However, it is always difficult to eliminate all typos. I would be grateful
to anyone who finds any to send them to lucas.chesnel@inria.fr. Remarks, suggestions are
also welcome.
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Chapter 1

Waveguide problems

I.1 Setting

Figure I.1: Left: reference strip 8. Right: perturbed waveguide §2.

In this chapter, we present general results concerning waveguide theory. To make it simple, we
stick to a 2D scalar problem. The analysis below can be quite directly adapted to deal with 3D
geometries. However it is important that the cross section of the waveguide be bounded. The
study differs when this assumption does not hold, for example, for an infinite layer in R3.

Set I == (0;1) and consider 2 C R? a waveguide which coincides with the reference strip § :=
{(x,y) € R x I} outside of a compact region located in the zone {(x,y) € R?||z| < d} for some
d > 0 (see Figure I.1). We assume that the domain 2 is connected with Lipschitz boundary. Let
us study the wave equation, for ¢ > 0,

1 90%U

= 0 on 09,

with some initial conditions. Here ¢ > 0, the celerity of waves in the homogeneous medium filling
(), is assumed to be constant. The Dirichlet Boundary Conditions (BCs) are relevant in certain
circumstances in electromagnetism when the Maxwell’s problem has some invariance with respect
to one spatial variable. Assume that the excitation F is time harmonic, 7.e. of the form

F(z,y,t) = fla,y)e™,

for some pulsation w > 0 corresponding to a temporal period T := 2w/w. Then it is natural to
look for solutions of (I.1) which are also harmonic for long times'. More precisely, we are led to
search for U solving (I.1) of the form

W(z,y,t) = u(z,y)e” L (1.2)

'This is the limiting amplitude principle, which holds in general, but can be violated in rare circumstances due
to trapped modes that we will meet later. For specific studies on this aspect, which requires a rather long analysis,
see [27, 28, 54].



Inserting (I.2) in (I.1), we find that u satisfies the problem

—Au—k*u = f inQ

1.
v = 0 ondf (L.3)

where k := w/c > 0 denotes the wavenumber.

We wish to endow (I.3) with a well-suited functional framework. This is not straightforward
for two reasons. First, the form associated with (I.3) is not coercive except when k is small.
Second, the domain €2 is unbounded so that the term involving k cannot be seen as a compact
perturbation of the principal part.

Before proceeding further, we introduce a few spaces that will be useful in the analysis. De-
note by L?(Q) the usual Lebesgue space of complex valued square-integrable functions. It is a
Hilbert space for the inner product

(u,v)12(0) = / uv dxdy, Yu,v € L3(9).
Q

The reason for considering complex valued functions comes from the possible existence of complex
modes, see §1.3.1 below. We will also work with the Sobolev spaces

HY(Q) = {u € L}(Q) | Vu € (L3(R))?}
H{(Q) = {u € HY(Q) |u = 0 on 00}

that we endow with the inner product
(u, V)i () = / Vu - VU + uv dedy.
Q

They also are Hilbert spaces. Let us mention that in the definition of H}(£2), classically, the value
of w on 0N should be understood in the sense of traces (see e.g. [44, Thm. 3.37]). We define the
norms
1/2 1/2

I 2@ = Gty 1 ) = G iy
For a non-empty set O, €5°(0) refer to the space of infinitely differentiable functions whose support
is bounded and in O. Finally, for a continuous linear map 7" : X — Y between two Banach spaces,
we use the norm
[ Tz]ly

sex\foy llzllx

1T} =

1.2 Dirichlet problem for 0 < k <7

Assume that f in (I.3) belongs to L?(2). The natural variational formulation of that problem
writes
Find u € H}(£2) such that

a(u,v) = L(v), Vo eHQ), (L4)

with
a(u,v) = / Vu - VT — k*uw dady, l(v) = / fodxdy.
Q Q

The sesquilinear form a(-,-) is continuous in H}(Q2). Therefore, with the Riesz representation
theorem, we can introduce the linear bounded operator A(k) : H(Q) — H§(2) such that

(A(k)u, v)m1 () = a(u,v), Yu,v € H)(Q). (L5)

In this section, we establish the following statement.



Theorem 1.1. Pick k € (0;7). The operator A(k) decomposes as
A(k)=B+ K

where B : H}(Q) — H(Q) ds an isomorphism and K : H{(Q) — H{(Q) is compact (B and K are
allowed to depend on k).

Proof. Define the sesquilinear form b(-, ) such that
b(u,v) = / Vu Vo4 ((1+k)1g, — K uvdedy,  Yu,v € Hy(Q),
Q

where 1, stands for the indicator function of the set Q4 = {(z,y) € Q| |z| < d}. Since b(,") is
continuous in H{(Q2), we can define the bounded operator B : H}(Q2) — H}(Q) such that

(Bu, v)u1(q) = b(u,v), Yu,v € HY ().

From the Lax-Milgram theorem, to show that B is an isomorphism, it suffices to prove that b(-, -)
is coercive in H§(£2). In Lemma 1.2 below, we establish the 1D Poincaré inequality

o [lePde< [logdr Ve e D) = (v e B [(0) =) =0}, (LO)
I I

where we recall that I = (0;1). Integrating this estimate with respect to z € (—oo0; —d) U (d; +00)
for u € €5°(Q) and using the density of €§°(Q2) in H}(£2), we obtain

7T2/ _|uPdzdy < / _|Vudxdy,  Vu € HL(Q).
O\ Q\Qyg
Therefore we can write, for all u € H} (),

b(u,u) = /Q\sz’VUlQ—kZIUded?/JFHU@P(%)
d

(1 kz)/ Vul? dedy + |ul|?
) Q\STd| ul” dzdy HUHHl(Qd)
2

k
> () (1 )l oy * Nl = @l

\Y]

with a = (1 4+ 772)71(1 — k2/7%) > 0. This shows that b(-,-) is coercive in H}(€2).
Now set K = A(k) — B. We have

(K, o)y = —(1+ k) / wwdrdy,  Vu,v € HY(Q). (L7)
Qq
To establish that K : H{(Q) — H}(Q) is compact, we have to prove that from any bounded

sequence (u,) of functions of H{(Q2), we can extract a subsequence such that (Ku,) converges in
H{(Q). By taking v = Ku in (1.7), we obtain, for all u € H}(Q),

[Kullmo < (14 ) lulliz@,)-
In particular, for w.;,, ‘= umy, — un,, we obtain
| K il @) < (14 #) ltmnllL2(y)- (1.8)

Since )y is bounded and has Lipschitz boundary, the Rellich theorem ensures that the embedding
of H(€y) in L2(Qy) is compact. We deduce that we can extract from (uy), which is bounded in
HY(Q) and so in H'(£2,), a subsequence, still denoted by (u,,), such that (u,) converges in L2(Qq).
Thus (uy) is a Cauchy sequence in L?(y). From (1.8), we infer that (Ku,) is a Cauchy sequence
in H{(2). Since this space is complete, we infer that (Kwu,) indeed converges in H{ (). O



This shows that A(k) satisfies the Fredholm alternative (see e.g. [56, Chap.12] for a short pre-
sentation of the theory of Fredholm operators). Either A(k) is injective and in this case it is an
isomorphism of Hj(2). Or A(k) has a kernel of finite dimension span(uy,...,up). In that case,
since A(k) is selfadjoint because it is symmetric and bounded, the equation

A(k)u=F in H(Q) (1.9)
has a solution, defined up to span(ui,...,up), if and only if F' satisfies the compatibility conditions
(F,up)mr (o) =0, p=1,...,P. (1.10)

Note that showing that the conditions (I.10) are necessary for the existence of a solution is straight-
forward: simply multiply (I.9) by %, and integrate by parts.

We prove now the Poincaré inequality needed in (1.6).

Lemma 1.2. We have )
||at90HL2(]) 9

in (I.11)
perd(m\(o} NlellE
so that there holds
w2 leltery < N0eeliegy, Vo € Hy(d). (1.12)

Proof. To obtain 1D Poincaré inequalities as (I.12), a classical approach consists in working with
explicit representations. More precisely, for ¢ € 65°(I), we can write, for s € (0;1),

o(s) = /0 () dt.

According to the Cauchy-Schwarz inequality in L2, this implies, for all s € (0;1/2),

p(s)2 < /0 1dt /0 0o (8) 2 dt < 5 0ol 22 -

Integrating this identity between 0 and 1/2, we obtain

1
||<PH%2(0;1/2) = g”atSDHi?(og/Q)'
By establishing a similar estimate on (1/2;1) (note that ¢(1) = 0) and using the density of €5° (1)
in H{(I), we find
2 1 2 2 2 1
||90HL2(I) < g”atSOHI}(I) Aad 8 H‘PHLQ(I) < HatSOHLQ(I)’ Vo € Hy().

This is a nice Poincaré inequality but it is not optimal (observe that (I.12) is better because
8 < 72). Looking for the best Poincaré inequality leads us to consider the minimization problem
||3t90||%,2(1)

o ol 1.13
pery (D0} [lellf2p e

Below we prove that this infimum, equal to some A > 0, is actually a minimum because it is
attained at some functions u € H§(I) \ {0}. Moreover we establish that these quantities satisfy

—0%u = M in 1. (1.14)

In other words, A is an eigenvalue (the smallest) of the Dirichlet Laplacian and u is a corresponding
eigenfunction. Since I = (0;1), a direct computation gives A = 72 with u(t) = sin(«t) (up to a



multiplicative constant which does not change the ratio in (I.13)). Thus we obtain (I.11) and so
(1.12).

To prove that the infimum in (I.13) is reached, let us first remark that solving (I.13) is equiv-
alent to solving the constrained minimization problem

ég(%{zf(w) /I!(‘WI dt}

with Z = {¢ € Hi(I)| [;|¢|*dt = 1}. The functional J is positive in %, therefore we have
infz J > 0. Consider (u,) € 4" a minimizing sequence for .J, i.e. a sequence of functions of %
such that
nll}r}rloo J(uy) = 1%f J.
The sequence (J(uy)) is bounded and so (uy) is bounded in Hj(I). Then we know that we can
extract a subsequence, still denoted by (uy,), such that there is some u € H}(I) such that
U, — u weakly in Hj(I), U, — u strongly in L2(I).

Let us detail the proof of this classical result. Since (u,) is bounded in H}(I), from [19, Thm. 3.17],
we know that we can extract a subsequence, still denoted by (u,,), such that there is some u € H} ()
such that u, — wu weakly in H{(I). Moreover, the Rellich-Kondrachov theorem, see e.g. [19,
Thm. 9.16+Rmk. 9.20], ensures that we can extract a subsequence, still denoted by (uy,), such that
(un) converges strongly in L2(I) to some 4. It remains to show that @ coincides with u. Using that
the map v +— (u — @, v)r2(y) is continuous in H{(I), according to the Riesz representation theorem,
we can introduce E € H{(I) such that

(B, v)u1 (1) = (u— @, 0)r2(p), Vo € Hy(I).
This implies, for all n € N, (E, up)n1(5) = (v — @, un)r2(y). Taking the limit n — +o00, we deduce
(u =8 u)ey = (B, wmy = Um (B, un)myy = Mm (u— 3 un)rey = (u =0, @2y,
This gives ||u — ﬂ||ig(1) =0 and so u = 4.
Now, by writing
0 < (9w —wn), Oe(u — un))r2iy = 18sullEa(ry + [1OsunllPa(ry — 2Re (Bpu, Dun)r2 (),
we obtain 2Re (Opu, Opun)r2(r) — H@tu\|i2(1) < HatunHi2(1)- By taking the limit inferior, we deduce
1 l1F2py < lim inf 1sun1E2r)
and so

J(u) < liminf J(up) = i%f J.

n—-+0o

But, for all n € N, we have |lu[r2(;y = 1. Since (u,) converges strongly to u in L2(I), we deduce
|u[lr2(ry = 1, which shows that u belongs to %. Thus J attains its infimum in %# at u.

Set A = J(u). For all v € H{(I) \ {0}, we have v/|[vllL2ry € % and so

T/ Iollagn) = M
This gives, for all v € H}(I) \ {0},

/ 100[2 — Alu]? dt > 0.
I



Then we are led to consider the following minimization problem without constraint

min {j(v) :/latvP—)\\Uth}.
I

veH}(I)

According to what precedes, the functional .J is non negative in H{(I). Moreover, we have J(u) =0
and v € H(I). Therefore u is a minimizer of J in H{(I). Thus we must have, for all v € H}(I),
seC,

0=J(u) < J(u+sv).

This is equivalent to
0 < Re <S/Iatuatv— Auvdt) +sPiw),  VeeH\I), seC,
which holds if and only if
/Ié?tu&@dt - )\/Iuﬁdt, Vo € Hi(T).

We deduce that, in the sense of distributions, we must have the equation (I.14). O

In Theorem 1.1, we proved that A(k) satisfies the Fredholm alternative for k£ € (0; 7). We give now
a result of injectivity in certain geometries.

Proposition 1.3. Assume that k € (0;7) and Q C 8 =R x I. Then the operator A(k) defined in
(1.5) is injective, and so is an isomorphism of H}(Q). In that case, Problem (I./) admits a unique
solution for all f € L%(1).

-

Figure 1.2: Left: example of domain where A(k) is an isomorphism for all k& € (0;7). Right:
example of domain where one can show that A(k) is not an isomorphism for all k € (0; ).

Remark 1.4. In Figure 1.2 left, we give an example of domain Q) satisfying the assumption ) C S.
We emphasize that the injectivity of A(k) for all k € (0;7) does not always hold and in wavequides
with exterior bumps (with respect to the reference strip 8) as in Figure 1.2 right, A(k) can have a
non zero kernel for certain k € (0;).

Proof. When Q C 8, if a function belongs to Hj(2), then its extension by zero to § is an element
of H}(8). Therefore we have

/ |Vu|* dedy
< inf &

/]Vu|2 dxdy
inf £ < e
ueH} (2)\{0} /!U|2 dady
Q

Jo 7 (L.15)
ueHL($)\{0} /|u\2da;dy
Q

Now integrating the 1D Poincaré inequality (I.12) with respect to x € R for u € €5°(8) and using
the density of €§°(8) in H}(8), we obtain

7r2/]u\2d:vdy S/]Vu\g dxdy, Yu € HY(8).
8 8

10



From (1.15), this gives
2 2 2 1
T / |ul” dedy < / |Vul|* dzdy, Vu € Hy(92).
Q Q
Therefore, if u € H}(£2) is such that A(k)u = 0, then we have

0=a(u,u) = / \Vu|? — k?|u|? dedy
Q
> (% - k2)/ |u|? dxdy,
Q
which ensures that v = 0 in 2. This shows that A(k) is injective and Theorem 1.1 together with
the Fredholm alternative guarantee that A(k) is an isomorphism of H}(2). O

In the cases where A(k) is not injective, one can show as in Proposition .12 below that the elements
of its kernel are exponentially decaying as © — +0o and so are localized in a neighborhood of the
geometric perturbation (see an example in Figure 1.3). For this reason, the functions of ker A(k)
are usually called trapped modes.

Figure 1.3: Example of trapped mode for Problem (1.3). The above function belongs to the kernel
of A(k), i.e. it is an element of H}(Q2)\ {0} which satisfies Au+ k?u = 0 in Q, for a certain k > 0.

1.3 Dirichlet problem for £ > =

In the previous paragraph, we studied Problem (1.3) for k£ < m. Now we wish to understand what
happens for k > . To proceed, we first compute what one usually calls the “modes” of (I.3). They
play a key role in the physical phenomena and so in the mathematical properties of (1.3).

I.3.1 Computation of modes

The modes are defined as the solutions with separate variables

u(z,y) = a(z)py) # 0, (1.16)

say in €?(8), which solve Problem (I.3) in the reference strip 8§ for f = 0. Let us emphasize that
they are a priori complex valued. Inserting (I.16) in the equation Au + k*>u = 0 in §, we obtain

o’ (@)e(y) + a(z)¢” (y) + ka(z)e(y) = 0.

Dividing this identity by a(x)y(y) (note that u cannot vanish on a non-empty open set otherwise
it would be zero everywhere due to the unique continuation principle), we find that one must have

—¢"(y) =Ap(y) inl
£(0) = p(1) = 0 (D
and
—o'(x) = (K* = \) a(z) in R (1.18)

11



for some constant A to be determined. Problem (I.17) is a spectral problem: we wish to find the
values of A\ such that (I.17) admits a non zero solution ¢. A direct calculation shows that the
eigenpairs of (I.17) are given by

A, = n’7?, ©n(y) = V2sin(nmy), neN :={1,2,...}. (I.19)
Note that the ¢, have been chosen such that they satisfy the orthonormality conditions

(Soma (pn)L2(I) = 6m,n
where 6, stands for the Kronecker symbol. Then solving the second order ODE (I.18), finally
we find that when k # n for all n € N*, the modes coincide with the family {w;:},en+ where

wy (2,y) = 0, (y), Bn = Vk? — n2n2, (1.20)

Here and below, the complex square root is chosen (this is a convention) such that if z = re'? with
r > 0and @ € [0;27), then /z = \/re'?/2. As a consequence, for any z € C, there holds Sm /z > 0.

Let us make a few observations concerning these modes. To set ideas, introduce N € N such
that k € (Nm; (N + 1)m).

*x For n =1,..., N (ignore this case if N = 0), we have

wk(z,y) = EVE T, (),

Since Vk? —n2n2 > 0 for n = 1,..., N, these modes do not decay at infinity. They are called
propagating modes. For a fixed &k > 0, there is always a finite number of propagating modes.
Moreover they do not exist when k € (0;7) (the situation studied in the previous paragraph). On
the contrary, for all £ > 7, the modes wfﬁ are propagating. Going back to time-domain, we observe
that these modes lead to consider solutions of (I.1) of the form

Wi (z,y,1) = EVR Tl (y),
The waves Wi propagate to the right while the W;, propagate to the left. For this reason, we will
say that the w; are rightgoing modes while the w,, are leftgoing.
*Forn=N+1,N +2,..., we have

+

N
wy (,y) = VT TR (

Y)-
Since vVn2n2 — k2 > 0forn = N+1, N+2, ..., these modes are exponentially decaying as x — 400

and exponentially growing as £ — Foo. There are an infinite number of them.

Though these modes have been computed for the problem in the reference strip 8, we will also use
them in the analysis of Problem (1.3) in the perturbed domain €2.

1.3.2 Ill-posedness in H}(Q)

In this paragraph, our goal is to show that the existence of propagating modes for k > 7 is
responsible for the ill-posedness in the Fredholm sense of the operator A(k) : H{(Q) — H§(Q)
defined in (I.5).

Definition I.5. Let X and Y be two Banach spaces, and let T : X — Y be a continuous linear
map. The operator T is said to be a Fredholm operator if and only if the following two conditions

are fulfilled

i) dim(ker T') < 400 and range T is closed;

i) dim(coker T') < 400 where coker T := (Y /rangeT).

Besides, the index of a Fredholm operator T is defined by ind T = dim(ker T') — dim(coker T").

12



The result of Theorem 1.1 guarantees that A(k) is Fredholm of index zero when k € (0;7). To
prove that A(k) is not Fredholm when k > 7, we start by recalling a lemma due to J. Peetre [46]
(see also Theorem 12.12 in [56]).

Lemma 1.6. Let X, Y, Z be three reflexive Banach spaces, such that X is compactly embedded
into Z. Let T : X — Y be a continuous linear map. Then the assertions below are equivalent:

i) dim(ker T') < 400 and range T is closed in Y;
it) there exists C > 0 such that ||u||x < C (||Tully + ||ullz), Vu € X.

Proposition 1.7. For k > 7, the operator A(k) : H}(Q2) — H}(Y) defined in (1.5) is not Fredholm.

Remark 1.8. We exclude the case k = m because the computations are a bit different. However in
that situation too one can prove that A(k) : H}(Q) — H}(Q) ds not Fredholm.

Proof. Set again Qg = {(z,y) € Q||z| < d} where d appears before (I.3). Our goal is to show
that we cannot have the existence of C' > 0 such that there holds

lulli ) < C (JAR)ullu @) + lullizy),  Vu € Hg(9). (1.21)
To proceed, consider some functions 94,9_ € €*°(R) such that

1 forxz>d+1 1 forz<O

V() = 0 forx<d v-(@) = 0 forx>1.
Then for m € N, set ¢, () = 4 (z)—(x — m) and

m(2,9) = U ()07 (2, y) = Pm () o1 (y),

where w]" is the mode appearing in (I.20) which is propagating for k > 7 (because then 8; =

VEZ — 72 € R).
J

d d+1 m m+1

Figure 1.4: Graph of the cut-off function .

Exploiting that the support of u,, becomes unbounded as m — +o0, it is straightforward to show
that

ml_lgrloo [[tm |10y = +o0.
On the other hand, clearly (|[tm]l12(q,)) remains bounded as m — +oo. Now, for v € Hj(£2), we
have

(A(k)um, v) () = / Vg, - VU — k2upv dedy = — / (A, + k2up v dady. (1.22)
Q Q

But there holds
At + Ky = oy (Aw] + E2w]) + 2V, - Vi + wi A,
= 2V, - Vi + wl Ay,

By observing that t,, Ay, are non zero only in (d;d + 1) x (0;1) U (m;m + 1) x (0;1) and that
their norms in L*°(€2) remain bounded independently of m € N, we find that there exists C' > 0
independent of m such that we have
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By taking v = A(k)u,, in (1.22), we conclude that (A(k)u,,) remains bounded in H}(Q2) as m —
+o0. This shows that Estimate (I.21) does not hold.

Finally, since €y is bounded and has Lipschitz boundary, the embedding of H}(Q2) in L%(Qq)
is compact. From Lemma 1.6, we deduce that A(k) : H}(2) — H}(S2) is not Fredholm when
k>m. O

By working in weighted Sobolev spaces, one can show that A(k) has a kernel of finite dimension
for all & > w. Therefore, the loss of Fredholmness is due to the fact that the range of A(k) is not
closed when k£ > w. Thus, even by removing the kernel if it is not trivial, we cannot create an
operator in H(l] (©2) which admits a continuous inverse when propagating modes exist. This leads
us to think that we have to take them into account in the functional framework.

To proceed, we will apply some strategy which is classical in applied mathematics related to
physics: we will add a bit of dissipation in the medium characterized by some parameter n > 0
and then take the limit as n — 0. More precisely, with dissipation, the definition of the physical
solution, the one in H}(2), becomes obvious. Then we will define the solution without dissipa-
tion as the limit as n — 0 of the solution with dissipation. This is called the limiting absorption
principle in scattering theory (mind the difference with the limiting amplitude principle mentioned
before (1.2)). In fluid mechanics, dissipation is more often referred to as viscosity but the idea is
the same.

1.3.3 Problem with dissipation

To model dissipation, let us work on the problem

—Au, — (k* +ikn)u, = f inQ

1.23
u, = 0 ondf ( )

with 7 > 0. To get an idea of why this is a relevant way to model dissipation, let us come back
to time domain. With the time harmonic convention U, (z,y,t) = u,(z,y)e” ", Problem (I.23)
originates from the study of the wave equation, for ¢ > 0,

1 0%°U, nou, :
= +-——-AU, = F inQ (L.24)

c? Ot? c Ot
U, = 0 onodQ,

with some initial conditions. Assume that the forcing term F is null. Then multiplying (I.24) by
0;U,, and integrating in {2, we obtain

2

0L 11O (o, 2 dedy =~ Nl 1
9t2 Jo 2| ot =0 o o | Y
Therefore, the energy
Bty == [ 2 8u”2+vu 2 dad
=35 Jo|ar| TVl dudy

is indeed decreasing, due to the term 70;U,, when 1 > 0.

The variational formulation associated with (1.23) writes

Find u, € H§(Q) such that

ay(uy,v) = £(v), Yo € H(l)(Q), (1.25)

where the sesquilinear (resp. antilinear) forms a,(-,-) (resp. £(-)) are such that

ap(w,v) = /QVw VT — (k? + ikn)wt dady, L(v) = /Qfﬁdxdy.

14



Theorem 1.9. For all k > 0, for alln > 0, Problem (1.25) admits a unique solution u, € H}(S2).
Proof. For v € H}(9), we have

Re ay(v,v) = /Q Vo2 — k?|v|? dzdy, Smay(v,v) = —kn/ﬂ lv|? dxdy,
Therefore, we obtain, for v > 0,
Re ((1 + iy)ay(v,v)) = Re ay(v,v) —vSmay(v,v) = /Q (Vo2 + (vkn — k2) |v]? dzdy.
Thus for any n > 0, for v > 0 large enough, the form (1 + iy)ay(-,-) is coercive in H{(Q2). With

the complex version of the Lax-Milgram theorem, this is enough to conclude that Problem (I.25)
admits a unique solution in that case. O

7O

r o

L —d r i L
Figure 1.5: Domain .

Now we wish to take the limit 7 tends to zero in (1.25). It will be more convenient to work in a
bounded domain. Introduce some L > d and define

Qp ={(z,y) € Q||z| < L}

(see Figure 1.5). Assume that f in (1.23) is given in L?(€2) such that f(z,y) = 0 for £2 > L. We
will first derive a problem set in Q7 whose solution coincides with u,|q,. To proceed, we must
impose ad hoc transparent conditions on the artificial boundaries

Sp={L}yxI, S_p={-L}xI

that do not create spurious reflections.

Let us work first on 3. Denote by HééQ(E 1) the space of traces on X, of elements of H}(Qr). Tt
coincides with the functions which belong to H/2({L} x R) when extended by zero. Classically,

see e.g. [20, §1.4], we endow Héé2(EL) with the norm

[eo]

1/2 1
lellmrags,y = 30 (14 @r2) laa? where awi= [ p(La) el dy,

n=1

the ¢, being the ones introduced in (1.19). Let H_I/Q(EL) stand for the dual space of H(l)(/]Q(ZL)
endowed with the norm

(P, p)s,
H(I)HH*UQ(EL) = sup HHiL,
peHy )\ oy 1 PIHY2(3)

where (-,-)y, denotes the linear duality pairing between H~'/2(X1) and HééQ(EL). Set 84 =
(L; +00) x I and define the Dirichlet-to-Neumann operator such that

AL: HEA(S) = HOV3(3)

v,

H
SO 8[/7
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where 0, = 0, on ¥, and v, € H!(8.) is the function such that

Av, + (K* +ikn)v, = 0 in 84
v, = 0 ondQNOS, (1.26)
vy = @ onXf.

One establishes that (1.26) admits a unique solution by adapting the proof of Theorem 1.9 by
working with a lifting function on ¥z. Let us show that A" is indeed valued in H™1/2(¥) and
more precisely, that it is a continuous operator from Hé{f(E 1) to H-Y2(2). To proceed, and
actually this will be useful in the sequel, the simplest way is to write an explicit representation of
the action of A”. We work again with the modes of (I.26). Assume that k is not equal to one of
the nm, n € N*. In every transverse section {z} x I of 8, we have the decomposition in Fourier
series

+oo
= > an(z) pn(y) (1.27)
n=1

where the «a, are to be determined. Inserting (1.27) into (I1.23), similarly to (I.18), we find that
the a,, must be of the form
] .M
an(z) = A, €% 4 B, e~ n®

for some constants A,,, B, € C with

B = \/k? +in — n?n2.

But according to our convention for the complex square root after (1.20), for n > 0, the imaginary
part of 81 is positive for all n € N*. As a consequence, x — ePn ig exponentially decaying at +oo
while z s e~ 17 ig exponentially growing. Since v, belongs to H(8;), we must impose B,, = 0
for all n € N*. Thus for x > L, we have the expansion

400
vo(@,y) = > (0 0n)ie(my) €7D o (y)

n=1

so that there holds
—+o00

An Zzﬂ (2 ‘Pn)LQ(ZL) on(y).

n=1
For ¢' € Hl/z(EL), we obtain

+oo
(AT (@), sl < 1B (e en)izs)l (€5 en)izs - (1.28)

n=1

But one can write, for all n € N*,

n|4 2
|52 _7+2+7L

1Bt = (k* — n*7?)? + n? < 2k* + 2?7 + 9 and so
nird — 74

Thus for any given 19 > 0, there is a constant C' > 0 independent of 1 € (0; 7] such that

Ui
7|B | <C.
neN* nm

Exploiting this in (1.28) gives

[(AL(0), )5, |

IN

+o0 1/2 +oo 1/2
C (Z nr|(e, ‘Pn)LQ(EL)’2> (Z ”W\(Wla (Pn>L2(ZL)’2> (1.29)

n=1 n=1

IN

¢ H%0||H1/2(2L) ||<P/HH1/2(2L)-
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Estimate (1.29) guarantees that A’ () indeed belongs to H™1/2(3,) and that

HAZ“D)HH*U?(EL) < C”SOHHl/Z(zLy (1.30)

Since the operator A’ is clearly linear, (1.30) ensures that A7 : Hé{f(Z 1) — H™Y/2(2}) is contin-

uous. Moreover, one has

IAL () lg-1/2z,)

AL = <cC. (L31)
ety IPlmraey)
Importantly, note that if u, solves (1.25), then it satisfies
ou
8—; =Al(uyls,) onXp, (1.32)
where again 9, = 0, on X,
We work completely similarly in §_ := (—oo; —L) x I and define the Dirichlet-to-Neumann operator
such that
AT HER(S_L) - HV2(Z_p)
v,
2 = By

where this time 9, = —0, on ¥_p and v, € H'(8_) is the function such that

Av, + (kK* +ikn)v, = 0 in8_
v, = 0 ondQ2NAIS_

v, = @ onX_p.
One has the representation
+oo
A (90) = Z ZBZ (907 SOTL)L2(Z,L) @n(y)a
n=1

which allows one to prove as above that the operator A” : Hé(/)Q(E_ 1) — H™/2(2_}) is continuous.
Moreover, if u, solves (1.25), then it satisfies

Ouy,

o = ATL (un‘g_L> on E_L, (1.33)

with 9, = -0, on X_j,.

Now we have everything to write our problem in 7. Set I' := 9Q N 9Q; and H(Q;T) =
{veHY(Qp)|v=0o0nT}.

Proposition 1.10. If u, € H}(2) solves (1.25), then its restriction to Qy, satisfies
Find u, € HY(Qr;T) such that
—Auy — (K* +ikn)u, = f in Qp

Ouy,
ov

(1.34)

= Al(uplsy,) onBirp

where 9, = +0, at x = £L. Conversely, if u, € H{(Q) satisfies (1.3/), it can be extended as a
solution in H{(Q) of (1.23).
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Proof. The first part of the statement comes from (1.32), (1.33). Now if u,) € H}(Q2) solves (I.34),
define 1, such that

Un($, y) in QL
Ty (z,y) =| T2 87 (x )
K Z(un, Spn)LQ(EiL) e* AalFL) Spn(y) in 84.

n=1

The function 4, satisfies Ady, + (k% +ikn)d, = f in QL US4+ US_ (remember that f is assumed to
be zero in 84 U8_). Moreover we have [t,]]s,, = 0 as well as [0,1y]|x,, = 0 where [-]|5,, stands
for the jump at = L. This is enough to conclude that 4, is the solution of (1.23) in H{(Q2). O

1.3.4 Problem without dissipation

Consider again some f € L(Q) such that f(z,y) = 0 for |z| > L. Taking the limit 1 tends to zero
in (1.34), we are led to consider the problem

Find u € H}(27;T) such that

—Au—ku = f in Qf (1.35)
ou
W = As(uly,,) onXir
where A4 are the operators such that
Ayt HYA(® H-1/2(%
+: Hpp (Bxr) — (L)

oo (1.36)

e = > B (0 on)r2sy,) eny).
n=1

Here the 3, are the ones introduced in (1.20). As in (1.29)—(1.31), one shows that the operators
Ag H(l)(/)Q(EiL) — H_l/Q(EiL) are continuous.

The study of Problem (I.35) leads to consider the following variational problem

Find u € H}(2; T') such that (137)
a®"(u,v) = £(v), Yo € Hy(Qp; 1), '
with
aout(uv U) = Vu- Vv — kQUdedy - <A+(U’|EL)7@>EL - <A_(U‘E—L)7@>E—L
Qr
(1.38)
Lv) = fodxdy.
Qr,

It is important to understand that the Dirichlet-to-Neumann operators Ay in (I1.35) on X4 have
a double action. First, they allow to look for a solution which decomposes on propagating modes
which are not in H}(£2). However we cannot allow for all propagating modes in the functional
space because otherwise by combining them, we could create non zero functions satisfying the
homogeneous problem, i.e we would obtain for all frequencies a non zero kernel. By working with
the Ay, we also impose radiation conditions and select outgoing behaviors (this explains the choice
of the index °" for “outgoing”). To sum up, for +x > L the solution, which is the physical one, is
searched as a superposition of outgoing propagating modes and evanescent modes.

By exploiting the continuity of Ay : HééQ(EiL) — H™1/2(24}) as well as the fact that the trace

mappings from H(r) to Hééz(EiL) are also continuous, we deduce that the sesquilinear form
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a®(-,-) is continuous in H{(€2r). Therefore, with the Riesz representation theorem, we can intro-
duce the linear operator A°"* (k) : H§(Q2z;T) — H(; T) such that

(A" (E)u, V)H(Q,) = a®" (u, ), Vu,v € Hy(Qp;T). (1.39)
One has the following important statement.

Theorem 1.11. For k € (m;+00) \ {Nr}, the operator A°"*(k) decomposes as
Aout(k) — Bout 1+ K

where B°" : HY(Qp;T) — H(Qp;T) ds an isomorphism and K : H§(Qp;T) — HY(Qp;T) is
compact (B and K are allowed to depend on k).

Proof. Define the continuous operator B : H}(Q; ') — H{(Qz;T) such that
(BoutU,U)Hl(QL) = " (u,v), Yu,v € Hy(Qp;T),

with

b (u, v) = o, v VOt uvdedy — (A (uls, ), D)5, — (A= (uls_,), D)5 -
L

For v € H(l)(QL; I'), we have
Re b1 (u, 1) = HUH%P(QL) — Re (A (uly,), w)y, —Re (A_(ulx_, ), W)x_, - (1.40)

But (1.36) provides
+o0

(As(ulsy,) Wry, = Y il en)izm, )l
n=1
Introduce N € N* such that k € (Nm; (N + 1)x). The i8, for n =1,..., N are purely imaginary.
On the other hand, the i, for n > N are real negative. Thus we have

+o0o +00
Re <Ai(u|EiL)7ﬂ>EiL = Z iBn |(u, @n)LQ(ZiL)P = Z —Vn?r? — k2 |(u, @n)L2(ZiL)’2 < 0.
n=N-+1 n=N+1

With (1.40), this gives
Re b2 (u, u) > [|ullf g, )-

From the complex version of the Lax-Milgram theorem, we deduce that B°U : H%(QL;F) —
H{(Qp;T) is an isomorphism.

Now set K = A°"(k) — B, We have

(Ku,v)iq,) = —(1+ k2)/ uv dxdy, Vu,v € Hy(Q; T).
Qr,

Since Q, is bounded and has Lipschitz boundary, the embedding of H}(Qy; T') in L2(Q1) is compact
and we can show that K : H}(Qp;T) — H}(Q;T) is compact by working as for the operator K
appearing in the proof of Theorem I.1. ]

This shows that A°"*(k) satisfies the Fredholm alternative. Either A°"(k) is injective and in this
case it is an isomorphism of H}(Qr; T'). Or A°**(k) has a kernel of finite dimension span(us, ..., up)

and in that case the equation
A (k)yu=F  in HY(Qp;T)

has a solution, defined up to span(ui,...,up), if and only if F' satisfies the compatibility conditions

(F’UP)Hl(QL) :0, p= 1,...,P. (141)
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If u solves (1.35), then by defining @ such that

u(z,y) in Qf

az,y) = X i (1.42)
Z(ann)m(zﬂ) eFibn(zFL) only) for £z > L,
n=1

we obtain a solution of (I.3). In general, this @ does not belong to Hj(£2) because it involves
propagating modes.

In the cases where A°'(k) is not injective, we show now that the elements u of its kernel do
not decompose on the propagating modes. As a consequence, the corresponding extensions 4 are
exponentially decaying as x — Foo. Again, we call them trapped modes.

Proposition 1.12. Assume that k € (Nm; (N + 1)m) for some N € N*. Consider some u in
ker A°"* (k). Then its corresponding extension i defined via (1.42) decays as O(e™V (NH)Q’TLW'“')
as x — +oo and so belongs to H(Q).

out(

Proof. If u is an element of ker A°"(k), we have a®"*(u,u) = 0 and so

0= %WLCLOllt Z,Bn U, Pn) L2(24 1) | + |(u, (Pn)LZ( )’2)
Since the fi,..., BN are all positive, this proves that the corresponding @ in (I.42) decomposes
only on the evanescent modes. t

Finally, we show that the occurrences where A°"(k) is not injective are rare.

Proposition 1.13. The set of k € (m;4+00) \ {N7} such that A°" (k) is not injective is discrete
and accumulates only at +oo.

Proof. We reproduce the proof presented in [16, Thm. 3.3] (see also [18, Thm. 2.2]). Assume that
ke (Nm; (N + 1)m) for some N € N*. If u belongs to ker A°"(k), then according to Proposition
1.12, it does not decompose on the propagating modes. As a consequence, from (1.37), we find
that it satisfies
a(u,v) = A . v dxdy, Yo € Hy(Qp;T), (1.43)
L

with A = k2 and

a(u,’u):/Q Vu - Vvdxdy—i-z Z vn Uy Pn)12(54 ) (Vs 125y, )-
L

+ n=N+1

Note that contrary to the form a°"(-,-) defined in (I.38) which involves the propagating modes,

a(-,-) is hermitian. Using also that H}(Qr;T) is compactly embedded in L2(€21), one shows clas-
sically that for a given k, the spectrum of Problem (I.43) is made of an increasing sequence of
non-negative eigenvalues (A, (k))men+ which tends to +oo. Additionally, the theory of selfadjoint
operators (see e.g [55, Chap. 3]) ensures that one has the min-max formula, for all m € N*,

. a(v,v)
)\m(k) = min max ———,
Vi CVim v€Vi \{0} ”UHLQ(QL)

where V,,, denotes the set of all m-dimensional subspaces of H}(Q;T'). Using this characterization,
one proves that for any m € N*, k +— A\, (k) is non-increasing and continuous on (Nm; (N + 1)m).
As a consequence, for each m € N*, the fixed point equation A, (k) = k% has at most one solu-
tion in (N7; (N + 1)7). Working a bit more, one establishes that the equation A\, (k) = k? can
have a solution k € (N7; (N +1)7) only for a finite number of m € N*. This is enough to conclude.
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Let us emphasize that the non zero u satisfying (1.43) are not necessarily trapped modes be-
cause test functions are missing in (I.43) compared to (I1.37). Therefore, though this approach
suffices to guarantees the discreteness of eigenvalues for A(k), it cannot be used directly to prove
the existence of trapped modes. ]
1.3.5 Limiting absorption principle

In this paragraph, we prove that the dissipative solution converges to the solution of Problem
(1.35) without dissipation as 7 tends to zero.

Theorem 1.14. Fiz k € (m;+00) \ {N7} and assume that the operator A°“(k) defined in (1.59)
is injective. Then there is ny > 0 such that we have

v —uyllaro,) < Cnllfllz@oL) Vn € (0;m0],
with a constant C' > 0 which is independent of . Here u, u, are the functions solving respectively
(1.35), (1.34).
Proof. Let F be the element of H}(€2p;T') such that
(F,U)H1(QL) ={(v), Yo € H(l)(QL;F).

Denote also by A" : H{(Q7;T) — Hj(Q; T) the operator such that
(A0 0y = [ Fo Vw2 + ikyewdady — (KL (uls, ) W), — (A (ols,). W),
L

for all v,w € H{(Qr;T). We have, for all > 0,
Aluy = F = ACUty,

This gives A" (u — u,) = (A7 — A°"")u,. Since A" is assumed to be injective, Theorem I1.11
together with the Fredholm alternative guarantee that A°® is an isomorphism of Hj(Q;T). Thus
we can write

w— uy = (AP TH(AT — A%y, (1.44)

Let us estimate

| A" — AoutH _ sup (A" — Aout)UHHl(QL)
veH! (Q,T)\ {0} vl @,

From the definition of A°", A" one finds, for v,w € H{(Qp;T),

(1.45)

(A7 — AOUt)U,w)Hl(QL)
= —ikn /Q vwdzdy — (N (v]g,) — Ap(v]s,), @, — (AT (v]s_,) — A (v]s_,),W)s,.
L

Taking w = (A" — A°"*)y in this equality and using the continuity of the trace mappings from
H'(Qp) to HY/ 2(¥41), we deduce the existence of a constant C' > 0, which may change from one
line to another below but which remains independent of n € (0; 7], such that

I(A™ = A*)oll (o) < En o]l ey (L46)
+C (AL (vls,) = A lsp)li-v2gmy) + 1AL (0ls_L) = A (le ) la-12m_,))-

Let us estimate the second term in the right-hand side above. For ¢, ¢’ € HééQ(Ei L), we can write

—+00
AL (0) = Ax (), @)min ] < D0 1B = Bul @ en)r2men) | 1@ o)y | (1.47)
n=1
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Working from the expressions of ]!, 3,, one shows that for any given ny > 0, there is a constant
C > 0 independent of n € (0; 7] such that

n _
sup Lﬂ Bl < Ch.
neN* nmw

Exploiting this in (1.47) gives

+o0 1/2 +oo 1/2
(AL(p) = As(), @)sr] < Cn (Znﬂ\(w,wn)Lz(zﬂ>!2> (Znﬂ\(w’,wn)m(zﬂ)P)

n=1 n=1
< 077H‘P”Hl/Z(zL)HSO/”HW(EL)'

From this, we deduce the estimates

IAL(v]sy,) = Ax(vlse ) la-12m, ) < Cnllvllmem, ) < Cnllvlae,)- (1.48)
By combining (I1.46), (1.48) and (I1.45), one gets, for n € (0;n0],
AT — A°|| < C, (1.49)

Then, gathering (1.49) and (I.44), we find

[ = upllm@,) < Cnlluglluo,)- (1.50)
Finally, by using the inequality ||uy[lg1(o,) < v — upllaio,) + Ul o,) in (1.50), we obtain, for
1 small,
|u = uplly) < Cnllulla,) < Cn H(AOUt)flfHHl(QL) <Ol fllrzy)-
This completes the proof. ]

1.3.6 Approximated problem with truncated Dirichlet-to-Neumann operators

In practice, to solve (I1.37) numerically as in §1.3.8 below, we will need to truncate the series ap-
pearing in the Dirichlet-to-Neumann operators. In this section, we prove error estimates between
the exact solution and the one obtained via this approximation.

Recall that we have introduced L > d > 0 such that € coincides with the strip R x I for |z| > d
(see Figure 1.5). Again we set

Qg =A{(z,y) € Q|| <d},  Qp={(x,y) € Q[z] <L}

so that one has Q; C Qp. In this section, we make the additional assumption that f € L2(f2) is
such that f(z,y) = 0 for |x| > d. For the technique we present below, it is important to exploit
that f vanishes in a neighborhood of ¥ UX_j. Assume that k € (N; (N +1)7) for some N € N*.
For M > N, define the truncated Dirichlet-to-Neumann operators such that

1/2 _
A]\:EJ: HOé (E:I:L) — H 1/2(E:|:L)
M
2 Z iBn (¢, (Pn)LQ(EiL) en(y)-
n=1
Note that it is crucial to take into account at least all propagating modes. Then, consider the
approximated problem

Find up € HY(Qp;T) such that (L51)
a¥t (upr, v) = £(v), Vo € Hy(Q;T) '
where £(-) is the form defined in (I1.38) and
a¥t(u,v) = Vu - VT — k*ut dedy — (A ( )y, — (AM v
o (u, y — (A (uls, ), v)s, — (AT (ulz ) V)s_, - (1.52)

Qr

Our main result in the section is the following:
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Theorem 1.15. Assume thatk € (N7; (N+1)7), N € N*, and that f € L2(Q) satisfies f(x,y) =0
for |z| > d. Assume also that the operator A°"*(k) defined in (1.39) is injective. Then

- (1.37) admits a unique solution wu;

- (1.51) admits a unique solution uys for M large enough.

Moreover, there exists My > N such that one has the estimate
lu—unrllm o < Ce Pl E= DYl )y, VM > M. (1.53)
Here C > 0 is a constant independent of d, L and M.

Corollary 1.16. With the same assumptions and notation as Theorem 1.15, one has the error

estimate
lu — wn o,y < Ce Pl @D flla 6 0 VM > M. (1.54)

Remark 1.17. Note the difference of exponent in the right hand side of the error estimates (1.53),
(1.54) set respectively in Qg and .

Proof of Theorem 1.15. We have already mentioned that Theorem [.11 and the Fredholm alterna-
tive ensure that (1.37) has a unique solution u when A°"(k) is injective.

Now introduce the following problem set in the small domain

Find v € Hj(Qq;T) such that

1.
ag® (v, w) :/ fwdxdy, Vw € Hy(Qq;T), (1.55)
Qq
with
af(v,w) = QVU -Vw — k*ow dzedy — (AP (v]s,), W), — (A (v]x_,), W)s_,.
d

Here the quantities Hj(Qq;T), A are defined as H{(Qr;T), Ay by replacing L by d. With the
Riesz representation theorem, introduce the operator A : H}(Q4; ') — H{(Q4;T) such that

(Azov7 w)Hl(Qd) = ago(va w)a Vo, w € H(l)(de F)

Reproducing what has been done in Theorem 1.11, one establishes that AS° is Fredholm of in-
dex zero. Moreover, working as in (1.42), one shows that if u satisfies (1.37), then u|g, solves
(1.55). Conversely, if v satisfies (1.55), v can be extended to a solution of (1.37). Since A°U(k) :
H{(Qr;T) — H§(Qr;T) is an isomorphism, we deduce that A : H§(Qq; ') — H(24;T) is also an
isomorphism.

Below, we shall prove the following lemma:

Lemma I.18. If upys satisfies (1.51), then upl|q, solves the problem

Find v € H{(Qq;T) such that

1.56
aF (v, w) + i (v, w) = /Q fwdzdy, Vw € Hy(Qq;T), (1.56)
d
with
M = 2if3n — —
ew = 3 i (e + 0 s 0w )
n=M+
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Introduce the operator A : H}(Q4;T) — Hy(Q4;T) such that
(zzléwv,w)Hl(Qd) =ag’(v,w) + réw(v, w), Yv,w € H[l)(Qd;F).

We emphasize that flg/[ is different from what would be the operator corresponding to a problem
with truncated Dirichlet-to-Neumann maps at >44. From the expression of 7“94 (+,-), we get

HA§° _Aé\/[H _ sup H(Ago _A(]iw)UHHl(Qd) < Ce,2|/3M+l|(L,d)
veHY(Q4T)\ {0} [0l (0,
where, here and below, C' > 0 is a constant which may change from one line to another but which
remains independent of d, L and M. Since AJ° is an isomorphism, this guarantees that fig[ is
an isomorphism for M large enough. Working by contradiction, with Lemma [.18 we infer that
the operator associated with (1.52) is injective for M large enough. Since one can show that this

operator is Fredholm of index zero, this proves that (I.51) admits a unique solution uy; for M
large enough. Additionally, we have

ou=AMuy & AP(u—uy) = (AY — A uy & u—uy = (A) T (AM — AP)uy,.

This gives
|u — w0, < C6_2|ﬁM“|(L_d)||UM||H1(Qd)-

Using the inequality [lunr|[m(o,) — l[ulla @) < v — unmllaq,), we obtain for M large enough,

(1= Ce 2Pl lups o, < Ilulluay)- (L57)

Thus, we deduce
Ju = un (o) < C672|BM“|(L7d)HUHHl(Qd) < C672|5M+1|(L7d)”f”L2(Qd)a
which ends the proof of the theorem. ]

Proof of Corollary I.16. Let us now establish an error estimate not only in H! () but in HY(Qy).
Let us start from a®*(u,v) = a$¥*(upr,v) for all v € Hy(Q;T). This implies

out (

a® (u — upr,v) = aSft (ups, v) — a®* (ups,v), Yo € Hy(Qp;T). (1.58)

For the right-hand side, using in particular the equality (I1.65) below, we find

a (upr, v) — a®"* (upz, v)
400 - -
= Y B ((unr, pu)m, (0 pa)sy + (s pa)s_, (005, ) (1.59)
n=M+1
= 20y, S S
Z elBnl(L=d) J o—1Bnl(L—d) ((UM, Qpn)Ed(Ua QDH)EL + (uMa (;On)z_d (U? @n)sz ) :
n=M+1

Combining (1.58) and (1.59), we obtain
1A (k) (w = uar) [l () < C e 1Pl flup|l ) < CemPMalE= D) fl g ).

The last inequality above is a consequence of (I.57). Finally since A°(k) : H}(Qr; T) — H(Qp;T)
is an isomorphism, this yields (1.54). O

Finally, we give the proof of the intermediate lemma above.
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Proof of Lemma 1.18. If ups solves (1.51), using decomposition in Fourier series, we obtain

+o0
m(x,y) = Z(afeﬂﬁn(m;d) +breTbn@Td)y o (y)  for d < +x < L, (1.60)

n=1

for certain complex constants ajE bjE By evaluating these expressions respectively on 44 and

Y41, we obtain

af +b5 = (unr, @n)s., (1.61)
aqfeiﬂ”(L_d) + bfe_w"(L_d) = (umM,Pn)si,- (1.62)

On the other hand, when wuys solves (I.51), it satisfies on Xy,

B = AJ:}:/[(U|E¢L) = i% = nz:l lﬁn(UM, ‘pn)EiL@n(y)'

From (1.60), this implies

aFeifnl=d) _ pEe=ibn(l=d) — (y,, on)n,, forn<M (1.63)
aTiLew"(L_d) — bffe_w"(L_d) =0 for n > M. '
Gathering (1.62) and (1.63) gives
7:|L: = e_iﬁn(L_d) (qu ('pn)EiLa b7:|z: = Oa for n < M (I 64)
af = e Bl Dy 05, /2, bF =P D(uy, 0n)s,, /2, for n > M.
In particular, with (I.61) and (1.64), we obtain
2
(unts Pn)sy, = BT BT (unr, on)n,, forn > M. (1.65)
Using successively (1.60), (1.61), (1.64), (1.65), we obtain, on ¥4,
6UM +o00 .
i? = Z Zﬁn(avjzz - bf)(pn(y)
z n=1
+oo
= Z%Bn(a +bi (Pn Z2zﬂn nSOn( )
n=1 n=1
+o0o +oo
n=1 n= M+1
= (un,; Pn)s
= Zlﬁn(uMﬂOn)Eidﬂpn Z 2 /Bn 2|5: Liil) en(y)-
n=1 n=M+1
This is enough to obtain (1.56). O

1.3.7 Scattering problem

In (I.35), we considered a problem with a source term f. In the following, we will be mostly
interested in scattering problems for incident waves. To keep things as simple as possible, we
assume all through this paragraph that k € (7;27) so that only the modes wli can propagate. To
make short, we denote them by wi so that

+ipiz :ti\/kz—wzx(pl (y) (1.66)

wi(w,y) = e Tpr(y) =e
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The scattering of the rightgoing wave w, coming from the left branch of the waveguide leads us
to consider the problem

Find uy € H(l],loc(Q) such that uy — wy is outgoing and
Au+ + k2u+ = 0 in (167)
ur = 0 on 0N.

Here Hj,.(€2) denotes the set of measurable functions v such that (v belongs to Hj(€) for all
¢ € 65°(R?). Moreover, the sentence uy —w. is outgoing means that we impose the decomposition

400

Z afePn® o (y)  forxz > L
=
Z oy e BT o (y)  for < —L,
n=1

for some a;f € C. In this context, u, is usually called the total field associated with the incident
field w4 while the quantity uy — wy is the scattered field.

Proposition 1.19. For all k € (m;27), (1.67) admits a solution. It is unique if trapped modes do
not exist.

Proof. Introduce some cut-off function ¢ € €°°(R) such that

1 forx<-—L
C(z) = 0 forx> —d.

If uy satisfies (1.67), then u® = uy — (w4, which is outgoing, solves Problem (I.35) with

fo= AQuwy) + K (Cwy) (1.68)
Note in particular that f is indeed an element of L2(2) such that f(x,y) = 0 for o > L. Con-
versely, if u% satisfies (1.35) with the above f, then u = v’ +(wy is a solution of (I.67). Therefore
it is sufficient to focus our attention on the study of (I.35) with f defined in (I1.68).

If trapped modes do not exist, Theorem .11 together with the Fredholm alternative ensure that
(I.35) admits a unique solution.

Now if trapped modes span(uq,...,up), P > 1, exist, let us prove that for the particular f con-
sidered in (1.68) related to the incident mode, Problem (1.35) still has a solution. To proceed, we
have to show that f satisfies the compatibility conditions appearing in (I.41). For p = 1,..., P,
integrating twice by parts in 7, and using that Au, + k*u, = 0 in ©, we obtain

ow o,
2 —_ +___ D
(frup)rea,) = —/Q (A(Cw+) + k (Cw+)> Up dxdy = _/EL 5, @~ w+Edy.

L

Above we used that ( =1 on X_7 and { = 0 on X1. Now we observe that w, is propagating while
Proposition I.12 ensures that u, decomposes only on the evanescent modes. From the orthogonality
of the family {p, }nen+ in L2(I), we conclude that (f, up)i2(q,) = 0. O

Set Ry =aj, Ty =1+ af so that for u; we have the representation

| wy + Riwo+uy forz < —L

Uy = (1.69)

Tiwy + Uy for x> L,
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with @4 € H}(Q2). The quantities Ry, Ty are usually called the reflection and transmission coeffi-
cients. Let us emphasize that they are uniquely defined, even if trapped modes exist for the chosen
k. Indeed since trapped modes decay as O(e*VA‘”LkQ'x‘) as * — oo according to Proposition
[.12, the scattering coefficients R, T} are insensitive to their existence.

In the same way, one shows that the problem

Find u_ € H(%’lOC(Q) such that u_ —w_ is outgoing and
Au_+ku_- = 0 inQ
u— = 0 on 0.

admits a solution for all k& € (;27). Then for u_, one has the decomposition

T w_+u_- forx<-—L
w-+R_wy +ua_ forx>1L,

U_ =

(1.70)

where R_, T_ € C, @i € H}(£2). It corresponds to the scattering of the leftgoing wave w_ coming
from the right branch of the waveguide.

With the coefficients Ry, T appearing in the decompositions (1.69), (1.70), we form the scat-

tering matrix
T e R
T R_

As known in physics, the matrix S has a very rigid structure. More precisely, we have the following
statement:

Proposition 1.20. The scattering matriz S is symmetric (T'y =T_) and unitary (SgT = Idox2).
Proof. For 1 > 0, set == {(z,y) € Q| |z| <}, Xy = {£l} x I. We have

0 Ou_
0= / (Auy + Kuu —uy (Au_ + kK*u_) dedy = / Tt — U+Ldy.
o) sus_, Ov Oov
For [ > L, using decompositions (1.69), (1.70), we obtain on ¥_;
Ouy ouy ) ~ ou_ ou_ | _
W:—%:—Zﬁl(w+—R+w_)—8$U+, W:—W:lﬁljﬂ_w_—axu_,
and on X
Ouy Ouy | ~ Oou_  Ou_ ) ~
W: W:LBlT‘F w++8‘ru+, W: W: —’Lﬁl(w_ —R_ U)+)+8$’U/_
By exploiting that the family (¢, )en+ is orthonormal in L2(I), we can write
0 / 8U+ ou_ d
sus_, Ov o Y
= —ifi(wy — Ryw_)T_w_ —ifi(wy + Ry w_)T_w_
. . 8’114. ~ O0l_
+if1 Ty wy (w— + R_wy) +if1 Ty wy (w— — R_wy) + U — Uy dy
sun, Ov 9]
= 2iB(Ty —T_) + O 5,9,
= P14+ _ SUs 81/ u— U+ 8V Y.

Taking the limit [ — +o0, we deduce 0 = 2i5(T+ — T-), which gives T, = T_. Then working
similarly from the identities
Out oux

g — ur——dy,

O:/ Aug + E2u )t — vy (Aug + k2ug) dad :/ —
Qz( + +)ux — ut (Aux 1) dxdy v, DY ey
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one establishes the relations of conservation of energy

|Ra|? + [Te|* = 1. (1.71)
Finally, by using that
0= /Qz (Auy + kug )iz — us (AU + k*uz) dedy = /Zluzl 8;;1@ — uiaaujdy,
one gets o L
RiT: + Tu R = 0. (L.72)
Identities (I.71) and (I.72) ensure that SS' = Idayo. O

In the following, we simply set T := T, = T_ so that we have

R T
S=|("7F .
T R_
In our study, we will need some formulas expressing the values of the scattering coefficients R4,

T with respect to u.

Proposition 1.21. For k € (m;2n), the coefficients Ry, T appearing in (1.69), (1.70) in the
decompositions of uy, u_ satisfy

R 1 / Ou+ owE p i T—14 1 / Ou+ Owx p
= ——Wx — Ug—— an = o Wt — UL—(—ay.
T 28 Jeus, v T T A Y 2iB1 Js,us., Ov T 0w 4

Proof. From (1.69), we find on ¥_p,

Ouy Ouy . ~ ow_ owy )
B = o s —if1(wy — Ry w_) — Opliy, - or —if1wy,
and on Xy,
8u+_8u+_‘BT 9. 6w__(“)w+_ﬂ
R R E

By exploiting that the exponentially decaying modes appearing in the decomposition of @ are
orthogonal to wx in L?(X.y), we obtain

1 / ouy ow_ P
21 Js,us_ ov + ov y

1 1
= —(wy — Ry w)wy + (wy + Ry w)wydy+ = | T(wh) — T (wl)dy = R4
2 Z—L 2 EL
Formulas for R_ and T are obtained in a similar manner. O

1.3.8 Numerical approximation

Below we will have to compute numerical approximations of the quantities u4, in particular to
obtain S. There are “three infinities” which are unpleasant to solve (1.67) with a computer. First,
the domain 2 is unbounded. To face this difficulty, we will exploit the above analysis and consider
a formulation set in €y, involving the Dirichlet-to-Neumann operators similar to (1.37). Second,
the radiation conditions involve an infinite number of terms. As in §1.3.6, we will truncate the
series appearing in the Dirichlet-to-Neumann operators at rank M > N where N is the number of
propagating modes. Third, H{(Qz;T) is a space of infinite dimension. We will work with a finite
element method and solve a variational formulation in a space of finite dimension.
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To set ideas, assume that k € (7;27) and consider the approximation of u;. Since ujy — w4
is outgoing, we have the conditions

0 _
W20 (s —wi)lss,)  om B

This gives
8;: = As(utls.,) + 6;]: —Ax(wilgy,) on Y.
Since wy is rightgoing, using the definitions (1.36) of A1, we obtain
Owy — Ay (wils,)=0 on Xy, wy —A_(wyl|n_,) =—2ifiwy on X_p.
Thus w4 solves the problem

Find uy € Hy(2;T) such that for all v € Hy(Q;T),
Vuy - Vo — kZUﬁd‘rdy - <A+(u+|EL)7@>EL - <A_(u+’Z—L)7ﬁ>Z—L = _2Z-l81~/2 w4vdy.
-L

Qr
(1.73)
Note that (1.36) yields
+00 -
(At (ulzi, ), V)sy, = Z iBn (u, (Pn)LZ(EiL) (v, SOn)L2(2iL)~
n=1

Now introduce (T3), a shape regular family of triangulations of Q7 (in other words, we mesh the
domain 0, with triangles). Define the family of Lagrange finite element spaces

Vy, = {U € Hy(Qr;T) such that v|, € Py(r) for all 7 € ‘J'h} , (I.74)

where P,(7) is the space of polynomials of degree at most ¢ on the triangle 7. Finally, the problem
we solve writes

Find u’}r € Vy, such that for all v" € Vp,
M
/ Vaull - Vol — BPuloh dedy — Y iBa (W, on)1es,) (V1 on)12s,)
a, 2 (175)
M — PR
= iBn (W on)r2m ) (O en)ies ) = —2l'ﬁ1/Z wyvh dy.
n=1 —L

Using in particular Corollary 1.16, one can show (see [30] and [14, Chap. 5] for more details) that
for h small enough, L large enough u’}r yields a good approximation of w4. Then replacing uy by
u}}r in the exact formulas

R, = / (ut —wy) wy dy, T'=| wuyw-dy, (1.76)
E_L ZL

we obtain good approximations of the scattering coefficients. Let us emphasize that numerically,
it is more interesting to use expressions (1.76) than the ones provided by Proposition 1.21 for R,
T because they offer better precision. Identities of Proposition [.21 will be useful for theoretical
purposes.

I.4 Neumann problem
In acoustics, we are led to study the same Helmholtz equation as in (I.3) but with homogeneous
Neumann BCs which model sound hard walls. This yields the problem

Au+k?u = 0 in®

I
o,u = 0 on 0, (L.77)
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where u stands for the pressure of the fluid in Q and 9, refers to the outward normal derivative
on 0f). As seen in the study of the Dirichlet case, the modes play a key role in the analysis. This
time, we need to compute the solutions of (1.77) with separate variables in the reference strip 8.
Reproducing what has been done in §1.3.1, we find that they coincide with the family {w}},cxn
where

B 1 ifn=0
wg(% y) = ¢*ibn ‘Pn(y)7 Bn = Vk? —n?n?, Son(y) = \/?COS(TLW]J) for n > 0. (1'78)

In particular for all k£ > 0, we have fw(jf(a:, y) = et which shows that unlike the Dirichlet case,

propagating modes always exist (this is also related to the fact that we have no Poincaré inequality
as (I.12) in HY(I)). As a consequence, for all k > 0, H} () is not an adapted functional framework
to study (1.78). The solution must decompose on the propagating modes and radiation conditions
must be imposed to select the outgoing behavior. The method, based in particular on the limiting
absorption principle, is completely similar to what has been done in §1.3.3, 1.3.4, 1.3.5. We do
not detail it and instead simply present the main results concerning the corresponding scattering
problem.

To stick to the simplest setting, we assume that k belongs to (0; 7) so that only the modes w(jf can
propagate. We denote them by w4, so that

wa (z,y) = e, (1.79)

Note that wy are plane waves, they do not depend on the variable y (which was not the case
for the Dirichlet problem). The scattering of the rightgoing wave w4 in 2 leads to consider the
solution uy € HL () of (1.77) admitting the expansion

wy + Ryw_ +a4  forx < —L (180)
Uy = .
* Tiwy + a4y for x> L,

with R, , Ty € C and @, € H'(Q). More precisely, by adapting what has been done in §1.3.7, one
can show that (1.77) always admits a solution with the expansion (I1.80). This solution is uniquely
defined if trapped modes (solutions of (I.77) in H'(Q2)) do not exist. Besides, by working as in
Proposition 1.12, one shows that trapped modes, if they exist, decay as O(e™V 7T2"“2“‘*") as r — 00
so that the scattering coefficients R4, Tt in (1.80) are always uniquely defined.

Similarly, the scattering of the leftgoing plane wave w_ in  leads to consider the solution
u_ € HE (Q) of (1.77) admitting the expansion

T w_+u_ forx<-—L
_ = ~ (1.81)
w_ +R_wy+a_ forxz>L,

with R_, T_ € C and i € HY(Q).

As in Proposition 1.20, one proves that Ty = T_ and we set T = T, = T_. The scattering

matrix
Ry T 9
S = C2x2 1.82

is symmetric and unitary (S §' = Idax2). In particular, we have the relations of conservation of
energy
IR+ +|T2 =1. (1.83)

As in the proof of Proposition [.21, one establishes the following statement:
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Proposition 1.22. For k € (0;7), the coefficients Ry, T appearing in (1.80), (1.81) in the de-
compositions of uy, u_ satisfy

Re = 1 Oouy aw?d i T—1+ 1 Oouy 8wid
£ 2ik Js,us_, Ov Wy~ U ov yooan N 2ik Js,us_, Ov e ov Y-

Similarly to (1.73), one finds that u. solves the problem
Find v, € H'(21) such that for all v € H' (),

QVU+ -V = KPuv dedy — (M (urls,),0)s, — (A= (uils ), 0)s , = _%k/z w1 dy
L —L

with
“+o00

<Ai(u|2iL)’E>EiL = Z iBn (u, ‘Pn)LQ(EiL) (v, SDn)LQ(EiL)-
n=0

For the numerics, we work with a formulation as in (1.75), namely

Find ui €V}, such that for all v" € Vy,
M
/QVUI}F - Vol — kQUi’Uh dxdy — Z iBn (ulj»v (Pn)LQ(ZL) (vh, (Pn)L2(ZL)
L n=0
M B — E—
— Z 10n (ui, Pn)L2(s_p) (vl On)i2(x ) = —22’]{:/Z wy vl dy,
n=0 —L

where this time Vj, is a space of the form
Vi = {v € H'(Qp) such that v, € Py(7) for all 7 € T, }

Finally, for approximating the scattering coefficients, we replace u4 by u}}r in the exact formulas

Ry = / (uy —wp)widy, T= | upw_dy.
T_L S
We emphasize that for all the results presented in this section, the modes are the ones obtained in
(1.78).

1.5 Invisibility questions

In the following, our general goal will be to find situations, by playing with the geometry, the
wavenumber k, ... where we have some sort of invisibility, that is scattering features as if there
were no obstacle in the waveguide.

The weakest invisibility that one can look for is R+ = 0. In the sequel, we shall say that one
has zero reflection or that the defect is non reflecting. In such a situation, an observer generat-
ing an incident plane wave, located a bit far from the defect in the geometry and measuring the
resulting backscattering field will only measure the evanescent component. Due to noise, one will
get something similar to the field in the reference strip and therefore will be unable to detect the
presence of the obstacle. Note that due to conservation of energy ((I.71) or (1.83)), the fact that
Ry = 0 implies |T| = 1 and so T = €% for a certain §# € R. As a consequence in general there is
a phase shift in the transmitted field which can reveal the presence of the defect if one probes the
field in that part of the guide.

A more demanding definition of invisibility is to have T" = 1. In that situation, we shall say
that the defect is perfectly invisible or that we have perfect transmission without phase shift.
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Figure 1.6: Cloaking by transformation optics.

The problem of cloaking an object has a large number of applications and has been the subject
of intense studies over the last decade in the theory of waves propagation. Different notions of
invisibility exist in the literature. Our approach for example is different from the cloaking via
transformation optics pictured in Figure 1.6 (see [47, 40]). Let us describe this latter device. Imag-
ine that one wished to hide a given obstacle. One technique consists in surrounding it by a well
chosen penetrable material, localized in the annulus around the green region on the picture, so
that an incoming wave leaves the whole device as if there were nothing. Said differently, on the
picture, an observer probing the field outside of the larger disk marked by the white thin circle
obtains the same measurements as in free space and so cannot detect the presence of the obstacle.
Mathematically, this idea is quite simple to implement, it boils down to a change of variable.
However this change of variable is singular and for this reason the physical parameters of the ad
hoc material in the cloaking device should take infinite values. For this reason, for the moment
designing such structures, even working with metamaterials, is still unreachable, in particular due
to the presence of important losses.

What we propose is less ambitious because we only wish to control the scattering coefficients
and not to act on the evanescent component of the field. In short, what we aim for is only cloak-
ing at infinity. For this reason, it is more easily doable. Actually, we will not even need to play
with penetrable materials. We will see that by working with a homogeneous material and acting
only on the geometry is sufficient. On the other hand, though our setting is less ambitious, it is
still relevant in numerous applications. Indeed, the evanescent part of the field that we neglect
is exponentially decaying at infinity and therefore is really difficult to distinguish from noise a
few wavelengths far from the obstacle. Finally, though we simply wish to control a finite number
of complex coeflicients, this problem is not trivial because the link between the variation of the
parameters (geometry, k, ...) and the variation of the scattering coefficients is non linear and not
explicit. Additionally, let us emphasize that due to the fact that there is no coercivity in the
problem, optimization methods fail due to the presence of local minima.

In the next three chapters, we present several ideas to reach invisibility.
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Chapter 11

Invisible perturbations of the
reference geometry

8 Q(h)

Figure II.1: Reference strip 8 (left) and perturbed waveguide 2(h) (right).

In this chapter, we work with techniques of perturbations to construct invisible obstacles. The idea,
proposed in the article [15], is as follows: in the reference strip 8 = R x I, one has no reflection and
perfect transmission, the total field is equal to the incident field, and so R+ = 0, T'= 1. How to
slightly modify the geometry while keeping these values for the scattering coefficients? To proceed,
we will adapt the proof of the implicit function theorem.

II.1 General scheme

Let us describe the method for the simplest problem, namely obtaining R+ = 0. At this stage, the
approach is the same whether one considers Problem (1.67) with Dirichlet BCs or Problem (1.77)
with Neumann BCs (pick k € (m;27) in the first case, k € (0;7) in the second situation). Let
us focus our attention on R, and simply write R instead of R, . Note that from conservation of
energy (see relations (1.71)), R4 = 0 implies R_ = 0. Consider some real valued profile function
h € €5°(R) and let Q2(h) be the waveguide whose upper boundary coincides with the graph of the
function 1 + h (see Figure II.1 right). Note that we make some assumption of smoothness here
for simplicity but 3(R) would be enough. Let R(h) be the reflection coefficient of the scattering
solution u4 in the geometry Q(h). Importantly, we have R(0) = 0 because when h = 0, Q(h) is
simply the reference strip 8. With this notation, the problem we consider writes

Find h # 0 such that
R(h) =0.

Let us look for non reflecting geometries which are small perturbations of 8. To proceed, let us
look for h = ep with € > 0 small and p € 65°(R) to be determined. Since € is small, we can write
an asymptotic expansion of R with respect to . We obtain

R(ep) = R(0) +edR(0)(n) +e*R(ep)

— CdRO)(p) + 2 R(e) (L
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where dR(0) () stands for the differential of R at zero in the direction y and R(epu) is an abstract
remainder. Since dR(0) : €5°(R) — C is a linear map from a space of infinite dimension to a space
of dimension two (remember that we work with real valued functions h), we have dim ker dR(0) =
+o00. Therefore, we can pick pg #Z 0 such that

dR(0)(uo) = 0. (I1.2)

By choosing h = e = g, we obtain a perturbation of order € which produces a reflection in
O(£?). This is interesting because this is almost zero reflection but not completely satisfactory
yet. To compensate for the remainder, we need to work a bit more. Below we will explain how
to compute dR(0) and prove that dR(0) : €5°(R) — C is onto. This allows us to introduce
w1 € 65°(R) and p2 € 65°(R) such that

dR(0)(u1) =1 and dR(0)(p2) = 1. (I1.3)

Finally, we look for u of the form
H= o+ TIHL + Top2
where 71, T2 € R are parameters to tune. Inserting this p in the expansion (I1.1), to get R(epn) = 0,

we see that we must have
0 = edR(0) (o + Tip1 + Topz) + 2 R(e(po + 111 + Topn)).
By exploiting (I1.3), this yields
0=m7 +im + 5]:2(5(u0 + iy + Tou2)).
In other words, we find that the vector 7:= (71, 72) € R? must satisfy the fixed point equation
7=G(7) with G°(7) = —e(Re R(e(po + m1ip11 + T2p2)), Sm R(e(po + mip1 + op2))). (IL4)

Now by proving uniform (with respect to 7) error estimates in the asymptotic expansions as &
tends to zero, one can show that for any r > 0, there is g > 0 such that the map 7 — G*(7) is a
contraction from B(O,r) to B(O,r) for all € € (0;¢0]. Here B(O,r) denotes the open ball of R?
centered at O of radius . Therefore the Banach fixed point theorem guarantees that (I1.4) admits
a unique solution 75! € B(O,r). Then for h%°! = e(ug + 751 + 75°u2), we have R(h*!) = 0.
This proves the existence of non reflecting geometries.

Let us comment a bit this method.

1) First, it is important to prove that the constructed hs°! is not trivial. To proceed, let us work
by contradiction and assume that h%°' = 0. Then we get

0= dR(0)(h*") = dR(0)(e(po + 71”1 + 75 pa)) = (i +i73%),

l:

and so 7{°! = 75°! = 0. This implies h*"! = ejig = 0 which is not true due to our choice for uyo.

2) Observe that this technique guarantees the existence of an infinite number of non reflecting
perturbations. Indeed, first, A" depends on ¢ € (0;20] (remark that it is not only a scaling
because there are non linear terms involved). Additionally, for po we have some freedom because
dim ker dR(0) = +o0.

3) We can establish that there is a constant C' > 0 independent of ¢ such that we have |G*(7)| < Ce
in B(O,r). As a consequence, as € tends to zero, we have |7%!| = O(¢) and the shape of the
perturbation ey = e(uo + 711 + T2p2) is mainly characterized by po.

4) Let us clarify the connection with the implicit function theorem. Introduce the functional

F :RxR2 — R2
(10,7) — (Re R(mopo + 11 + 72p2), Sm R(Topo + 111 + T2p2))
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which is of class ¢! in a neighborhood of Ogs. From what will be shown below, we will be able
to deduce that 9% (0,0) : R? — R? is well-defined and bijective. On the other hand, we remark
that % (Ogs) = Ogz. The implicit function theorem applies: there are some neighborhoods % C R,
¥ C R? of 0, Oz and a unique function ¢ : % — ¥ of class ¢! such that

[(10,7) €% x ¥ and ZF(19,7T) =0] N 7 = (1)

11.2 Zero reflection for the Dirichlet problem

Let us apply the generic strategy described above to Problem (1.67) with Dirichlet BCs. Pick some
k € (m;27). First, we need to compute dR(0).

Proposition IL.1. For p € 65°(R), we have

in? by
dR(0)(n) = B / ()P d.
1 JR
As a consequence, dR(0) : €5°(R) — C is onto.

Proof. The quantity dR(0) corresponds to the derivative of R with respect to the geometry. To
identify it, we have to understand how R is changed when the boundary of the waveguide is
perturbed around the reference situation (2 = §). Such results are met classically in shape opti-
mization. To obtain dR(0), we work with techniques of asymptotic analysis.

For € > 0 small and a given p € 5°(R) supported in (—L; L) (change L if necessary), denote by
QF the domain Q(h) with h = ep. Let u® stand for the solution u4 introduced in (1.67) in the
geometry 2°. It satisfies

Find v* € Hé,loc(ﬂa) such that u® — w4 is outgoing and

Auf +k*uf = 0 inQ° (I1.5)
u® = 0 on 0F°.

For u®, as € tends to zero, we consider the ansatz
ut =ug+euy + ... (1I1.6)

where ug, u1 are functions to be determined and the dots correspond to higher order terms. On
the upper part of 092¢, we have, formally,

0=u(z,1+Nh(z)) = u(x,1)+ep(z)du(z,1)+...

= oz, 1) + & (ur (2, 1) + p(z)dyuo(z, 1)) + . ... (IL7)

Now by inserting (I1.6) in (IL.5) and by exploiting (I1.7), collecting the terms of orders £°, ¢!, we

find that ug, u; satisfy respectively the problems

Find ug € H}MOC(S) such that up — w4 is outgoing and
Aug+k*ug = 0 in8 (IL.8)
ug = 0 on 98

Find u; € H(l]’loc(S) such that u; is outgoing and

Auy + Kuy = 0 in 8
e " (IL9)
up = 0 on R x {0}
up = —pdyup on R x {1}.
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Solving (I1.8), we obtain

uo(z,y) = wi(z,y) = % o1(y). (11.10)
Denote by R the reflection coefficient of u®. According to Proposition .21, we have
R 1 / ous ___ _ow— p
= — wW_ —u .
2ip1 Jyus_, OV ov y
Inserting the expansion (I1.6) of u® in the above identity and using that w— = w,, ugp = w4, this
gives
R = 1 / Oug owy du + € / ouy w4 d +
= 2B s, us., Ov W4 — Uo o Y 2iB1 Js, s, v Wy — Uy o Y+ ...
— 0+ £ / au1 8w+ dy +
= 27/51 5,us ) 61/ w4 (75} 31/ Yy ey

where again the dots correspond to higher order terms. We deduce that

1 ouq owy
AR(O)(1) = 575 /E o Gy

Integrating by parts in 87, := (—L; L) x I, we deduce

1 1 8U1 8w+
d = A —ulA dxdy — —_— —u1——d
RO = 55, Js, Auaws = Ay dudy 2i51/(93Lm85 ov T

1 / ouy owy 1 / 3w+d

2iB1 Jos,ros Ov T Ow 2By Jos, s+ Ov

Using the third line of (I1.9), this gives
) 8w+ 2
dR(0 :—/ x() xz,1)dz.
00 = 55 [ #l)(5) (@1
Finally, from (I1.10) (remember that ¢;(y) = v/2sin(ny)), we obtain the formulas

im? Y
RO = 5 [ pla)e e da.
B Jr
Since the real part of z — e is even while its imaginary part is odd, we see that it is easy to
find functions p1, po satisfying the relations (I1.3), which ensures that dR(0) : 5°(R) — C is onto.

2if1x

The formal calculus above can be rigorously justified by proving error estimates. To proceed,

one method consists in rectifying the boundary of Q° using “almost identical” diffeomorphisms to

transform the perturbed domain into the reference strip 8 (see e.g. [35, Chap. 7,§6.5]). Then one
can prove the estimate, for € small enough,

2

[u® = (uo + eur) s, \w) < C€7,

where C'is a constant independent of € and 'V is a neighborhood of supp(u) x {1}. O

II.3 Numerical implementation

The theoretical approach presented above leads very naturally to an algorithm to construct nu-
merically non reflecting perturbations. Let us describe the strategy.
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The main idea consists in solving the fixed point equation
7 =G(T)

(see (I1.4)) using an iterative procedure. First, we choose pg, u1, o once for all. Then we start
with 79 = (0,0) and for p € N, we set 777! = G*(7P). Denote uP = ug + 71 p1 + 75 p2. From
(I1.4), we have

GE(7P) = —e(Re R(epP), Sm R(ep?))
= 7P —e1(Re R(euP), Im R(cpP)).
Therefore, for 7P we obtain the recursive equation
7P = 7P _ e (Re R(epP), Sm R(epP)). (IL11)

We stop the loop when we have |R(eu?)| < n where n > 0 is a small given criterion. We then
define 7% as the last value of 7P. If the iterative process does not converge, we try again with a
smaller value of € > 0. Note that at each step p > 0, we need to solve a scattering problem of the
form
Find w such that v — w is outgoing and
Au+Ku=0 in QP := Q(euP) (I1.12)
u=0 on JQPF.

To proceed, we approximate the solution of (II.12) by working with Formulation (1.75). We use
a P2 finite element method in Qf = {(z,y) € QP ||z| < 5}. At & = £5, a truncated Dirichlet-to-
Neumann map with 10 terms serves as a transparent boundary condition. In other words, we take
g=2,L=>5 M =10in (I.75). Note that at each step, it is necessary to mesh a new domain. For

the computations, we use the FreeFem++' software while we display the results with Paraview’.

Figure I1.2: Example of non reflecting obstacle for the problem (I.67) with Dirichlet BCs. Top:
Reu. Middle: Reus with ug = u — wy. Bottom: Rew; in the reference strip. Here k = 1.57.

Let us give a concrete application. Set § == 7/81 = 7/Vk? — 72, Ijefect = (—9;0) and for ug, p1,
1o, let us work with the functions such that

. G fery
po(z) =sin(fix), w(z) = —W—é sin(2/1z), pe(x) = TT:Q cos(3p12/2), for x € Ijefect,
po = p1 = p2 = 0 in R\ Igefect- These functions are continuous and compactly supported but
do not belong to 65°(R). However this is not actually needed for the above theory. On the

!FreeFem++, https://freefem.org/.
*Paraview, http://www.paraview.org/.
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other hand, one can check that they indeed satisfy relations (II.2), (IL.3) (remark in particular
that po, p1 are odd while ug is even). We set n = 1074 k = 1.57. In Figure 11.2, we display
the geometry at the end of the iterative procedure for ¢ = 0.2. We have obtained |R| ~ 8.107°
in 24 iterations. As expected, we observe that the scattered field is exponentially decaying as
x — —oo (the incident wave comes from the left). We note that for the transmitted field, there is
a small shift of phase. This is not surprising because R = 0 only implies || = 1 and not 7' = 1.
Interestingly, the algorithm converges though ¢ is not that small. This is because there is only one
complex coefficient to cancel and this allows us to get not so small non reflecting perturbations of
the reference strip.

II.4 Perfect transmission for the Dirichlet problem

Can we hope for more and obtain 7" = 1 with the above approach? To proceed, a natural idea is
to work with the quantity 7" — 1. More precisely, in the reference strip we have T'— 1 = 0. Is it
possible to perturb the geometry while keeping 7' — 1 = 0?7 Let us compute the differential of T
with respect to the geometry.

Proposition IL.2. For p € 65°(R), we have

in?
) = % [ pe)de
As a consequence, dT'(0) : 65°(R) — C is not onto.

Proof. To show this result, one works as for R in Proposition II.1. Let us keep the same notation.
According to Proposition 1.21, we have

TF 14 1/ out Eﬁuﬁd
B 2iB1 Jy s, Ov e S

Inserting the expansion (I1.6) of u® in the above identity and using that Wy = w_, ug = w4, this

gives
T - 14 1 / Oug 8w_d N € / ouq 8w_d N
- 2i01 Jsus_ ov =40 ov 4 2ip1 Js,us_ ov w-—u ov yr..
~ 14 € / ouq 8w_d N
- 2By Jyus_, Ov W-mt g, T

where the dots correspond to higher order terms. We deduce that

. 1 811,1 ow_ d
= 2151/ —— W_ —Uy—7ay.

dT(0)(n) s, OV ey

Integrating by parts in 8; = (—L; L) x I, and using the third line of (I1.9), this gives

2

1 ow- i Oow4 ow_ _m
dT(0)(un) = M/<98 ula—yd:c = 2B1/R,u(x)8y(af, 1)8—y($, 1)dx = /81/Ru(x) dx.

Since the real part of d7°(0)(p) is null for all p € 5°(R), this shows that d7°(0) : 65°(R) — C is

not onto. O]

Remark I1.3. The fact that the real part of dT'(0) is necessarily null could have been guessed from
conservation of energy. Indeed, otherwise by linearity of dT'(0), we could find some p € €5°(R)
such that dT'(0)() > 0. Then for ¢ > 0 small enough, T(ep) would have a real part larger than
one. This is impossible due to conservation of energy.
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Though dT'(0) : 5°(R) — C is not onto, Proposition II.2 proves that we can control the imaginary
part of T'. Let us exploit this property.

Define the map
F . ¢CR) — R?
h —  (ReR(h),Im R(h),ImT(h)).
We have .#(0) = 0 and we wish to find some h # 0 such that .#(h) = 0. With the results of

Propositions I1.1 and 11.2, it is easy to show that d.%(0) : 65°(R) — R? is onto. Therefore there
are fig, . .., 3 € €5°(R) such that

dF(0)(po) =0,  [dF(0)(11)",dF(0)(n2) ", dF (0)(3) "] = Id3s.

Set 7 := (71, 72,73) € R3 and consider the new fixed point equation

(11.13)

7=F(7) (I1.14)
" F(7) = —e(Re R(en(7)),Sm R(en(7)), Sm T(eu(7))
W1
w(7) = po+ Tipr + Tepe + Taus.

Here R, T are the remainders in the expansions
R(ep) = edR(0)(u) + &> R(ep)
T(ep) = 14 edT(0)(p) + T (ep).

Then for any given 7 > 0, one can show that (I1.14) admits a unique solution 7%°' € B(O,r) for e
small enough (here B(O,r) denotes the open ball of R? centered at O of radius 7). Defining

hsol _ 5(”0 + Z TSOl,U,p)
1
we obtain .Z (h*°!) = 0
Why does this imply 7° = 1?7 Conservation of energy imposes |Rf|? + |T¢|?> = 1. Therefore
when R® = 0 and Sm T¢ = 0, the only possibility is to have either 7¢ = —1 or T¢ = 1. Since we

made a small perturbation of the reference strip, error estimates for the asymptotic expansion of
uf imply that for € small, T¢ is close to one. Therefore, for ¢ small enough, necessarily we must

have T° = 1 exactly.

R

20000 -

Figure I1.3: Example of perfectly invisible obstacle for the problem (I1.67) with Dirichlet BCs. Top:
Reu. Middle: Reus. Bottom: Rew, in the reference strip. Here k = 1.57r.

In Figure I1.3, we give an example of perfectly invisible perturbation of the reference strip for
the problem (1.67). This time, compared to Figure I1.2 where we imposed only zero reflection, we
observe that the scattered field is indeed exponentially decaying both as x — —oco and as ¢ — +oc.
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I1.5 Study of the Neumann problem

Assume now that we wish to apply the strategy described in §I1.1 to Problem (1.77) with Neumann
BCs. Pick some k € (0;7) so that only wa(z,y) = e** are propagating modes.

Let us compute dR(0) and dT'(0). As above, for ¢ > 0 and a given u € %5°(R), denote by
Q¢ the domain Q(ep). Let u® stand for the solution introduced in (I.80) corresponding to the
scattering of the incident rightgoing wave w in the geometry 2°. It satisfies

Auf + K = 0 inQ°
L o (IL15)

Opeu® = 0 on O0°.
Let us emphasize that ¢, the outward unit normal vector to 9€2°, depends on . For u¢, as ¢ tends

to zero, we consider the ansatz
ut =upg+eu + ... (I1.16)

where ug, u1 are functions to be determined and the dots correspond to higher order terms. On
0€)¢, we have the expansions

e _ 1 —ep'(x) \ _ (0 —p'(x)
o () ()oY

8%24’“’6(3:7 1) +
02, ue(x,1)

Now we insert (I1.16) in (I1.15) and exploit (I1.17), (I1.18). Collecting the terms of orders £, ¢!,
we find that wug, u; satisfy respectively the problems

Vue(z, 1 +ep(x)) = Vus(x,1)+ep(z) ( (I1.18)

A + 12 0 inS Auq + k2u1 = 0 in8
u uy = in
0 5 0 0 on s Oup = 0 on R x {0}
LUy = on
0 Oyur = W (2)0puo — p(2)02,u0 on R x {1}.

Using additionally that u® — w,y is outgoing, we get first
uo(z,y) = wi(z,y) = et
Since w4 is independent of y, we deduce that u; satisfies the condition

Opuy = p'(x)0,wy  on R x {1} (IL.19)

Denote by R®, T¢ the scattering coefficients of u¢. Assuming that p is supported in (—L; L), from
Proposition 1.22, we know that

2k R? / O o P gy k(T — 1) / Ou” 9Tt 4 (1120)
i = w_ — u° ——dy, i —-1) = —wy —ut——dy. )
s pun, Ov av Y x_,uy, OV * o WY

Inserting the expansion (I1.16) of u® in (I1.20), integrating by parts and exploiting (I11.19) as well
as the fact that wx = ws, we obtain

This gives the formulas

—1 -1 . ,
dR(O)(M) = m i ( )a Wy wy dr = T ///(CL‘)BQlkx de = ik /Ru(x)eﬁkm dx
(I1.21)
-1 1
dr(0)(n) = ik Ja W (2)0pwiw— dazc_T RM( z)dx = 0.

40



As in the Dirichlet case, exploiting that the real part of z — €** is even while its imaginary

part is odd, we see that it is easy to find functions 1, po satisfying the relations (I1.3), which
ensures that dR(0) : ¢5°(R) — C is onto. Then by applying what has been done in §II.1, one can
construct perturbations of the reference strip which are non reflecting at a given k € (0; 7).

Let us give two examples. Set § = 7/k, Igefect = (—9;0) and for g, p1, po, let us work first
with the functions such that

1 7
po(z) = sin(kz), pi(x) = - sin(2kz), po(x) = T cos(3kxz/2), for x € Iyetect,  (11.22)

o = p1 = po = 0 in R\ Igerect- One can check that they indeed satisfy relations (I1.2), (I1.3).
We set n = 107%, k = 0.87. In Figure 11.4, we display the geometry at the end of the iterative
procedure for € = 0.4. For this choice of functions g, @1, p2, we are able to obtain a rather large
non reflecting perturbation of the reference strip. Here |R| =~ 4.107° in 15 iterations.

— -
HLULEL N

Figure 11.4: Example of non reflecting geometry for Problem (I.77) with Neumann BCs. Top:
Re u. Middle: e us. Bottom: Rewy in the reference strip. Here k = 0.87.
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In Figure I1.5, we display another example of non reflecting defect. It has been obtained by
changing the po in (11.22) to

,LL()(.%') = ‘m’ - 57 for x € Lgefect

to = 0 in R\ Igerect- Here the defect lies entirely in the region y < 1. Because of this property,
we can use symmetry with respect to the line y = 1 to create a non reflecting obstacle completely
embedded in the waveguide (see Figure 11.6).

In §I1.4 for the Dirichlet problem, by exploiting conservation of energy, we explained how to
construct waveguide where T' = 1. Can we adapt this to the Neumann problem? Well, from the
computation of dT'(0) in (I1.21) we see that it is impossible because dT'(0) is null. It means that a
perturbation of order e of the reference strip gives a transmission coefficient 7¢ such that 7¢ — 1
is in O(e?). This looks appealing for perfect transmission. The problem is that since dT(0) is
null, one cannot use this term which has a linear dependence with respect to the perturbation of
the reference strip to cancel the whole (non linear) expansion of T¢ via the resolution of the fixed
point problem. As a consequence, our technique fails to design perfectly invisible defects in the
Neumann case.
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Figure I1.5: Example of non reflecting obstacle for Problem (1.77) with Neumann BCs. Top: Reu.
Middle: feus. Bottom: $ew, in the reference strip. Here k& = 0.8.
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Figure I1.6: Example of non reflecting obstacle for Problem (I1.77) with Neumann BCs. Here

k = 0.87.
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Above we showed how to construct invisible smooth perturbations of the reference strip 8. In the
remaining part of this chapter, we wish to explain how to design invisible non smooth perturbations
of 8. The terminology smooth/not smooth here does not refer to the regularity of the domain but
to the form of the asymptotic expansion involved in the asymptotic procedure. In the non smooth
case, the field u® exhibits rapid variations in a neighborhood of the perturbation that must be
caught with adapted variables. In that situation, the asymptotics of the scattering coefficients is
in general more complicated to obtain. The interesting point is that it can bring new useful terms,
for example non zero differentials for 7' for the Neumann problem. Below we consider two types
of non smooth perturbations of the reference strip.

I1.6 Non reflecting clouds of small obstacles

—~ - = —~ SRS

/ \ / \ / \ O[i: / \ O

/ \ / \ / \

\ \ | \ % |, \

| | | |
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Figure I1.7: Unperturbed waveguide (left), perturbed waveguide with two small obstacles (middle),
set O (right).

Let us work first with clouds of small obstacles. To simplify the asymptotic analysis, we work
in 3D with Dirichlet boundary conditions. Note that in 2D, the Green function of the Laplace
operator, whose behavior dictates the form of the asymptotic expansions as € tends to zero, has a
logarithmic singularity which does not appear in 3D. Let

QY= {z=(2,y)|r € R and y € O}
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be a cylinder of R? whose transverse section © C R? is a bounded domain with Lipschitz boundary
(see Figure 11.7 left). Consider O C R? a bounded domain with Lipschitz boundary and for M; a
point located in Q°, set, for € small,

S={zecR3|e 2z - M) € O}.
Finally define the perturbed waveguide
Q° =00\ 05.

To begin with, for the moment we assume that there is only one obstacle and not a cloud. The
problem we consider writes

A + k2 = 0 inQF
W o (IL.23)

u® = 0 on 0QF°.
We fix the wavenumber k£ > 0 such that only two modes wi can propagate in 2°. These w4 are
not exactly the same as the ones in (1.79), they involve the eigenfunctions associated with the

first eigenvalue of the Dirichlet Laplacian in ©, but the situation is similar. As in §1.3.7, Problem
(I1.23) admits a solution with the expansion

wy + RPw_ +a°  forx < —d
T wy +a° for x >d,

ut =

where R®, T° € C and 4° decays exponentially at infinity (we denote R® instead of RS to simplify).
Again d > 0 is such that Q° = QO for |z| > d. The first step in the approach is to compute an
asymptotic expansion of u® as € tends to zero. This is a rather long work that we will not present
here (one may consult the reference [43, §2.2] for more details). Let us simply stress that it appears
that u® has a rapid variation in a neighborhood of the obstacle to satisfy the constraint of being null
on 003. This rapid variation must be caught with adapted variables. Then it is necessary to work
both with some inner field and outer field expansions of u¢ that we match in some intermediate
region. This is the method of matched asymptotic expansions which is well documented in the
literature (see the monographs [33, 43]). At the end of the procedure, when ¢ tends to zero, we
obtain

R® = 0+ e dimcap(O)w, (M1)? + O(£?), T¢ = 1+ e dimcap(0)|wy (My)|? + O(e?).

Here cap(O) stands for the capacity of the domain O, a constant which appears classically in
asymptotic analysis. It is given by

1
cap(0) = yp /R3\0|VP|2 dz

where P is the potential satisfying

AP = 0 inR3\O
P = 1 ono0O

which decays at infinity. Note that one can prove that P admits the decomposition

cap(O
P(z) = T)Z(| )+ O(|z]7%) as |z| = +oo.

An important point for our study is that one has always cap(O) > 0. Additionally, one finds that
w, does not vanish in Q°. From these two properties and the asymptotics above of R, we infer
that one single small obstacle cannot even be non reflecting: whatever the choice for M; or for the
shape O, O will always generate a reflection whose amplitude is of order ¢.
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Let us add a second small obstacle
c={zeR3|e 2z~ M) € O}

in the waveguide, centred at the point M, € Q0 with My # M. Still denoting by R®, T¢ the
scattering coefficients in this new geometry, we obtain the expansions, as € — 0T,

2 2
R® = 0+¢e4imcap(0) Z wi (M;)?+0(e?), T° = 1+edimcap(O) Z lwy (M;)>+0(?). (11.24)
j=1 j=1

Observe that the interactions between the small objects do not appear at order ¢, only at higher
orders. The interesting point is that now, using the known expression of wy, we can find positions
My, My of the obstacles such that

22: w (M;)? = 0. (I1.25)
j=1

In that case, we have a perturbation of QY of order e which produces a reflection in O(g?). As
mentioned above, this is almost no reflection. But by working a bit harder, we can achieve more.
Pick M, Mj such that relation (I11.25) is satisfied. Then by slightly perturbing the position of one
obstacle, we can get R° = 0 exactly. More precisely, for 7 € R3, define M{™ = M + eT and

057 = {z e R*| e} (z — M{") € O}.

One can show that there is 7, which is defined as the solution of a fixed point problem similar to
(I1.4), such that the reflection coefficient in the corresponding waveguide is zero (for more details,
see [24]). Note that since 7 € R3, we have enough degrees of freedom to cancel one single complex
number.

Can we get perfect invisibility, i.e. T° = 1, with this approach? From (I1.24) we see that the
answer is no. Indeed, whatever the position of the small obstacles or their number, we always have
a phase shift for the transmitted wave.

One can also study what happens at higher wavenumbers k. In that situation, as can be seen
in the particular case (1.20), more modes can propagate. The reflection and transmission coeffi-
cients then become respectively reflection and transmission matrices R, T¢. One can prove that
by working with a sufficiently large number of small obstacles, we can cancel exactly the whole
reflection matrix. The idea is the same as above. First we compute an asymptotic expansion of R®
as € — 0. Then we find positions M7, Ms,... , M of the obstacles to cancel the term of order € in
the expansion of R°. Then by slightly perturbing the position of one group of obstacles by solving
a fixed point problem in RY, for a certain N depending on the number of propagating modes, we
get R® = 0. The higher the number of propagating modes, the more obstacles we need.

To conclude this section, let us mention that in this work, the main difficulty mathematically
consists in proving error estimates in the asymptotic expansions which are uniform with respect
to the parameter 7 in a closed ball to justify that the map appearing in the fixed point problem is
indeed a contraction for € small enough. We will not elaborate more on that topic here and refer
the interested reader to [24].

I1.7 Perfect transmission for the Neumann problem

The different strategies presented above fail to provide examples of waveguides where T = 1
(perfect transmission without phase shift) for the problem with Neumann BCs. Is there some
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Figure I1.8: Geometry of Q°.

fundamental obstruction to get T' = 1 in that case? In this section, we answer negatively to that
question. To proceed, we work with another singular perturbation of the reference strip.

Consider the waveguide €2° pictured in Figure 11.8. It is made of the reference strip 8 to which
we have glued at the points My = (x1,1), My == (22,1), M3 = (x3,1), thin chimneys of width
e > 0 small and heights respectively equal to hy, he, hs. We fix k € (0;7) so that only the
modes w(z,y) = e** can propagate. The first step is to compute an asymptotic expansion of
the scattering coefficients as e, the width of the thin rectangles, tends to zero. Again, this is a
rather long work that we will not present here, the reason being that the fields vary rapidly in a
region around the M,, n = 1,2,3. We refer the reader to [12] for more details. In this article, by
using the method of matched asymptotic expansions, it is shown that when the h, are such that
khy & {m/2 4+ N}, when ¢ tends to zero, we have

3
R = 0+e(ik Y (wi (M) tan(khn)) + O(?)
! (11.26)
T = 1+4e(ikY tan(kha)) + O(e?).
n=1

Remark I1.4. When kh,, € {n/2 + 7N}, resonant phenomena appear in the chimneys and the
asymptotics (I1.26) is no more valid. This regime will be exploited in Chapter III (see Section
111.2).

The crucial point to observe in (I1.26) compared to the other perturbations of the reference strip
above is the appearance of the term of order € in the expansion of T¢. Its imaginary part is non
zero and can change sign according to the value of the h,. Thus by considering another type of
perturbation of 8§, we have been able to obtain a non zero dT'(0).

By using that (wy(M,))? = €**?n we can find positions and heights of the chimneys such that
Rf = O(£?) and T° — 1 = O(e?). Then perturbing slightly the h,, around these particular values,
by solving a fixed point problem in R? similar to (II.4), we can achieve

RE=0 and SmT =0

in the new geometry. Finally, by exploiting the relation of conservation of energy |R?|? + |T¢|? = 1
as in §l11.4, one shows that this implies 7° = 1 for € > 0 sufficiently small.

Initially we have to control two complex numbers (R® and 7°¢), so a priori we need four real
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degrees of freedom. But due to the constraint of conservation of energy, three parameters are suf-
ficient. This explains why three chimneys are involved here. We could also have probably worked
with only two chimneys, by perturbing their heights and the distance between them.

|| || ||
, , , [h J , ,
Figure 11.9: Top: real part of u® in the geometry obtained at the end of the iterative procedure.
Bottom: real part of wy in the reference strip.

This approach can be implemented numerically very naturally. First we set the M,, and the h, to
kill the terms of order € in (II.26). Then we tune slightly the length of the chimneys by solving
the corresponding fixed point problem iteratively as in (I1.11). At each step, we solve a scattering
problem in a new geometry. One can see this procedure as acting on the pistons on a trumpet
to achieve T¢ = 1. In Figure I1.9 we display a geometry obtained with this method. A bit far
from the chimneys so that evanescent terms can be decently neglected, we remark that the field is
the same as in the reference strip. Again, numerically one observes that the algorithm converges
though e, the width of the chimneys, is not that small.

I1.8 Concluding remarks

In this chapter, we constructed smooth and non-smooth perturbations of the reference geometry
which are invisible, in a broad sense (non reflecting or perfectly invisible). We worked at a given
wavenumber k. We could proceed similarly to impose invisibility at given k1, ..., knx. However we
emphasize that the set of wavenumbers must be discrete and finite. Imposing zero reflection for
a continuum of k is probably impossible in general due to the analyticity of the map k — R(k).
In the numerical results we presented, we were interested in controlling only R and sometimes
SmT at one k. As a consequence, we had very few constraints and for this reason, the fixed point
algorithm converges with not so small values of €, which allowed us to obtain rather large invisible
defects. When the number of constraints increases, for example when working at higher k so that
there are more scattering coefficients to control, in practice we find that € must be chosen smaller
to have convergence of the method. A natural idea then is to try to reiterate the procedure to
obtain larger invisible defects: once an invisible obstacle has been constructed, we can consider
it as a new starting configuration and perturb it while keeping the same scattering coefficients.
This is usually called a continuation method which allows one to explore the variety (of infinite
dimension) of invisible obstacles. We will not implement it here (see [8] for more details). Instead,
we simply illustrate the method in Figure I1.10 in finite dimension. More precisely, instead of
working with .7 : €5°(R) — R3 as in the case of perfect invisibility (see (I1.13)), we consider some
smooth mapping
F: R = R
(hl, hg) — 9(;11, hg)
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such that .#(0,0) = 0 and d.#(0,0) # (0,0) < V.Z#(0,0) # (0,0). A simple example is

9(h1,h2) = (h1 — 1)2 + (hg — 1)2 — 2.

ho Variety of invisible h

{(h1,hg) € R?| Z(hy, hy) = 0}

hsol,2 — hsol,l 1e (,u(l) 4 TSOLIMD

1501,1 sol,0,,0

=& (pg +70u)

7 sol.0

h1

£

Figure I1.10: Tllustration of the continuation method. For n € N, u?, u? € R? are such that
dﬁ(hs"l’”)(u{)‘) =0 and d.Z (h*")(u}) = 1 (we can take pf = V.7 (h%°") /|V.Z (h%°V7)|?).
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Chapter 111

Playing with resonances to reach
invisibility

In the previous chapter, we showed how to construct small non reflecting or invisible defects of the
reference strip by using variants of the implicit functions theorem. The goal of the present chapter
is to create larger invisible obstacles. To proceed, we have to act strongly on scattering coefficients.
We will do that by exploiting resonant phenomena. More precisely, in the first section we explain
how to work with the Fano resonance phenomenon together with symmetry considerations to
construct large non reflecting obstacles in monomode regime'. Then, we modify a bit the point of
view and for a given waveguide in acoustics, we show how to perturb its boundary with resonant
chimneys to get approximately 7' =1 in the new geometry.

III.1 Playing with the Fano resonance

00 = (z,1+ eH(z))

QO 0Oe

Figure IIL.1: Original waveguide Q° (left) and perturbed geometry QF (right).

The Fano resonance, named after the physicist Ugo Fano (1912-2001), is a classical phenomenon
that arises in many situations in physics. For our particular concern, it appears as follows. Assume
that the geometry of our waveguide is characterized by a real parameter €. Below, ¢ will be the
amplitude of a local perturbation of the walls (see Figure II1.1 right). To simplify notation, set
A = k? so that the acoustic problem (1.77) writes

— 1 g

Au+du = 0 inQ (IIL.1)

dyu = 0 on 90°.
Assume that trapped modes exist for Problem (I11.1) with ¢ = 0 and A = A\° € (0;72). We re-
mind the reader that trapped modes are non zero solutions of the homogeneous problem which
belong to H'. We will see that for € # 0 small, the scattering matrix S, which is of size 2 x 2 in
monomode regime according to (1.82), exhibits a rapid change for real A varying in a neighborhood
of A%, Then our goal will be to exploit this Fano resonance phenomenon together with symmetry

We call monomode regime the regime of wavenumbers such that only one mode can propagate.
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considerations of the geometry to provide examples of waveguides where R = 0 or T" = 0. Note
that the case T' = 0, that we will call zero transmission, is not related to invisibility but can be
interesting for other applications. It corresponds to a situation where the energy of an incident
wave is completely backscattered, like for a mirror.

To understand more this Fano resonance phenomenon, let us work on a 1D toy problem.

II1.1.1 A 1D toy problem

Unperturbed case

)
2 .

Ql O QS

Figure II1.2: A 1D geometry.
Consider the geometry
Q=0 UQUQ3 with € == (—00;0) x {0}, Qg := {0} x (0;1), Q3 :=(0;1) x {0}

(see Figure I11.2). For a function ¢ defined in €2, set ¢; = ¢lq,, j = 1,2,3. Working in suitable
coordinates, we can see the Q; as 1D domains. Similarly to (II1.1), we study the problem

—¢ = k*p; in Q;, j=1,2,3, (IIL.2)

with the conditions
1
¢1(0) = ¢5(0) + ¢35(0), (I11.3)
/
0
2

Thus at the junction point O, we impose continuity of the field and conservation of the flux
(Kirchhoff law) and we work with Neumann boundary conditions at the ends of the ligaments.
It can be shown that this is a good model to describe the properties of the acoustic problem in
the 2D domain obtained by thickening the above 1D graph. We are interested in the scattering
of the rightgoing incident wave = — e**. We denote by ¢ the corresponding total field. For the
simple problem considered here, the radiation condition boils down to assume that ¢ writes as
o(x) = e + Re™™* in Qy, where R € C is the reflection coefficient. Using the two boundary
conditions of (III.2)—(IIL.3), we are led to look for a solution ¢ such that

o1(z) = e*®  Re™™  y(y) = acos(k(y — 1)),  @3(z) = beos(k(z — 1)),

where a, b € C. Writing the transmission conditions at the junction point O, we obtain that R, a,
b must solve the system

1 —cosk 0 R -1
M(k)® =F withM(k):=| 0 cosk —cosk [, ®:=| a |, F:=| 0 |[. (IIL4)
v sink sin k b i

One finds
det M(k) = (2sink + i cos k) cos k.

Therefore this system (and so Problem (I11.2)—(II1.3) with the above mentioned radiation condi-
tion) is uniquely solvable if and only k& ¢ (2N + 1)7/2. When k € (2N + 1)7/2, the kernel of
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Problem (II1.2)—(II1.3) coincides with span(epy,) where @y, is the trapped mode, defined in €2, such
that
0 in Ql
ou(x) =| sin(ky) in Qo
—sin(kx) in Qs.

On the other hand, for any k£ > 0, one can check that System (III.4) (and so Problem (III.2)-
(I11.3)) admits a solution because F' € (ker!M)* (this can be verified by an explicit calculus).
Moreover, as in (1.69) the coefficient R is always uniquely defined (even when k € (2N + 1)7/2)

and such that

cosk + 2isink

R=—F——. II1.5

cosk — 2isink ( )
The map k — R(k) is m-periodic and |R(k)| = 1. The latter relation, which is due to conservation
of energy, guarantees that R(k) = ¢”®*) for some phase §(k) € R/(27Z). In Figure 1113, we
represent the map k — 0(k) for k € (0; 7). We observe that it has a smooth behavior, also around
the value k = 7/2 for which trapped modes exist for Problem (II1.2)—(III.3). Thus we see that the

scattering is insensitive to the existence of trapped modes.

6 o e=0

o5 1 15 2 25 3
Figure II1.3: Map k — 6(k). The vertical black dotted line indicates the value k = 7/2.

It is also interesting to give a spectral description of the properties of the problem. Denote by A
the unbounded operator of L?(£2) such that

Ap=—¢] nQ;  j=1,23 (IIL.6)
with domain
D(A) = {p € L}(Q) | ¢; € H2(Q;) for j = 1,2,3 and ¢ satisfies (II1.3)}. (IIL.7)

Classically, see e.g. [10], one shows that A is a selfadjoint operator. Therefore its spectrum o(A) is
real. One can prove that o(A) coincides with [0; +00). More precisely, we have cess(A) = [0; +00)
where 0es5(A) denotes the essential spectrum of A. By definition, oess(A) corresponds to the set of
A € C for which there exists a so-called singular sequence, that is a sequence (u(m)) of functions of
D(A) such that [Jum|[r2@) =1, (u(™) converges weakly to 0 in L2(Q) and ((A — X\)u{™) converges
strongly to 0 in L2(2). The fact that oess(A) = [0; +00) is directly related to the existence of the
propagating modes eT** for all k > 0. On the other hand, the above calculations ensure that A
also has point spectrum corresponding to eigenvalues, i.e. values of A such that ker (A—AId) # {0}.
More precisely, one has o,(A) = {(2n +1)272/4, n € N}. Let us emphasize that these eigenvalues
are embedded in the essential spectrum (see the illustration of Figure I11.4).
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— Uess(A) }
op(4) 0

Figure II1.4: Spectrum of A in the complex plane.

Perturbed case

Now we consider the same problem in the perturbed geometry Q° := Q; U €y U Q5 with Qf =
(0;1+4¢) x {0} and £ € R small. We denote with a superscript ¢ all the above quantities. In Qf,
the resolution of the previous scattering problem leads to solve the system

1 —cosk 0 R*
M*®(k)®° = F with M*(k) = 0 cosk —cos(k(l+¢)) |, ®°=| o [. (IIL8)
i sink sin(k(1 +¢)) b°

The vector F' is the same as in (I11.4). We find
det M (k) = sin(k(2 +€)) + i cos k cos(k(1 + ¢)).
Therefore we find that for € # 0 small, the determinant of M® does not vanish for a given range of
k > 0. As a consequence, Problem (II1.2)—(II1.3) set in Q¢ has a unique solution. One obtains
. _ cos kcos(k(1+¢€)) +isin(k(2+¢))
coskcos(k(1+¢)) —isin(k(2+¢))

Again, we have |R°(k)| = 1 (conservation of energy) so we can write R%(k) = ¢*"®) for some

6°(k) € R/(27Z). Note that §° = § where 6 appears after (I11.5). The map k +— 6°(k) is displayed
in Figure II1.5 for several values of ¢ (see also the alternative representation of Figure I11.6). We
observe that for € # 0, the curve k — 6°(k) has a fast variation for k close to m/2. The variation
is even faster as € # 0 gets small. On the other hand, for ¢ = 0, as represented in Figure I11.3,
the curve k +— 6°(k) has a very smooth behavior. We emphasize that for (¢,k) = (0,7/2), as
mentioned above, trapped modes exist for Problem (I11.2)—(IIL.3).

6H x £=20.2 :I;i 6 x 8‘202‘ : i ‘
2 =80 yi © £Z00s 3 :
o c=0 3‘55 o c=0_|& 3
x Ch: 5 x
"ﬁ: 3 ]

A " Mi'yooopgog g-

3 XX 5 K X X000
il F 35 5 R

1
g
2r H
2 u
B
¥ B4
1+ x b *
1% *
* |h *
In B *
| | 0 | n & * 1 - | |
0 0.5 1 2 25 3 1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65 1.7

Figure II1.5: Maps k — 6°(k) for several values of €. The right picture is a zoom on the left
picture around k = 7/2 (marked by the vertical black dotted line). The vertical colored dashed

lines indicate the values of k such that 6°(k) = 0.

In order to study the variations of the reflection coefficient with respect to the frequency and the
geometry, we define the map R : R? — C such that

cos(k) cos(k(l+¢€)) +isin(k(2+¢)) L9
cos(k) cos(k(1+¢)) —isin(k(2+¢)) (IIL9)

R(e, k) =

~—
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0.5

0 0 5
Re Re (k) . — : Sm Re (k)

Figure I11.6: Parametric curves k — (e R°(k), Sm R (k)) for k € (0; ).

With such a notation, we have R°(k) = R(e, k) and R(k) = R(0,k). For all k& € (0;7), there
holds lim._,o R(e, k) = R(0, k). Now assume that the frequency and the geometry are related by
some prescribed law in a neighborhood of the point (g, k) = (0,7/2) corresponding to a setting
supporting trapped modes. For example, assume that

k=m/2+ck

for a given k' € R. Then for k' # —n/4, starting from expression (I11.9), we find as ¢ — 0 the
expansion

— 2ik! (z + 2K)

no_ 2
R(e, /2 + k) = —1+¢ T ) +0(?). (II1.10)
Note that we have R(0,7/2) = —1.
For k' = —7/4, the asymptotic behavior as ¢ tends to zero is more surprising. Indeed, for

k=m/2—en/d+%p
with u € R (we take k' = —m/4 but allow for some freedom at higher order), we obtain

2+ — 4
R(e,m/2 —em/4+e*u) = g(p) + O(e) with  g(p) = = i_zgzz — ir; . (II1.11)

Classical results concerning the Mébius transform (see e.g. [31, Chap.5]) guarantee that g is a
bijection between R and € (0,1) \ {—1+0:} (¢(0,1) is the unit circle of the complex plane). Thus
for any zg € €(0,1), we can find x € R such that

lim R(e, 7/2 — en /4 +%u) = 2o
e—0

(see Figure I11.7 right). In other words, by tuning cleverly the frequency and the amplitude of the
perturbation, we can get any desired value for the reflection coefficient on the unit circle. Besides,
this proves that the map R(-,-) : R? — C is not continuous at (0,7/2). Finally, this shows also that
for €9 # 0 small fixed (see the vertical red dashed line in Figure I11.7 left), the curve k — R(eg, k)
must exhibit a rapid change. Indeed, p varying in [-Cey 1, Ce,y 1] for some arbitrary C' > 0 (which
is only a small change for k) leads to a large change for R(ep, 7/2 — gom/4 + €3p). This is exactly
what we observed in Figure II1.5.
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Figure IT1.7: Left: parabolic paths {(e,7/2 — en/4 + £2u), ¢ € (—=1;1)} C R? for several values of
. According to p, the limit of the coefficient R(e,7/2 — em/4 + 2) defined in (I11.9) as € — 0 is
different. Right: the colors indicate the phase of R(e, k). This phase is valued in [0;27).

Let us come back to the spectral description of the properties of the problem. Denote by A®
the analog of the operator A introduced in (I11.6)—(I11.7) in the perturbed geometry Q°. Since we
made a perturbation in a bounded region, it can be shown that A¢ has the same essential spectrum
as A, i.e. 0ess(A%) = [0;400) (again this is directly due to the existence of the propagating modes
e*@ for all k > 0). On the other hand, the above computations guarantee that for £ > 0 small,
A°F has no eigenvalue, i.e. op,(A%) = (). This gives the picture of Figure IIL.8 for 0(A®). A natural
question then is: what happened to the eigenvalues of A when the geometry has been perturbed?
The answer is that they became so-called complex resonances. These are values of k? € C with
Sm k < 0 such that there is a solution to

¢ =k*p; in 5, j=1,2,3, (IT1.12)
with the conditions (I11.3), admitting the expansion ¢1(z) = e~ in Q; (generalized outgoing
behavior). Note that such generalized eigenfunctions are exponentially growing as * — —oo and
so do not belong to L2(2?). In the literature, they are often refereed to as quasi-normal modes or
leaky modes. Observe that they cannot exist for Sm k > 0 because they would be exponentially
decaying as * — —oo and so would belong to L?(2?). But this is impossible because the operator

is selfadjoint and therefore cannot have eigenvalues in C \ R.

— UeSS(AE) x
e Complex resonances

Figure IIL.8: Spectrum of A® in the complex plane.

Let us stress that this conversion of eigenvalues into complex resonances when one perturbs the
geometry is crucially related to the fact that we are considering eigenvalues which are embedded
in the essential spectrum. In particular, it does not occur in bounded domains when essential
spectrum do not exist. Let us illustrate this with a concrete example. Denote by B the Neumann
Laplacian on the interval (0;1) such that

D(B) = {p€H*(0;1)]0:(0) = dpp(1) = 0}
By = —¢".
The operator B has only discrete spectrum (no essential spectrum), namely

o(B) = {n*n?, n € N}
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and the corresponding eigenfunctions are the ¢, such that ¢, () = cos(nmz). Now if we denote
by B¢ the same Neumann Laplacian in the perturbed geometry (0;1 + ¢), we find

o(B%) = {n*7?/(1 +¢)%, n € N}

and the corresponding eigenfunctions are the ¢f such that ¢5 (z) = cos(nmz). In other words, the
eigenvalues of B have been only slightly shifted on the real axis (see Figure I11.9), they did not
turn into complex resonances.

e o¢(B)
o o(B°) g o o

Figure II1.9: Spectra of B and B¢ in the complex plane.

On the other hand, not all geometric perturbations of Problem (II1.6)—(IIL.7) convert embedded
eigenvalues into complex resonances. For example, if both Q9, Q3 are perturbed into Q5 = {0} x
(0;1+¢), Q5 = (0;1 + ) x {0}, one can check that embedded eigenvalues remain embedded
eigenvalues for the perturbed problem. Somehow, we need to break the symmetry as in (I11.8), to
create some coupling between the trapped modes and the scattering properties of the problem. In
that case, complex resonances located closed to the real axis have a strong impact on the scattering.

I11.1.2 Fano resonance in the 2D waveguide

Let us return to the problem (I11.1) in 2D. We assume that Q° is such that the Neumann Laplacian
has a simple eigenvalue \g € (0; 72) (geometric multiplicity equal to one). We perturb the geometry
from some smooth compactly supported profile function H with amplitude ¢ > 0 as in Figure
III.1 right. We denote by Q° the new waveguide and S(e,\), T'(¢,\), R+(e,A) the scattering
matrix/coefficients in the geometry Q¢ at frequency . For short, we set S° = S(0,\?), T0 =
T(0,\°%), RY = R+(0,A°). Introduce ug an eigenfunction associated with A\° such that |uollr2() =
1 as well as d > 0 such that QY = {(z,y) € R x (0;1)} for +2 > d (the geometric perturbation
with respect to the straight waveguide is located in the zone —d < x < d). Using decomposition
in Fourier series in the region {(x,y) € Q°| &z > d}, as in Chapter I, one shows that ug admits
the expansion

(z,y) = Kpe V2l

uo cos(my) + . ..

where K+ € C and the ... correspond to terms which decay as O(e~ V4™ ~A"1#l) as |2| — +00. In
[25], the following theorem is proved.

Theorem IIL.1. Assume that (K4, K_) # (0,0). There is a quantity {(H) € R, which depends
linearly on H, such that when € — 0,

S(e, A2 4+ eX) =S + O(e) for N # 0(H), (I11.13)

and, for any p € R,
S(e N0 4 l(H) + 22 = S0+ — 710 11114
(8, +E( )+€M)— +m+ (8) ( . )

In this expression T = (a,b) € C x C depends only on Q and fi = cu+ C for some unessential real
constants ¢, C' with ¢ # 0.

The justification of this result is more difficult than in 1D because one cannot perform explicit
calculations. It requires adapted tools (see [49, 48, 50, 1, 25]) that we will not present here.
However the interpretation of the result is completely similar to that of the 1D case. Observe that
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(IT1.13) and (III.14) are respectively the analogous of (II1.10) and (III.11). As explained above,
Theorem I11.1 shows that the mapping S(-,-) is not continuous at (0, \°) (setting where trapped
modes exist). Moreover for g small fixed, it proves that the scattering matrix A\ — S(g¢, A) exhibits
a quick change in a neighborhood of A\° 4 £¢f(H): this is the Fano resonance phenomenon. When
(K;,K_)=(0,0) a faster Fano resonance phenomenon occurs.

I11.1.3 Zero reflection and zero transmission

In the sequel, to simplify we denote by S°(u), T°(n), RS (1) the values of S, T', Ry in QF at the
frequency A\ = A + el(H) + £2p.

Assume now that Q° is symmetric with respect to the vertical axis, 7.e. such that

O ={(-2,9) | (z,y) € ¥}

Then we can decompose the scattering solutions into even/odd components by working with two
half-waveguide problems involving Neumann/Dirichlet boundary conditions at = = 0.

0 Q e

Figure II1.10: Domain Q¢ (left) and w® (right).

More precisely, define the half-waveguide
w® = {(z,y) € O |z < 0}
(see Figure II1.10 right). Introduce the problem with Neumann BCs

Find v¢ € HL (w®) such that v® — w_ is outgoing and

AvF+ X = 0 inwf (III.15)

0, = 0 on ouw®
as well as the problem with mixed BCs

Find V¢ € H{, .(w®) such that V¢ — w is outgoing and
AVE+AVE = 0 inw®
Ve = 0 on O0w® NN

Ve = 0 on X°:= 0w\ 00°.

(111.16)

For A € (0;72), Problems (I11.15) and (II1.16) admit respectively the solutions
v° = wt + Ry w_ + 70°,

VEZZUJF—}—R%’LU,—FVa,

where R%;, R, € C and 9%, V¢ € H'(w®). Due to conservation of energy, one proves as in (I.71)
the identities
|[Ryv| = |Rp| =1

(since there is only one output in w®, all the energy propagated by the incident wave is backscat-

tered). Now, direct inspection shows that if u® is a solution of Problem (III.1) associated to an

incident wave coming from left or right, then we have
vt (z,y) + VE(2,y) .

u(a,y) = ; et ey =

UE(—J;,y) - Va(_xa y)
2

in QF \ wF
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(up possibly to a term which is exponentially decaying at oo if there are trapped modes at the
given \). We deduce that the scattering coefficients RS, T° for Problem (III.1) are such that

i:R‘E:—?V—i_R% and ng—Rfv_R%.

2 2

If we indicate the dependence with respect to p as in §I11.1.2, this writes

Ry (1) + Rp(w)
2

and  To() = T = Fp(w) (ITL.17)

R (n) = B (i) = -

To set ideas assume that the trapped modes associated with A are even. In that case, (g,)\) +
Rp(e, A) is smooth at (0, Ag). As a consequence, for € small, p — R, (1) does not vary much on the
unit circle € (0, 1) for p € (—e~1/2;671/2). On the other hand, by adapting the result of Theorem
I11.1, one establishes that y — R3(u) runs once on €(0,1) for pu € (—e~/2;e71/2). From formulas
(IT1.17), this ensures that the curves pu — T(u), 1+ RS (1) for p € (—e1/2;e71/2), pass exactly
through zero for € small enough. This provides examples of geometries where we have either zero
reflection or zero transmission.

o
L) —
O.5+€ —‘ E—D.SD

Figure II1.11: Left: geometry of the half waveguide. Right: real part of a trapped mode for € = 0
and kY :== VA0 ~ 2.7403. The computation has been realized by using Perfectly Matched Layers
(see Chapter IV Section IV.3).

Let us illustrate this numerically. In Figure I11.11 right, we give an example of geometry supporting
trapped modes for the Neumann problem (II1.15) at a particular A = Xy € (0; 7r2). Note that the
waveguide is symmetric with respect to the line of equation y = 1/2 which can be used to give some
proofs of existence of such trapped modes in certain circumstances (see [29]). Then we perturb
the domain by slightly shifting vertically the disk?. Then the symmetry is broken and from the
analysis above, we know that when we sweep in A in a small neighborhood of Ag, there is one A for
which one has zero reflection (see Figure I11.12) and one A for which one gets zero transmission
(see Figure I11.13). Let us stress that the smaller ¢, the more delicate the adjustment of .

BN+ Q4 |
—e —o 0l I}

Figure T11.12: Rew (top) and Re (u® — wy) in a setting where RS = 0 (¢ = 0.05 and k = VX =
2.751).

When the domain £2° is not symmetric with respect to the vertical axis, we cannot use the decom-
position with the two half-waveguide problems. In that case, for a fixed small € > 0, in general
the curves p — RS (u) do not pass through zero in the complex plane and we do not observe zero
reflection. However we can show, quite surprisingly, that p — T°(u) always vanishes for some
particular p. Let us give the main ingredients of the proof.

2Observe that a horizontal shift of the position of the disk would maintain the decoupling between symmetric
and skew-symmetric modes. As a consequence, the eigenvalue embedded in the continuous spectrum would remain
an eigenvalue embedded in the continuous spectrum and no Fano resonance phenomenon would be observed.
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Figure II1.13: Reu® in a setting where T¢ = 0 (¢ = 0.05 and k = /X = 2.75495).

Theorem III.2. Assume that T® = T(0,\°) # 0. Then there is g > 0 such that for all ¢ € (0; 0],
there is ;1 € R, depending on e, such that T¢(pu) = 0.

Proof. Theorem I11.1 provides the estimate
IT%(u) = T ()] < Ce (IIL18)

ab
ifi— (P + bP)/2
For any compact set I C R, the constant C' > 0 in (II1.18) can be chosen independent of p € I.
We will prove first that the asymptotic term 7%Y(-) always passes through zero. Then, from that

and Estimate (I11.18), we will deduce, due to the rigid structure of the scattering matrix, that
T%(-) also passes through zero.

with 7% (u) = T +

* First, we study the set {T°%(u), p € R}. Classical results concerning the Mobius transform
guarantee that {72 (u), u € R} coincides with €2 \ {T°} where €% is a circle passing through
TO. Let us show that €Y also passes through zero. One finds that 78 (y) = 0 for some u € R if

and only if there holds

la|* + |b|? ab
An intermediate calculus of [25] implies RY @+ T°b = a and T°@ + R% b = b. From this and the
unitarity of S° which imposes R? = —R9T°/T0, we can obtain (I11.19).

Denote by g, the value of p such that 7%%¥(u,) = 0 and for £ > 0, define the interval I¢ =
(t — /€5 pix + /). From (I11.18), for € > 0 small, we know that the curve {T¢(u), u € I} passes
close to zero. Now, using the unitary structure of S(u), we show that this curves passes exactly
through zero for ¢ small.

* Assume by contradiction that for all € > 0, pu — T°(u) does not pass through zero in I.. Since
S%(p) is unitary, there holds RS () T (1) + T°(p) R () = 0 and so

—R5 (w)/RE(p) =T () /T*(p)  Yp el

But if g — T%(u) does not pass through zero on I¢, one can verify that the point 7% (u)/T¢(n) =
e2arg(T°(1) must run rapidly on the unit circle for uw € I. as € — 0. On the other hand,
R (p)/RE (1) tends to a constant on I as ¢ — 0. This way we obtain a contradiction. O

Remark II1.3. The fact that € passes through zero is quite mysterious. It is related to the
rigid structure of the scattering matrix.

We illustrate this result in Figure I11.14. First we find that trapped modes exist for e = 0 and
VA0 & 1.2395 € (0;7). Then we compute T(e,A) (x) and Ry (g,\) (¢) for VA € (1.2;1.3) and
e = 0.05. As predicted, we observe that A — T'(g, \) passes through zero around A\°. Finally, we
display the real part of u . in QF for ¢ = 0.05 and VA = 1.2449, a configuration where T'(¢, \) ~ 0.
In this study concerning the exploitation of the Fano resonance mechanism to obtain zero reflec-
tion/zero transmission, we considered the case of Neumann BCs. Let us mention that Dirichlet
BCs can be studied completely similarly.
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Figure I11.14: Zero transmission in a waveguide via the Fano resonance mechanism.

III.2 Cloaking of a given obstacle by using thin resonant chimneys

) e N
7\ A

Qo Q°

Figure II1.15: Left: initial setting. Right: geometry with one thin outer resonator.

In this section, we change the point of view. Instead of constructing invisible objects, we assume
that some obstacle is given and explain how to hide it (or to cloak it if we use the terminology of
physicists). More precisely, starting from a setting where 7" # 1, we show how to perturb the initial
geometry by working with chimneys as pictured in Figure I11.15 to obtain a new waveguide where
T =~ 1. Let us mention that we do not work with ad hoc penetrable materials as in transformation
optics [47, 40, 22]. Additionally, we do not add active sources in the system as people do in active
cloaking [45, 21]. What we realize is passive cloaking at infinity by perturbing the shape of the
waveguide.

As in Chapter I, the main difficulty of the problem lies in the fact that the dependence of the
scattering coefficients with respect to the geometry is not explicit and not linear. In order to
address it, techniques of optimization have been considered. We refer the reader in particular to
[3, 38, 39]. However, due to the features of the Helmholtz equation, the functionals involved in
the analysis are non convex and unsatisfying local minima exist. Moreover, these methods do not
allow the user to control the main features of the shape compared with the approach we present
and which has been developed in [23].

To cloak obstacles, we work with thin outer resonators, the chimneys, of width ¢ > 0 small
compared to the wavelength (see again Figure II1.15 right). These chimneys are interesting be-
cause they are almost 1D objects, which allows us to make explicit their influence on the fields
and so on the scattering coefficients. However in general, i.e. for most lengths, they produce only
perturbations of order € which is not sufficient to compensate for the scattering due to the initial
object. But by working around the resonance lengths (see (I11.21)) of the resonators, we can obtain
effects of order one. This is a key aspect in our approach which makes it in particular different
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from the technique presented in §I1.7. Note that thin chimneys around resonance lengths have
been studied for example in [37, 17, 42, 41] in a context close to ours, namely in the analysis of
the scattering of an incident wave by a periodic array of subwavelength slits. The core of our ap-
proach is based on an asymptotic expansion of the scattering solutions with respect to ¢ as ¢ tends
to zero. This allow us to derive formulas for the scattering coefficients with a relatively explicit
dependence on the geometrical features. To obtain the expansions, we apply again techniques of
matched asymptotic expansions. For related methods, we refer the reader to [6, 36].

Let us describe the general strategy. We consider the acoustic problem (I1.77) with Neumann
BCs and assume that k € (0;7) (the height of the guide is still one outside of some compact re-
gion). Denote by u% the solution of (1.77) corresponding to the scattering of the rightgoing plane
wave wy in Q°. The first step is to compute an asymptotic expansion of u5 as ¢ tends to zero.
As usual in asymptotic analysis, we work with different ansatz for u5 , depending on the region.
More precisely, we consider the outer expansions

ui (z,y) = u'(z,y) + ... in Q°

1

) o , _ (I11.20)
uS (z,y) =e v (y) +v°(y)+... in the resonator

where Q° denotes the initial waveguide without the chimney and «?, v=!, v denote unknown

functions which are independent of €. To begin with, suppose that the chimney has a length ¢ > 0
independent of e. Considering the restriction of Problem (I.3) in ° to the thin resonator, when &
tends to zero, we find that v~ must solve the homogeneous 1D problem

2 2, _ (-
Oy +kv=0 in (1;14¢)

(#1p) (1) = dyv(1+£) = 0.

An important message is that the features of (Z1p) play a key role in the physical phenomena
and so in the asymptotic analysis. We denote by £ (resonance lengths), the values of ¢, given by

lres = m(m +1/2)/k, m €N, (II1.21)

such that (Z1p) admits a non zero solution. Note that the non zero functions solving (Z1p)
coincide, up to a multiplicative constant, with sin(k(y — 1)).

Assume first that ¢ # f.e so that the only solution of (Zp) is zero. Then we set v™' = 0

in (IT1.20) and when € — 0, we can show that
45 (@) = s + o(1) in Q0

‘ (I11.22)
us (z,y) = usr(A)vo(y) + o(1) in the resonator

where u4 stands for the scattering solution corresponding to an incident plane wave coming from
Foo and A = (x4, 1) is the attachment point of the chimney. Moreover in (I111.22),

voly) = cos(k(y — 1)) + tan(k(y — 0)) sin(k(y — 1))

(observe that we have 02v + k*v = 0 in (1;1+ ¢) as well as vo(1) = 1 and dpvo(1 +£) = 0). From
this, we deduce that
< =Ry +0(1), T° =T+ o(1),

where R., T are the scattering coefficients in the geometry without the chimney. In that situa-
tion, we see that the resonator has no influence at order €°, which is not interesting for our purpose.

Assume now that £ = £.s. In that case, the asymptotic analysis is more involved. At the end of
the (long) procedure, see [23] for the details, we obtain, when & — 0,

us (z,y) = ug(z,y) + aky(z,y) + o(1) in Q°

(I11.23)
u (z,y) = e tasin(k(y — 1)) + O(1) in the resonator
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where ~ denotes the outgoing Green function such that

Ay+Ek*y = 0 in
O,y = 904 on 0f.

Here 04 is the Dirac delta distribution supported at A. Moreover in (I11.23), we find that a is
given by
u4(A)

h=—
“ T+ Ll + C=

where I and Cz are some constants which depend only on the initial geometry Q°. Observe that
in (I11.23), the field blows up as O(e~!) in the resonator, which is directly related to the fact that
there is a complex resonance close to the considered real k. From (I11.23), we obtain

RS = R +iauy(A)/2 4+ o(1), T° =T+ iau_(A)/2+ o(1).

This time the thin resonator has an influence at order €°. Let us make a small variant by assuming
that the length of the chimney is equal to £¢ = {5 + €1, where n € R is a parameter that we set
as we wish. In that situation the analysis is very similar to the previous case and when € — 0, we
find

ui (z,y) = ui(z,y) +a(mky(z,y) +o(1) inQ°

; e ' (I11.24)
us (z,y) = e ‘a(n)sin(k(y — 1)) + O(1) in the resonator
with )
u
a(mk = T +7r—1lrj\s\ +C=z+n
This gives
RS =R (n) +o(1), T° =T(n) + o(1) (I11.25)

with

RYY(n) = Ry +ia(n)ui(A)/2,  T°(n) =T +ia(n)u_(A)/2 + o(1).

Thus, not only the resonator has an influence at order €°, but additionally the latter depends on
the choice made for . We get something similar to what has been shown in Section III.1 (see in
particular Figure I11.7): for all n € R, the resonator tends to the 1D segment (1;1 + fyes), but
depending on the choice of 7, the limit of the corresponding scattering coefficients is not the same.
As a consequence, the scattering coefficients, considered as functions of the two variables (¢, £), are
not continuous at the point (0, 4s). Moreover, for gy fixed small, varying slightly ¢ around /g,
which corresponds for example to sweep n € [—¢, 1/ 2; €0 1/ 2], we obtain a large variation for R,
T¢0 (again see the illustration of Figure I11.7). More precisely, working with the Mobius transform,
one shows that the sets

{REY(n),neR},  {T*(n), neR}

where R := RU{+o00}U{—00}, coincide with circles. We deduce that asymptotically, when ¢ — 0,
when perturbing the length of the chimney around /e, the coefficients RS, T° run on circles.
Interestingly for our purpose, the features of these circles depend on A, the attachment point of
the chimney.

In view of achieving zero reflection, by using the expansions of uy(A) far from the obstacle,
the following statement is established in [23]:

Proposition II1.4. Assume that Ry # 0 and T' # 0. There are some A = (x4, 1) such that there
exists n such that RE (n) = 0. In that case, when ¢ — 0, we have RS = 0+ o(1).
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Remark IT1.5. Note that we exclude the case Ry = 0 because in this situation we already have zero
reflection in the initial geometry and there is no need for adding a resonator. In the case T = 0,
i.e. |Ry| =1 due to conservation of energy, the most challenging situation, our approach does
not work. However, one possibility to get zero reflection is to add first one or several resonators
to obtain a transmission coefficient quite different from zero. And then to add another well-tuned
resonator to kill the reflection. Let us mention that this strategy is also interesting when T is small
but nmon zero because in this case achieving almost zero reflection with only one resonator is quite
unstable.

Remark IIL.6. It is important to emphasize that compared to what we presented in the previous
sections, we do not reach exactly RS = 0 but simply get Risy(n) = 0. In other words, there is a
restdue due to the error in the expansion. This analysis encourages us to take € as small as possible
to reduce the residue. However when € becomes small, the amplitude of the field in the resonator
gets very high and the tuning procedure of the features of the chimney is very sensitive. Thus one
must find a compromise between small reflection and robustness with respect to perturbations of

the geometry.

In Figures I11.16-111.17, we consider the scattering of the rightgoing plane wave by a sound hard
obstacle (the fish). We have added a well-tuned chimney to obtain almost zero reflection. In Figure
I11.17, we observe that by working with a smaller €, as expected we can reduce the reflection.

3 0N 2 ) al
Figure II1.16: Real parts of uS (left) and of u%. —w, (right). The length of the resonator is tuned
to get almost zero reflection. Here ¢ = 0.3.

|

|
28 DO\ 3 8 al

Figure II1.17: Same quantities as in Figure II1.16 but with a thinner resonator (here ¢ = 0.01).

Once almost zero reflection has been obtained, it remains to compensate for the phase shift (recall
that R5™Y(n) = 0 only implies |75 ()| = 1). To proceed, one method consists in coupling the
previous waveguide with what we call a phase-shifter. This is a device where one has zero reflection
and any prescribed phase. We have shown that such phase shifters can be designed by working
with two well-tuned resonant chimneys added to the reference strip R x (0;1). At the end, we
obtain 7T° =~ 1 with three well-tuned resonant chimneys.

On the other hand, by exploiting again the results of the asymptotic analysis (I11.24), (I11.25),
we have established that we can get T° ~ 1 with only two well-tuned chimneys. Let us assess
the degrees of freedom which are involved. We wish to control two complex coefficients, R®, T°¢,
and so four real parameters. The relation of conservation of energy imposes one constraint. As a
consequence, there are three real degrees of freedom. In our strategy here, we play with the two
lengths of the resonators and with the distance between them.

In Figures II1.18, T11.19, we cloak two different obstacles/defects by working with two resonant
chimneys. In each case, on the first line we display the field corresponding to the scattering of a
rightgoing plane wave without the resonators. The setting of Figure I11.19 is particularly challeng-
ing because the initial transmission coefficient is very small. To restore a good transmission, we
observe that we have to excite strongly the resonances. Practically, this is probably a limitation
because we can imagine that dissipation will then become important.
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Figure II1.18: Real parts of uq (top), u% (middle) and w5 — w4 (bottom). The resonators are
tuned to get T¢ =~ 1. Here ¢ = 0.01.

1 I—L‘ﬁ-i'-v 1
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Figure II1.19: Real parts of uy (top), u5. (middle) and u5 — w4 (bottom). The resonators are
tuned to get T° ~ 1. Here ¢ = 0.05.
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Chapter 1V

A spectral problem characterizing
zero reflection

Let us adopt another point of view concerning questions of invisibility. Instead of considering the
wavenumber k fixed in the problem and try to find geometries where one has zero reflection or
perfect invisibility, we assume that the geometry is fixed and we look for k such that there is an
incident field whose energy is completely transmitted through the waveguide.

IV.1 A first idea in 1D

Figure IV.1: A 1D scattering problem.

Consider first a simple scattering problem in 1D, not by a geometric defect, but by a penetrable
obstacle located in Iy, == (—L; L) for L > 0. Introduce some material index v € L>°(R) such that
~v>0in R and 7 =1 for |z| > L (see Figure IV.1). The problem we are interested in writes

' +k*yu=0 inR (IV.1)

with & > 0. As already seen in §III.1.1, for all £ > 0, there is only one propagating mode for
this 1D problem, namely w™ (z) = e***_satisfying (IV.1) outside of the defect, and no evanescent
mode. For that reason, trapped modes do not exist for (IV.1). Indeed, if u € L?(R) satisfies (IV.1),
then it must be zero outside of I, because the functions w* do not belong to L2(R). This implies
u(£L) = dyu(£L) = 0 and so u = 0 in R according to the Cauchy-Lipschitz theorem.

On the other hand, from the theory of Chapter I (see also the computations of §II1.1.1), we
know that for all k¥ > 0, Problem (IV.1) admits a unique solution u € HL (R) with the expansion

u=w"+Rw~ forz<—L, w=Tw" forz>L,

where R, T € C. This u corresponds to the total field associated with the scattering of the
rightgoing wave w™. From (IV.1), it belongs to HZ (R), and therefore to €}(R) according to the
classical results on Sobolev embeddings (see e.g. [19, Thm.8.8]). Due to conservation of energy,
one has |R|?+|T|? = 1. In the particular situations where R = 0 (zero reflection), if that happens,
u decomposes as

u=w" forx< —L, w=Tw" foraxz>L.
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kx

Since wt (x) = ¢** we deduce that u satisfies the Robin conditions

Oyu =iku at z = =*L. (IV.2)

Note that (IV.2) at = L is the same outgoing radiation condition as in (I.35) (d,u = A4 (ulx,)).
For that 1D problem, the action of the Dirichlet-to-Neumann map is just the multiplication by ik.
But mind the difference at © = —L where (IV.2) selects the incoming behaviour'. Thus if one has
zero reflection, then there is u € HY (1) \ {0} solving

W'+ kyu = 0 in I
! , L (IV.3)
Oz = iku atxz==+L.
The variational formulation associated with (IV.3) writes
Oy 0,0 — K2 yuv da — ik (w(L)(L) — u(~L)o(=L)) =0, Vv € H'(Ip). (IV.4)

Iy,

Conversely, one can check that if u # 0 solves (IV.4), then the function @ such that

w(-L)wt(x+ L) forx<—L
a(x) =| u(z) for z € Iy,
w(L)wt(z — L) for . > L

satisfies (IV.1), and so that one has zero reflection. Thus Problem (IV.4) characterizes exactly
the k such that one has zero reflection. It is a quadratic spectral problem in & which raises many
interesting questions (see [32] for more details): Can one prove that the set of eigenvalues of (IV.4)
is discrete? Can one show the existence of real eigenvalues? Are there imaginary eigenvalues? Is
the numerical approximation of the eigenvalues of (IV.4) robust?

However we will not go further in that direction because Problem (IV.4) is quite specific to the
1D case. In 2D or in 3D, as proposed in [52], we could work similarly and impose the incoming
condition

Oyu = Ai(u|giL) on X_y,

where the operator A_ : H/2 Y 1) — H Y2(Z_}) is defined as A_ in (1.36) with the i3, replaced
00

by i3, (remember that the if3, for the propagating modes are purely imaginary while they are real
for evanescent modes). But then the problem corresponding to (IV.4) becomes fully non-linear
(not only quadratic) with respect to k because k appears in all the (,,. For that reason, it is rather
intractable, in particular its spectrum is hard to compute.

—/;
W NP
w“ D+ AP

Figure IV.2: Schematic picture of a reflectionless mode. The propagating wave (blue) is not
reflected. The backscattered field is purely evanescent (green).

Instead, we will present a strategy proposed in [13] to show that what we will call reflectionless
modes (see below after (IV.11)) can be characterized as the eigenfunctions of a linear non-selfadjoint
spectral problem. The approach is still based on the following basic observation: if for a given
incident field, combination of rightgoing propagating modes, one has zero reflection, then the total
field is incoming in the input lead and outgoing in the output lead as illustrated in Figure IV.2.

'The outgoing condition at x = —L is dyu = A_(u|s_, ) & —0su = iku.
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The new point compared to above is that to select incoming waves on one side of the obstacle and
outgoing waves on the other side, we will use complex scalings [2, 5] (or Perfectly Matched Layers
[9]) with imaginary parts of different signs. We will prove that the real eigenvalues of the obtained
spectrum correspond either to trapped modes (also called Bound States in the Continuum, BSCs
or BICs, in quantum mechanics) or to reflectionless modes. Interestingly, complex eigenvalues also
contain useful information on weak reflection cases. When the geometry has certain symmetries,
the new spectral problem enters the class of PT-symmetric problems (PT for Parity-Time, see
Proposition IV.5 below). Let us describe this in more details.

IV.2 2D setting

Figure IV.3: Symmetric (a) and non-symmetric (b) obstacles considered in the numerics below.

To make the presentation as simple as possible, we study the scattering of waves in 2D by a
penetrable obstacle. The waveguide coincides with the region Q := {(x,y) € R?|0 < y < 1} and
we consider the problem

Au+k*yu = 0 inQ

(IV.5)
Oyu = 0 on 90

with Neumann BCs. The coefficient v corresponds to the material index of the medium filling €2.
We assume that v € L>°(Q) satisfies v > 0 in Q and is such that v =1 for |x| > L where L > 0 is
given. In other words, the obstacle is located in the region Q = {(z,y) € Q| |z| < L} (see Figure
IV.3). Pick k € (Nm; (N + 1)), with N € N := {0,1,...}. Let us change a bit the definition of
the modes (1.78) by modifying the normalization and set

eiiﬁnaz

en(y) a3 1 if =0
SRR B = Vk2 — n272, (IV.6)

only) = V2 cos(nmy) for n > 0.

For n = 0,..., N, the wave w propagates along the (Ox) axis from Foo to +00. On the other
hand, for n > N, w;r is exponentially growing at Foo and exponentially decaying at +oc. For
n=20,..., N, we consider the scattering of the wave w;" by the obstacle located in 2. By adapting
Proposition 1.19, one shows that Problem (IV.5) admits a solution u,, = w;’ +u$ with the outgoing
scattered field u;, written as

+00 too
uy = Z Sppwp  forz < —1L, uy, = Z sﬁpw; for z > L, (IV.7)
p=0 p=0

with (sfp) € CN. The solution u, is uniquely defined if and only if Trapped Modes (TMs) do
not exist at the wavenumber k. We remind the reader that trapped modes are non zero functions
u € L2(Q) satisfying (IV.5). We denote by #; the set of k? such that TMs exist at the wavenumber
k. On the other hand, as already mentioned after (1.69), the scattering coefficients S,jfp in (IV.7) are
always uniquely defined, even when k? € J#. In the following, we will be particularly interested in
the features of the reflection matrix (whose size, determined by the number of propagating modes,
depends on k)

R(K) = (s;p)o<npen € CVHXVHL (IV.8)

Definition IV.1. The wavenumber k € (0;+00) \ {N7} is said reflectionless if ker R(k) # {0}.
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Let us explain this definition. By linearity, for an incident field (coming from the left)
N
T Z anw,’, (an)N_y € CNFTL (IV.9)
n=0

Problem (IV.5) admits a solution u such that u = u; + us with

400 N
us = Z b;tw;t for £ > 1L and b;t = Z ansffp e C. (IV.10)
p:O n=0

The above definition says that, if k is reflectionless, then there is a vector (a,)Y_, € CN*1\ {0}
such that the b, in (IV.10) satisfy b, =0,p=0,...,N. In other words, the scattered field is
exponentially decaying for x < —L. Finally notice that the corresponding total field u = u; + us
decomposes as

N
u:Zanw:+ﬂ for x < —L

n=0 (IV.11)

N
u:Ztnw;’;—i—ﬂ forz > L
n=0

where t,, = a,, + b} and where @ decays exponentially for +x > L. In other words, the total field
is incoming for z < —L and outgoing for = > L.

In the following, we call Reflectionless Modes (RMs) the functions u satisfying (IV.5) and admit-
ting expansion (IV.11). We denote by .#; the set of k? such that the wavenumber k is reflectionless.
Our objective is to explain how to determine directly the set 7 and the corresponding RMs by
solving a linear eigenvalue problem, instead of computing the reflection matrix for all values of k.

IV.3 Classical complex scaling

As a first step, we remind briefly how to use a complex scaling to compute trapped modes. Define
the unbounded operator A of L2(£2) such that

Au=——Au
v

with domain

D(A) = {u e H'(Q) | Au € L*(Q) and d,u = 0 on 9N}.

It is known that the Neumann Laplacian A is a selfadjoint operator when L2(£2) is endowed with
the inner product (7, -)r2(q)- The spectrum of A, denoted o(A), coincides with [0; +00). More
precisely, we have 0ess(A) = [0;4+00) where oess(A) denotes the essential spectrum of A. By
definition, oess(A) corresponds to the set of A € C for which there exists a so-called singular
sequence (u(™), that is an orthonormal sequence (u(™) € L2(Q)N such that (u(™)) converges to 0
weakly in L2(Q) and ((A — M\)u(™) converges to 0 strongly in L?(2). Besides, o(A) may contain
eigenvalues (at most a sequence accumulating at 400, adapt the proof of Proposition .13 to show
this result) corresponding to TMs. In order to reveal these eigenvalues which are embedded in
Oess(A), one can use a complex change of variables. For 0 < 6 < 7/2, set n = ¢ and define the
function Jy : R — C such that

—L+(x+L)n forz<-L
Jo(x) =| x for |z| < L (IV.12)
+L+ (zx—L)n forxz> L.
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For the sake of simplicity, we will use abusively the same notation Jy for the following map:
{Q = C x (0;1), (x,y) — (Jg(x),y)}. One can easily check that for all n > 0, w,} o Jy is
exponentially decaying for z > L, while w, o Jg is exponentially decaying for z < —L. Note
that here we have extended the definition of the modes w¥ (see (IV.6)) to complex z. As a
consequence, defining from expansion (IV.10) the function vy = us0Jy, one has vy = ug for x| < L
and vg € L(Q) (which is in general not true for us). Moreover vy satisfies the following equation

in Q:

0 Ovg 9%y
052 ("0 )+ By
with ag(z) = 1 for |z| < L and ag(x) = n~! = 7 for £ > L. In particular, for a TM, vg solves

(IV.13) with u; = 0. This leads us to consider the unbounded operator Ay of L2(Q) such that

o 1 0 81)9 821)9
Agug = —; (C‘éeam<aeax) + 8y2 ) (IV'14)

+ E*yvg = k2(1 — 7)u; (IV.13)

with domain

D(Ag) ={v e Hl(Q) | Agv € L3(Q) and Oyv = 0 on 0N}.

Since «y is complex valued, the operator Ay is not selfadjoint. For non-selfadjoint operators,
several definitions exist for the essential spectrum which are in general not equivalent (see more
details in [26]). We shall say that A belongs to gess(Ag) if Agp — AId is not a Fredholm operator
(see Definition 1.5). We recall below the main spectral properties of Ay (see details in [51]):

Theorem IV.2. i) There holds

Oess(Ag) = U {n2n? + te=2}, (IV.15)
neN,; t>0

ii) The spectrum of Ag satisfies 0(Ag) C %, with
Ky ={ze€C| —20 <arg(z) <0}.

iii) o(Ay) \ oess(Ag) is discrete and contains only eigenvalues of finite multiplicity.

iv) Assume that k*> € 0(Ag) \ Oess(Ag). Then k? is real if and only if k* € ;. Moreover if vy is
an eigenfunction associated to k* such that Smk? < 0, then vg o I_g is a solution of the original
problem (1V.5) whose amplitude is exponentially growing at +o0o or at —oo.

The interesting point is that now TMs correspond to isolated eigenvalues of Ay, and as such, they
can be computed numerically as illustrated below. Note that the elements k2 of o(A4y) \ dess(Ag)
such that Smk? < 0, if they exist, correspond to the complex resonances met in (I11.12) (whose
corresponding generalized eigenfunctions are the quasi normal aka leaky modes). Let us point
out that the complex scaling is just a technique to reveal them. Indeed, complex resonances are
intrinsic objects defined as the poles of the meromorphic extension from {z € C|Smz > 0} to
{z € C|Smz < 0} of the operator valued map z ~ (A + 27)~! considered in adapted weighted
spaces. For more details, we refer the reader to [4].

IV.4 Conjugated complex scaling

Now, we show that by replacing the classical complex scaling by an unusual conjugated complex
scaling, and proceeding as in the previous section, we can define a new complex spectrum which
contains the reflectionless values k? € #; we are interested in. We define the map Jg : Q2 — Cx (0;1)
using the following complex change of variables

—L+(x+ L) foraz<-L
do(z) =z for |x| < L (IV.16)
+L+ (x—L)n forxz>1L,
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with again = € (0 < 6 < 7/2). Note the important difference in the definitions of Jy and Jy
for x < —L: n has been replaced by the conjugated parameter 77 to select the incoming modes
instead of the outgoing ones in accordance with (IV.11). Now, if u is a RM associated to k? € .%;,
setting wp = uoJy (again we extend the definition of the modes w;* to complex ), one has wg = u
for |z| < L and wy € L?(Q2) (which is not the case for u). The function wy satisfies the following
equation in €:

+ k2ywp = 0 (IV.17)

0 8w9 82109
oy (B0 ) + ay?

with fg(x) =1 for |z| < L, Bp(z) = n for © < —L and By(x) =7 for > L. This leads us to define
the unbounded operator By of L2(Q) such that

1 0 Owg 0%wy
nge = —5 </69(9I‘<B03x) + 8@/2 ) (IV'18)

with domain

D(By) = {w € H(Q) | Byw € L*(Q) and d,w = 0 on 9Q}.

As Ay, the operator By is not selfadjoint. Its spectral properties are summarized in the following
theorem (see [13, Thm.4.1]).

Theorem IV.3. i) There holds

Oess(Bg) = U {n?n? +te %9 n2x% 4 te T2}, (IV.19)
neN,; >0

it) The spectrum of By satisfies o(By) C %y with
Ry = {z € C| —20 < arg(z) < 20}. (IV.20)

iii) Assume that k* € o(By)\ 0ess(Bg). Then k? is real if and only if k? € H; U ;. Moreover if wy
is an eigenfunction associated to k* such that £3mk? < 0, then wg o J_g is a solution of (IV.5)
whose amplitude is exponentially growing at 00 and exponentially decaying at Foo.

The important result is that isolated real eigenvalues of By correspond precisely to TMs and RMs.
The following proposition (see the proof in [13, Prop. 4.2]), which is directly related to Proposition
1.12, provides a criterion to determine whether an eigenfunction associated to a real eigenvalue of
By is a TM or a RM.

Proposition IV.4. Assume that (k*,wg) € R x L2(Q) is an eigenpair of By such that k €
(Nm; (N +1)m), N € N. Set

N 1 2
plwn) = S| [ wo(=Loy)en(y) i (1v.21)
n=0

where @y, is defined in (1V.6). If p(wg) = 0 then wgo d_g is a TM (k* € 2%). If p(wg) > 0 then
wpod_g is a RM (k* € ;). In this case, the incident field u; defined in (1V.9) with

1
an:/o wg(—L,y)son(y)dy, nZO,...,N,

yields a scattered field which decays exponentially for x < —L.

The next proposition tells that By satisfies the celebrated PT symmetry property when the obstacle
is symmetric with respect to the (Oy) axis. This ensures in particular the stability of simple real
eigenvalues, with respect to perturbations of the obstacle satisfying the same symmetry constraint.
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Proposition IV.5. Assume that 7 satisfies v(x,y) = v(—z,y) for all (x,y) € Q. Define the
operators P, T such that Po(x,y) = o(—x,y), To(z,y) = o(z,y) for ¢ € L2(Q). Then one has

PTBy = ByPT,

i.e. By is PT-symmetric. This implies o(By) = a(Bg) (if A is an eigenvalue of By, \ as well).

The proof is straightforward observing that the [y defined after (IV.17) satisfies fp(—x,y) =
59(3773/)‘

Finally let us mention a specific difficulty which appears in the spectral analysis of By. While
Theorem V.2 guarantees that o(Ap) \ gess(Ag) is discrete, we do not write such a statement for
the operator By in Theorem IV.3. A major difference between both operators is that C \ oess(Ag)
is connected whereas C \ 0¢ss(Bp) has a countably infinite number of connected components. As a
consequence, to prove that o(By) \ oess(By) is discrete using the Fredholm analytic theorem, it is
necessary to find one A such that By — A is invertible in each of the components of C\ 0ess(Bp). In
general, in presence of an obstacle, such a A probably exists (proofs for certain classes of v can be
obtained working as in [11]). But for this problem, we can have surprising perturbation results.
Thus, if there is no obstacle (v = 1 in ), then there holds o(By) = % (see (IV.20)): all connected
components of C \ oess(Bp), except the one containing the complex half-plane e A < 0, are filled
with eigenvalues. To show this result, observe that for k? € o(By) \ 0ess(Bg), the function u o Jo,
with u(x,y) = €’**_ is a non-zero element of ker By. Notice that this pathological property is also
true when 2 contains a family of sound hard cracks (homogeneous Neumann boundary condition)
parallel to the (Oz) axis (see the illustration of Figure IV.4).

- . SIm k2

Re k2

Figure 1V.4: Left: waveguide with horizontal cracks. Right: the spectrum of the corresponding
By fills the whole sector delimited by oess(Bg). Here the blue lines represent oess(By).

IV.5 Numerical experiments

IV.5.1 Classical complex scaling: classical complex resonance modes

We first compute the spectrum of the operator Ay defined in (IV.14) with a classical complex scaling
(complex resonance spectrum). For the numerical experiments, we truncate the computational
domain at some distance of the obstacle and use finite elements. This corresponds to the so-
called Perfectly Matched Layers (PMLs) method. We refer the reader to [34] for the numerical
analysis of the error due to truncation of the waveguide and discretization. The setting is as
follows. We take « such that v = 5in ¢ = (—1;1) x (0.25;0.75) and v = 1 in Q\ & (see Figure
IV.3 (a)). In the definition of the maps Jp, ag (see (IV.12), (IV.13)), we take § = 7/4 (so that
n = et/ 4) and L = 1. In practice, we use a P2 finite element method in the bounded domain
Q2 = {(x,y) € Q| — 12 < x < 12} with Dirichlet boundary condition at x = £12 (a Neumann
condition would work as well). This leads us to solve the spectral problem

Find (\,u") € C x V}, \ {0} such that for all v" € V,

V.22
/ g0 ul 90" + ae_layuhayvh drdy = )\/ ’yag_luhvh dxdy, ( )
Q12 Q12

where, similarly to (1.74),
Vi = {v € HY(Qy) such that v|, € Po(7) for all 7 € T, and v = 0 at = = :|:12} . (IV.23)
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Note that to obtain (IV.22), we exploited that «y depends only on z. In Figure IV.5 and below,
we display the square root of the spectrum (k instead of k%). The vertical marks on the real axis
correspond to the thresholds (0, 7, 27, ...). In accordance with Theorem V.2, we observe that

o(Ay) is located in the region \/% ={z € C| -0 < arg(z) < 0}. Moreover, the discretisation of
the essential spectrum oess(Ag) defined in (IV.15) and forming branches starting at the threshold

points appears clearly. Note that a simple calculation shows that \/ {n2nm2 +te 29 ¢t >0} is a
half-line for n = 0 and a piece of hyperbola for n > 1. This is precisely what we get. Eigenvalues
located on the real axis correspond to trapped modes (k? € #). In the chosen setting, which is
symmetric with respect to the axis R x {0.5}, one can prove that trapped modes exist [29]. On the
other hand, the eigenvalues in the complex plane which are not the discretisation of the essential
spectrum correspond to complex resonances.

1 0.1
0.08 F g
0.06 g
% 004t B
.9 ° 002 |
) ° ° '
) ®e ‘. % o oo ol
L ' B oo e
* ® [ e o
L ] R d @ [ | °
N '@ ‘e -0.02 - ! ° ‘ 1
‘e e e | ° o
3r e 4 ‘@ 1 ! !
® Rd ‘@ -0.04 i | p
R ‘@ @ ! | | o ®
. N Y “ ? : [ ]
. .Q ‘@ RS -0.06 1 | [ ] ’ 7
F x o |
@ \.\. @ id , |
° N @ | -0.08[ ! ! b
) * ) | ! !
‘@ N4 | [ ) |
5 L L L L ~J= AY L Ol L L L L L L L
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8

Figure IV.5: Classical complex resonances in the complex k plane corresponding to the spectrum
of Ay for a symmetric obstacle (Figure IV.3 (a)). The trapped modes are in red, the dashed lines
represent the essential spectrum of Ay (see (IV.15)). The picture on the right is a zoom-in of that
on the left.

IV.5.2 Conjugated complex scaling: reflectionless modes

Now we compute the spectrum of the operator By defined in (IV.18) with a conjugated complex
scaling. To proceed, we solve the variational spectral problem

Find (A, u”*) € C x Vj, \ {0} such that for all v € Vy,,

BOyulozv" + 59_18yuh8yvh dxdy = )\/ 'yﬂe_luhvh dxdy,

Q1o Q12

with the same V}, as in (IV.23). Note that compared to (IV.22), ag has been replaced by By (both
functions are piecewise constant). First, we use exactly the same symmetric setting (see Figure
IV.3 (a)) as in the previous paragraph. In Figure IV.6, we display the square root of the spectrum
Vo (By). Since v satisfies y(z,y) = v(—=x,y), according to Proposition IV.5 we know that By is
PT-symmetric and that therefore its spectrum is stable by conjugation (0(By) = o(By)). This is
indeed what we obtain. Note that the mesh has been constructed so that PT-symmetry is preserved
at the discrete level. PT-symmetry is useful because it guarantees that eigenvalues located close
to the real axis which are isolated (no other eigenvalue in a vicinity) are real. Therefore, according
to Theorem IV.3, they correspond to trapped modes or to reflectionless modes. Remark that,
for the same geometry, the spectrum of By (Figure IV.6) contains more elements on the real axis
than the spectrum of Ay (Figure IV.5): the additional elements (the green points in Figure IV.6)
correspond to reflectionless modes.
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Figure IV.6: Reflectionless eigenvalues in the complex k plane corresponding to the spectrum of
By for a symmetric obstacle (Figure IV.3 (a)). The trapped modes in red are the same as in Figure
IV.5. The reflectionless modes are in green and the dashed lines represent the essential spectrum
of By (see (IV.19)). The picture on the right is a zoom-in of that on the left.

In Figure IV.7 top, we represent the real part of eigenfunctions associated with seven real eigen-
values of By. To obtain these pictures, we take L = 4 in the definition of Jy in (IV.16) and display
only the restrictions of the eigenfunctions to Qp, = {(z,y) € Q| — L < 2 < L}. We recognize two
trapped modes (images 3 and 5). The other modes are reflectionless modes. In Figure IV.7 bot-
tom, we provide the value of the indicator function p defined in (IV.21) for the seven eigenmodes.
The eigenmodes are normalized so that their L? norm is equal to one. The indicator function p

offers a clear criterion to distinguish between trapped modes and reflectionless modes.
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Figure IV.7: Top: real part of eigenmodes associated with real eigenvalues of By from Figure [V.6.
Bottom: value of k£ and of the indicator function p for each of these 7 eigenmodes. The 3rd and
the 5th eigenmodes are trapped modes, the five others are reflectionless modes.
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In order to inspect the scattering coefficient, we remark that for reflectionless modes associated
with wavenumbers k smaller than 7, the incident field u; in (IV.9) decomposes only on the piston
mode wy (z,y) = €**/v/2k (monomode regime). In this case the reflection matrix R(k) in (IV.8)
is nothing but the usual reflection coefficient. In Figure IV.8, we thus display the modulus of this
coefficient R(k) with respect to k € (0.1;3.1). As expected, we observe that R vanishes for the
values of k obtained in Figure IV.7 solving the spectral problem for By. Of course obtaining the
curve k — |R(k)| is relatively costly and it is precisely what we want to avoid by computing the
reflectionless k as eigenvalues. Here it is simply a way to check our results.
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02

01f

0 0.5 1 15 2 25 3

Figure IV.8: Curve k — |R(k)| (modulus of the reflection coefficient) for k € (0.1;3.1). The green
and red dots represent respectively the reflectionless modes and the trapped modes computed in
Figure IV.6. We indeed observe that R(k) is null for reflectionless k.

In Figure IV.9, we represent the modulus of reflectionless mode eigenfunctions of By associated
with one real eigenvalue and two complex conjugated eigenvalues. We observe, and this is true
in general, a symmetry with respect to the (Oy) axis for modes corresponding to real eigenvalues
which disappears for complex ones. This is the so-called broken symmetry phenomenon which is
well-known for PT-symmetric operators (see e.g. the review [7]).

0.55

Z0.41
0.28

Figure IV.9: Modulus of eigenfunctions of By associated to the eigenvalues k ~ 5.31 (top), k =~
5.29 — 0.13i (middle) and & ~ 5.29 + 0.13: (bottom) obtained in Figure IV.6. The symmetry
x — —x for real k (due to PT-symmetry) disappears for complex k.

Finally in Figure 1V.10, we display the square root of the spectrum of By for a coefficient
which is not symmetric in x nor in y. More precisely, we take v such that v = 5 in & =
(—1;0] x (0.25;0.5) U [0;1) x (0.25;0.75) and v = 1 in Q\ & (see Figure IV.3 (b)). We observe
that the spectrum is no longer stable by conjugation (o(By) # o(By)) since the operator By is not
PT-symmetric, and there is no “help” for the eigenvalues to be real. However, a closer look shows

the presence of eigenvalues close to the real axis, in particular for k ~ 1.0+ 0.134, k£ =~ 1.9+ 0.0054,

72



k~2.5+0.02i, k ~ 2.840.08; and k ~ 3.0 — 0.008i. In Figure IV.11, we represent k — |R(k)| for
k € (0.1;3.1) where there is only one propagating mode in the leads. It is interesting to note that
the above computed complex reflectionless modes (located close to the real axis) affect this curve.
More precisely, k — |R(k)| attains minima for k£ € (0.1;3.1) close to the real part of these complex
reflectionless modes. Therefore complex reflectionless modes also have significance for scattering

at real frequncies.
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Figure IV.10: Spectrum of By in the complex k plane for a non symmetric obstacle (Figure IV.3
(b)). The dashed lines represent the essential spectrum of By (see (IV.19)). The spectrum is not
stable by conjugation. The picture on the right is a zoom-in of that on the left.
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Figure IV.11: Curve k — |R(k)| (modulus of the reflection coefficient) for k € (0.1;3.1) and a non
symmetric obstacle. The blue dots and the vertical dashed lines correspond to the real parts of
the eigenvalues of By located close to the real axis computed in Figure IV.10. We observe that

|R(k)| is minimal for these particular k.
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IV.6 Concluding remarks

Determining the scattering coefficients for a range of frequencies to identify the k for which there
are incident fields which produce zero reflection is a tedious work. This chapter shows that reflec-
tionless frequencies can be directly computed as the eigenvalues of a non-selfadjoint operator By
(see (IV.18)) with conjugated complex scalings enforcing incoming behavior in the incident lead
and outgoing behavior in the other lead. The reflectionless spectrum of this operator By provides
a complementary information to the one contained in the classical complex resonance spectrum
associated with quasi normal modes which decompose only on outgoing waves (see the operator
Ap in (IV.14)). Note that eigenvalues corresponding to trapped modes belong to both the reflec-
tionless spectrum and to the classical complex resonance spectrum because trapped modes do not
excite propagating waves. Let us make a few additional comments and highlight future directions
as well as open questions.

i) We have seen that the non-selfadjoint operator By is PT symmetric when the structure has
mirror symmetry. Interestingly, a direct calculus shows that in the very simple case of a 1D trans-
mission problem through a slab of constant index, reflectionless frequencies are all real. This gives
an example of a non-selfadjoint PT symmetric operator with only real eigenvalues.

i1) In this work, we investigated scattering problems in waveguides with N = 2 leads for which
two reflectionless spectra exist: one associated with incident waves propagating from the left and
another corresponding to incident waves propagating from the right. The more general case with
N (N > 2) leads can be considered as well. Among the total of 2V different spectra with an in-
coming or an outgoing complex scaling in each lead, two spectra correspond to eigenmodes which
decompose on waves which are all outgoing or all incoming. As a consequence, there are 2V — 2
reflectionless spectra.

ii1) Above we computed reflectionless modes in waveguides containing penetrable obstacles. We
can work completely similarly with perturbations of the geometry. In Figure IV.12, we give two
examples of reflectionless modes in such structures. Note that in each case, By is PT symmetric
due to the symmetry of the geometry. Other kinds of BCs (Dirichlet, ...) and higher dimension
(3D) can be dealt with similarly.

A AL T 1 D AR
L\ ryryyyvrrrry
»q
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A A A A A A ""“‘

Y YY TYTYYY ™ Y

N oaws

Figure IV.12: Examples of reflectionless modes in waveguides with sound hard walls (Neumann).



There are many open questions with this work. Here we list just a few of them.

iv) First, it would be nice to obtain criteria on the index material/geometry ensuring that the
spectrum of By is discrete outside of oess(Bp). In 1D, a rather general condition can be obtained.
In higher dimension this is quite open.

v) On the other hand, could we show that By has always real eigenvalues corresponding to reflec-
tionless modes, at least for PT symmetric problems?

vi) The question of the approximation of the spectrum of By is a field of research in itself because
By is a non-selfadjoint operator. Indeed, the theory of perturbations of non-selfadjoint operators
is not well developed and many phenomena can occur. Here it is easy to see in the situation where
the waveguide contains only (Neumann) horizontal cracks. In that case we explained before Figure
IV .4 that o(By) fills a whole sector. However when we truncate the domain at some distance L, we
can show that the corresponding spectrum is discrete. This seems particularly pathological. But
even when o(By) \ 0ess(By) is discrete, proving that the spectrum of the problem in the truncated
waveguide converges to the one of By when L tends to +o0o is a challenging task. Additionally,
it would be interesting to prove that spurious eigenvalues, which would converge to some non
physical values, do not exist. In practice, we not only truncate the domain but also approximate
the problem by working in finite dimension with finite elements. This is also an approximation
which has to be studied. In this context, it seems that the notion of pseudo-spectrum, see e.g.
[53], which has been developed to understand the properties of non normal operators, may provide
useful information.
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