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GENERAL INTRODUCTION

In this introduction, I wish to describe the evolution of my research themes as well as the
connections existing between the different topics.

I started my PhD supervised by Anne-Sophie Bonnet-Ben Dhia and Patrick Ciarlet at the Unité
de Mathématiques Appliquées of Ensta in Paris in 2009. The initial objective was to investigate
unusual transmission problems between two materials modeled by physical constants with different
signs which appear in electromagnetism in the field of plasmonics and negative metamaterials.
These problems do not satisfy classical positivity properties that are the basis of many techniques
and therefore new methods must be developed for their study.

I was first interested in a scalar version of the problem and worked on a variational approach,
the T-coercivity, to analyze it. Thanks to geometric arguments, I obtained new criteria ensuring
its well-posedness in the Fredholm sense. I also considered the question of the justification of the
convergence of finite element methods to approximate its solution when the latter exists. Then I
investigated the full Maxwell’s problem, which led me to discover and handle associated tools.

On the other hand, in certain configurations where the interface between the two materials is
not smooth (presence of corners in 2D, conical tips, edges,... in 3D), curious black hole singularities
can appear. The latter lie just outside of the classical spaces of functions with finite energy and
make the problem ill-posed in the Hadamard sense (a continuous inverse operator cannot exist).
For corners in 2D or conical tips in 3D, we have shown that it is necessary to take these black
hole singularities into account in the functional framework and to impose a radiation condition at
the singular point of the interface to restore well-posedness. There are strong connections between
this problem and waveguide theory that I have better understood on this occasion. The rigorous
justification of the well-posedness in the new setting, due to the change of sign of the coefficients,
raises several difficulties. To overcome them, following what was proposed in particular by Monique
Dauge during the PhD of Karim Ramdani, I have used the Kondratiev theory. This very powerful
tool has been developed at the end of the sixties to describe the singularities of the solutions to
elliptic problems in non smooth geometries.

During my PhD, we were contacted one day by Sergei A. Nazarov who proposed to visit our
laboratory. At the time we had never met him and only knew him from his books and articles.
It was a great opportunity for us because we were precisely reading some of his works explaining
how to deal with black hole singularities similar to ours in elasticity and in water waves. Thanks
to him, with Xavier Claeys we continued to learn about the Kondratiev theory and the subtleties
of weighted Sobolev spaces. Sergei is also an experienced specialist in techniques of asymptotic
analysis. He was for me the gateway to this world.

Some of the results of the PhD concerning plasmonics and negative metamaterials led to sev-

1



2 Introduction

eral questions of the ANR project Metamath conducted by Sonia Fliss and which was accepted in
2011. In particular one of the aims was to reconsider the homogenization process at the interface
between metamaterials and usual positive media to derive new refined models which are well-posed.

At the same period, Anne-Sophie realized that the problem we were studying shares similari-
ties with the so-called Interior Transmission Problem (ITP) that appears in the justification of
the Linear Sampling Method (LSM) in inverse problems. The goal of the LSM is to retrieve the
support of defects in a reference medium from the measurement of scattered waves. Roughly
speaking, it fails at frequencies such that there is a generalized incident wave which does not
scatter. The ITP precisely characterizes those frequencies where one cannot use the LSM. We
went to discuss this with Houssem Haddar at the Centre de Mathématiques Appliquées (CMAP)
of École Polytechnique. It was through this ITP that I discovered some part of the community of
inverse problems. At the end of my PhD, Houssem offered me the opportunity to visit Fioralba
Cakoni at the University of Delaware. There, besides finishing writing my manuscript, I continued
to learn about the recent developments concerning the ITP which was a very dynamic topic at the
time.

I defended my PhD in October 2012 and then moved to Finland for a post-doctoral position
at Aalto University in Helsinki to work with Nuutti Hyvönen. Nuutti is a specialist in the math-
ematics of the Electrical Impedance Tomography (EIT), an imaging technique used in particular
in medicine. The goal of EIT is to reconstruct the electrical conductivity of an object from the
measurement of potentials resulting from the injection of currents between electrodes placed on
its surface. This led me to discover new aspects of inverse problems. During this post-doc, I also
continued to collaborate actively with Sergei who was on a long-term stay at the University of
Helsinki. I became more and more familiar with techniques of asymptotic analysis. We also started
working on waveguide problems with classical materials. It was at this point that I became involved
in the questions of invisibility. Finally, at Aalto University, I was able to discuss with Ari Sihvola
and his group of physicists/engineers. It was very instructive to have a more concrete perspective
on metamaterials.

I returned to France to CMAP as a Hadamard lecturer in October 2014. There I worked on
my ongoing projects and continued my collaboration with Houssem Haddar. I obtained a perma-
nent position of researcher at Inria in October 2015. Since that time, I have mainly investigated
three lines of research:

1) Problems with sign-changing coefficients;
2) Propagation of waves in waveguides;
3) Inverse problems related topics.

For each of these themes, I have considered different directions. For example in theme 1), as part
of Camille Carvalho’s PhD, we showed how to use Perfectly Matched Layers at the corner points
of non smooth interfaces to approximate the solution involving black hole singularities. Then we
studied how to incorporate black hole singularities in the Maxwell framework during the PhD of
Mahran Rihani. With Mahran, as well as Renata Bunoiu and Karim Ramdani, we also considered
homogenization problems in presence of periodically distributed inclusions of negative material
embedded into a dielectric. Besides, with Patrick Ciarlet, we supervised the Ensta 2A internship
of Qingqing Hu (four months) concerning the convergence of finite element methods for the scalar
problem.

In theme 2), with Sergei, we mainly studied how to use asymptotic analysis tools to explain
physical phenomena like the Fano resonance or to produce devices that might be interesting for
applications. Thus, during the post-doc of Jérémy Heleine as well as the Polytechnique 3A intern-
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ship of Lorenzo Scaglione (four months), we showed for example how with thin resonant ligaments,
one can hide defects in acoustic guides in the single-mode regime. Related to this theme 2), I
had the chance to meet Vincent Pagneux, who is a researcher at the Laboratoire d’Acoustique de
l’Université du Mans. Vincent excels in making connections between the applications that interest
physicists and what might be relevant to study mathematically. With him and Anne-Sophie, we
proposed a fairly simple method for determining in waveguides frequencies for which there is an
incident field which is non reflecting. To proceed, we worked with conjugated Perfectly Matched
Layers which leads to consider a non-selfadjoint eigenvalue problem. The latter, which can be
PT -symmetric in certain situations, raises very interesting questions of spectral theory. Besides,
with Anne-Sophie, we supervised the M2 internship (four months) and the PhD of Antoine Bera.
The goal was to develop continuation methods to build large invisible defects in waveguides starting
from the unperturbed situation. Recently, during the M2 internship (four months) and the PhD of
Aurélien Parigaux, with Anne-Sophie and Sonia Fliss, we investigated the propagation of electro-
magnetic waves, governed by Maxwell’s equations, in waveguides, in particular in heterogeneous
cases where the permittivity and/or the permeability vary in the section. The next step will
be to exploit this work to consider questions of invisibility in this context. Finally, with a new
colleague in the Idefix team, Zoïs Moitier, we studied the possibility of achieving perfect trans-
mission in 1D periodic waveguides during the Ensta 2A internship (four months) of Thomas Creuset.

Concerning theme 3), our Idefix team benefits from the experience of Lorenzo Audibert who
is an engineer at EDF. Lorenzo brings us problems for applications that require to develop new
interesting mathematics. In particular with him and Houssem, we studied a method to identify
the interior transmission eigenvalues from the features of the eigenvalues of the scattering matrix.
Besides, during the PhD of Kevish Napal, we developed a promising method for determining the
properties of an unknown medium by working with the eigenvalues on an artificial ITP obtained
by modifying the scattered field measurements with ad hoc computed quantities. In this topic
related to inverse problems, I have worked on various aspects and formulations of the ITP. It was an
opportunity to supervise the work of several students, namely the post-doc (five months) of Camille
Carvalho, the M2 internship (four months) of Marwa Mansouri and the Ensta 2A internship (four
months) of Jérémy Firozaly.

During all that time, I have continued to work regularly with the Kondratiev theory as well
as with tools of spectral theory. In particular with Laurent Bourgeois and Sonia Fliss, with
whom I have been collaborating more actively since our Idefix team moved from CMAP to UMA
at Ensta, we have exploited these approaches to deal with problems appearing in plate theory
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CHAPTER ONE

PROBLEMS WITH SIGN-CHANGING
COEFFICIENTS

1.1 Context

Originally, my research was devoted to the study of transmission problems between positive
and negative materials in electromagnetism. A material is characterized by its frequency response
to periodic excitations. The dielectric permittivity ε and magnetic permeability µ determine this
response. Neglecting dissipation, which is reasonable in certain situations, we say that a material
is positive at frequency ω if ε(ω) and µ(ω) are positive. On the other hand, a material is said
negative at ω if at least one of the coefficients ε(ω), µ(ω) is negative. In nature, the vast majority
of materials have physical parameters that remain positive at all frequencies. Let us describe the
negative materials we have in mind.

First, it has long been known that metals exhibit negative permittivities, neglecting losses, at
optical frequencies. Due to the change of sign of the permittivity at the interface metal-dielectric,
resonances called surface plasmons can appear [350, 428]. Over the past decades, surface plasmons
attracted a great interest in guiding or confining light in nano-photonic devices [34, 240, 477].
However metals always have positive permeabilities. To obtain negative permeabilities, physicists
and engineers, benefiting from advances in miniaturization, have started in the last twenty years
to design negative metamaterials. These are artificial composite structures, made of periodic
arrangements of resonators which are small compared to the wavelength (see Figure 1.1). In this
activity, the main challenge is to choose cleverly the structure so that after a homogenization
process, the resulting macroscopic material behaves as desired, for example as a material with both
negative ε(ω) and µ(ω) (see e.g. [94, 92, 91] for the mathematical justification).

Figure 1.1: Left and center: examples of metamaterials. Pictures: D. Schurig, Duke University
(left) and C. Soukoulis, Ames Laboratory (center). Right: illustration of the negative refraction
phenomenon. The glass on the left is filled with conventional water, while the one on the right
contains some imaginary liquid whose refractive index would be negative.

Structures that behave as if their permittivity and permeability were both negative possess the

7
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original property of having a negative refraction index. At the interface between a conventional
material and such a doubly-negative metamaterial, as imagined by Veselago in his pioneering
article [467], an unusual phenomenon of negative refraction occurs: for a planar interface, a plane
wave impinging from one side is refracted to the other side in a direction which is opposite to the
standard one. The latter can be easily understood by writing the Snell-Descartes law that governs
the path of light rays and by exploiting the change of sign of the index of refraction. This is the
so-called negative refraction which may be useful to create perfect lenses [416] and which has given
the name “negative index materials” (see an illustration with Figure 1.1 right).

Potential applications for negative materials abound. However they appear in complicated
contexts where one often works at nanometric scales, at least when one wants to handle light.
For the latter reason, the experimental development of these devices is very costly and there is a
crucial need for numerical methods. Of course, it is extremely expensive to perform calculations
on the real material considered in all its complexity. As a first approximation, one can replace the
metamaterial by its homogenized version.

In practice, in order to create useful devices, it is important to combine negative materials
and classical ones. Indeed, all interesting phenomena appear at interfaces. Mathematically, this
leads to study unusual transmission problems with sign changing coefficients that constituted the
core of my PhD. Let us mention that the Poems team has been a precursor in this field. My work
came after the PhD of Karim Ramdani [432] defended in 1999 and the one of Carlo Maria Zwölf
[480] defended in 2008. Apart from that, the corresponding references [80, 84, 77, 78] and the
articles [198, 407, 206, 429, 408], the mathematical literature concerning these problems was not
very developed at the time.

1.2 Variational tools for scalar problems

∂Ω
Ω+

Ω− Σ

Figure 1.2: Domain Ω.

When Maxwell’s equations are invariant with respect to one variable, their study reduces to
that of a 2D scalar problem of the form

Find u ∈ H1
0(Ω) such that

−div (µ−1∇u) − ω2εu = f.
(1.1)

The connected bounded domain Ω is partitioned into two sub-domains Ω+, Ω− such that Ω =
Ω+ ∪ Ω− and Ω+ ∩ Ω− = ∅ (see Figure 1.2). We assume that Ω, Ω± have Lipschitz boundaries and
we denote by Σ the interface such that Σ := ∂Ω+ ∩ ∂Ω−. Moreover in (1.1) f is a given source
term, say in L2(Ω), and H1

0(Ω) stands for the Sobolev space of functions of H1(Ω) that vanish on
∂Ω. Since the embedding of H1

0(Ω) in L2(Ω) is compact, to study the well-posedness of (1.1) in the
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Fredholm sense, it suffices to investigate the properties of the problem

Find u ∈ H1
0(Ω) such that

−div (σ∇u) = f.
(1.2)

In (1.2), the function σ is such that σ|Ω± = σ±, where σ± are constants satisfying ±σ± > 0. Note
that we assume that σ is piecewise constant to simplify the presentation. This can be weakened,
which is an advantage of the variational tools presented in this section, compared for example to
the methods based on surface integral equations [198, 267, 132, 81, 268], and we can work with
functions σ ∈ L∞(Ω) such that σ−1 ∈ L∞(Ω). The variational formulation associated with (1.2)
writes

Find u ∈ H1
0(Ω) such that

a(u, v) = ℓ(v), ∀v ∈ H1
0(Ω),

(1.3)

where
a(u, v) =

�
Ω
σ∇u · ∇v dx, ℓ(v) =

�
Ω
fv dx.

With the Riesz representation theorem, introduce the bounded operator A : H1
0(Ω) → H1

0(Ω) such
that

(Au, v)H1
0(Ω) = a(u, v), ∀u, v ∈ H1

0(Ω). (1.4)

Here and below, we use the notation

(u, v)H1
0(Ω) =

�
Ω

∇u · ∇v dx, ∀u, v ∈ H1
0(Ω).

It is easy to find functions u ∈ H1
0(Ω) such that a(u, u) = 0. Therefore a(·, ·) is not coercive and

we cannot apply directly the Lax-Milgram theorem to study (1.3). To cope with this difficulty, the
method of the T-coercivity has been introduced during the PhD of C.-M. Zwölf in [79].

1.2.1 The T-coercivity

The idea of the T-coercivity is simple. First, one observes that if T is an isomorphism of H1
0(Ω),

then (1.3) is equivalent to the problem

Find u ∈ H1
0(Ω) such that

a(u, Tv) = ℓ(Tv), ∀v ∈ H1
0(Ω).

(1.5)

Then all the work consists in trying to construct isomorphisms such that a(·, T·) is coercive. If this
is possible, the Lax-Milgram theorem implies that (1.5) and so (1.3) are well-posed.

During my PhD, we revisited the T-coercivity approach by constructing well-suited T thanks
to geometric considerations. This has allowed us to obtain sharper criteria than the ones in [79]
ensuring that (1.3) is well-posed. Let us explain how we proceeded in [66].

Ω+

Ω−

Σ

Ω+

Ω−

γ

O

Σ

Figure 1.3: Left: symmetric setting. Right: interface with a corner.
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Consider the symmetric setting of Figure 1.3 left where

Ω ⊂ R2 is such that Ω+ = {(x,−y) | (x, y) ∈ Ω−}. (1.6)

Define the operator T : H1
0(Ω) → H1

0(Ω) such that for u ∈ H1
0(Ω),

Tu =
u in Ω+

−u+ 2Ru in Ω−
(1.7)

where Ru(x, y) = u(x,−y). Let us comment on this construction of T. First, we impose some “−u”
in Ω− in order to compensate for the negative σ−. But by doing so, we create some jump of trace
at the interface Σ, which is not permitted in H1(Ω). This is the reason why we add “2Ru”, which
guarantees that T is indeed valued in H1

0(Ω). One can check that T ◦ T = Id which ensures that T is
an involution and so an isomorphism of H1

0(Ω). Besides, we find, for u ∈ H1
0(Ω),

a(u, Tu) =
�

Ω
|σ||∇u|2 dx+ 2σ−

�
Ω−

∇u · ∇(Ru) dx. (1.8)

The first term in (1.8) is non-negative while the second one has no specific sign. Using Young’s
inequality and the fact that the modulus of the Jacobian determinant is one, we can write, for all
η > 0,

2|
�

Ω−

∇u · ∇(Ru) dx| ≤ η

�
Ω−

|∇u|2 dx+ η−1
�

Ω+

|∇u|2 dx. (1.9)

Inserting (1.9) in (1.8), we get

a(u, Tu) ≥ (σ+ − η−1|σ−|)
�

Ω+

|∇u|2 dx+ (1 − η) |σ−|
�

Ω−

|∇u|2 dx. (1.10)

Define the contrast
κσ :=

σ−

σ+
,

which is a negative constant. From (1.10), by taking η ∈ (|κσ|; 1), we infer that if κσ satisfies
κσ > −1, then a(·, T·) is coercive. We deduce that A is an isomorphism of H1

0(Ω) when κσ > −1.
Working similarly with the operator T : H1

0(Ω) → H1
0(Ω) such that for u ∈ H1

0(Ω),

Tu =
u− 2Ru in Ω+

−u in Ω−,
(1.11)

R being the same as above, we prove that A is also an isomorphism when κσ < −1. On the other
hand, one can prove that when κσ = −1, A has a kernel of infinite dimension. To proceed, consider
some φ ∈ C ∞

0 (Σ), the space of infinitely differentiable functions compactly supported in Σ, and
introduce u+ ∈ H1(Ω+) the function satisfying

∆u+ = 0 in Ω+, u+ = φ on Σ, u+ = 0 on ∂Ω+ \ Σ.

Then define u such that u = u± in Ω± with u− := Ru+. We have u ∈ H1
0(Ω) and

∆u = 0 in Ω±

u+ = u− on Σ
∂yu+ = −∂yu− on Σ.

(1.12)

This is enough to guarantee that u belongs to kerA when σ+ = −σ− (notice the third line of (1.12)),
i.e. when κσ = −1. Since this is true for all φ ∈ C ∞

0 (Σ), this proves that dim kerA = +∞ when
κσ = −1. This allows us to write the following statement.
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Theorem 1.2.1 For the symmetric configuration defined in (1.6), A is an isomorphism of H1
0(Ω)

if and only if κσ ̸= −1.

Let us now consider the configuration of Figure 1.3 right. To describe it, introduce (r, θ) the usual
polar coordinates such that x = (x, y) = (r cos θ, r sin θ) with r ≥ 0, θ ∈ [0; 2π). For γ ∈ (0;π), the
aperture of the corner in the interface, set

Ω := {x | r < 1}, Ω+ := {x | r < 1, 0 < θ < γ}, Ω− := {x | r < 1, γ < θ < 2π}. (1.13)

Define the operators T± : H1
0(Ω) → H1

0(Ω) such that

T−u =
u in Ω+

−u+ 2R−u in Ω−
, T+u =

u− 2R+u in Ω+

−u in Ω−
, (1.14)

where

R−u(r, θ) = u

(
r,

γ

γ − 2π (θ − 2π)
)
, R+u(r, θ) = u

(
r,
γ − 2π
γ

θ + 2π
)
. (1.15)

By working as in the proof of Theorem 1.2.1 with the T defined in (1.14), we establish the following
statement.

Theorem 1.2.2 For the configuration (1.13) with a corner of aperture γ ∈ (0;π) in the interface,
A is an isomorphism of H1

0(Ω) when κσ ∈ (−∞; 0) \ Ic where the critical interval Ic is given by

Ic :=
[

−
2π − γ

γ
; −

γ

2π − γ

]
. (1.16)

Let us make a few comments concerning this result.
i) First, the case γ ∈ (π; 2π) can be deduced from the above result by multiplying A by −1 and by
exchanging the roles of Ω+ and Ω−.
ii) Note that Ic always contains the value −1. Moreover, when γ = π (no corner in the interface),
Ic reduces to {−1}, which is coherent with Theorem 1.2.1 because in that case we obtain the
symmetric configuration described in (1.6).
iii) For a right angle, i.e. γ = π/2, we have Ic = [−3; −1/3].
iv) When γ tends to zero, i.e. when the angle becomes very sharp, Ic tends to (−∞; 0).

Now we explain how to deal with more general interfaces. Let us first recall the definition of
a Fredholm operator.

Definition 1.2.3 Let X and Y be two Banach spaces, and let L : X → Y be a continuous linear
map. The operator L is said to be a Fredholm operator if and only if the following two conditions
are fulfilled

i) dim(kerL) < +∞ and rangeL is closed;

ii) dim(cokerL) < +∞ where cokerL :=
(
Y/rangeL

)
.

Besides, the index of a Fredholm operator L is defined by indL = dim(kerL) − dim(cokerL).

Assume that the interface Σ is of class C 1 except at a finite number of points S1, . . . , SN where it
has corners (see Figure 1.4). For j = 1, ..., N , we assume that in a neighborhood of Sj , Σ coincides
with the union of two half-lines. Denote by γj ∈ (0; 2π) \ {π} the aperture of the corner at Sj

counted from Ω− and set
γ = min

j=1,...,N
{γj , 2π − γj}, (1.17)
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as well as
Ic :=

[
−

2π − γ

γ
; −

γ

2π − γ

]
∪ {−1}. (1.18)

Note that by convention, we simply have Ic = {−1} when Σ has no corner.

γ
Ω−S1

S2
Ω+

Σδ

Figure 1.4: General configuration with a curvilinear polygonal interface.

To deal with Problem (1.3) in this case, we use techniques of localization. More precisely, by working
with an adapted partition of unity together with the operators introduced in (1.7), (1.11), (1.14),
when κσ satisfies κσ ∈ (−∞; 0) \ Ic, we can construct a bounded linear map T : H1

0(Ω) → H1
0(Ω)

such that
A ◦ T = Id +K,

where Id is the identity of H1
0(Ω) and K : H1

0(Ω) → H1
0(Ω) is compact. This shows that T is a right

parametrix for A, i.e. an inverse modulo a compact operator. Since A is self-adjoint, because it is
symmetric and bounded, this suffices to show that A is Fredholm of index zero. We summarize this
result in the following statement.

Theorem 1.2.4 For the general configuration described above (1.17), A is Fredholm of index zero
when κσ ∈ (−∞; 0) \ Ic where Ic is defined in (1.18).

Let us stress that the critical interval Ic reduces to {−1} only when the interface Σ has no corner.
Though the above statement has been obtained with a rather elementary method, it is actually
optimal in the sense that the condition on κσ under which A is Fredholm cannot be improved. Let
us explain why in the situation where Σ has a corner, say at O.

To understand what happens when κσ in Ic, it is necessary to compute the singularities of
the problem. To set ideas, introduce δ > 0 small enough so that

Ω− ∩B(O, δ) = {x | r < δ, 0 < θ < γ}, Ω+ ∩B(O, δ) = {x | r < δ, γ < θ < 2π} (1.19)

(see Figure 1.4). Here B(O, δ) stands for the open ball centered at O of radius δ. Singularities are
defined as the functions of the form Ψ(r)ϕ(θ), i.e. with separated variables in polar coordinates,
which solve div (σ∇(Ψϕ)) = 0 in B(O, δ). Since in this region σ depends only on θ, one finds that
this is equivalent to have

Ψ(r) = Arλ +B r−λ

for some constants A, B, and (λ, ϕ) solution of the spectral problem

Find ϕ ∈ H1
p(0; 2π) \ {0} such that

−∂θ(σ∂θϕ) = λ2 σ ϕ,
(1.20)

where H1
p(0; 2π) := {ϕ ∈ H1(0; 2π) |ϕ(0) = ϕ(2π)}. Note that the spectral problem (1.20) is

not standard because the sign-changing coefficient σ appears on both sides of the equation. In
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particular, complex eigenvalues λ can exist. However, since this is a 1D problem, we can make
explicit computations. The important point is that when

κσ ∈
(

−
2π − γ

γ
; −

γ

2π − γ

)
\ {−1}, (1.21)

we find that (1.20) admits exactly two purely imaginary eigenvalues λ which are conjugated (see
[206, 80]). This means that in this case, (1.3) has singularities of the form r±iηϕ(θ) with η > 0 and
ϕ ∈ H1

p(0; 2π). Let us localize them by setting

s±(x) = χ(r)r±iηϕ(θ) (1.22)

where χ ∈ C ∞(R) is a cut-off function such that χ = 1 for r ≤ δ/2 and χ = 0 for r ≥ δ. Note in
particular that s± are just outside of H1(Ω) in the sense that s± /∈ H1(Ω) but x 7→ rβs± ∈ H1(Ω)
for all β > 0. To understand the first point, observe that

� 1

τ
|∂r(riη)|2 rdr = η2

� 1

τ
r−1dr = η2| ln τ | →

τ→0+
+∞. (1.23)

Now let us recall a classical lemma due to J. Peetre [415] (see also e.g. Theorem 12.12 in [474]).

Lemma 1.2.5 Let X, Y, Z be three reflexive Banach spaces, such that X is compactly embedded
into Z. Let L : X → Y be a continuous linear map. Then the assertions below are equivalent:

i) dim kerL < +∞ and rangeL is closed in Y;
ii) there exists C > 0 such that ∥u∥X ≤ C (∥Lu∥Y + ∥u∥Z), ∀u ∈ X.

From the s± in (1.22), we can construct a Weyl sequence and establish that there is no constant
C > 0 such that

∥u∥H1
0(Ω) ≤ C (∥Au∥H1

0(Ω) + ∥u∥L2(Ω)), ∀u ∈ H1
0(Ω). (1.24)

Combining this with Lemma 1.2.5, we deduce that A is not of Fredholm type when κσ satisfies
(1.21). More precisely, by working with Sobolev spaces with weights at the origin, we can prove
that A has a kernel of finite dimension (see after (1.31)). Therefore, for κσ as in (1.21), the operator
A is not of Fredholm type because its range is not closed.

When κσ = −(2π − γ)/γ or κσ = −γ/(2π − γ), the reasoning and the result are similar but
the singularities in (1.22) have a different form with some logarithmic/constant term in r. Finally,
the case κσ = −1 is quite different. In this degenerated situation that we will not study more in the
following, the loss of Fredholmness is not due to the existence of corner singularities but to what
happens on the whole interface Σ. As we will see in (1.79), the well-posedness of (1.2) is directly
related to the features of the difference of the Dirichlet-to-Neumann (DtN) maps associated with
the operators σ±∆ in Ω±. When σ+ = −σ− and when Σ is flat (what we get by zooming at a
curved interface), it is easy to see that these DtNs have the same symbol so that their difference is
a regularizing operator which cannot be invertible. For references concerning this topic, we refer
the reader to [407, 468, 40, 413, 116, 391, 394].

We summarize this discussion in the following statement.

Theorem 1.2.6 For the general configuration described above (1.17), A is not of Fredholm type
when κσ ∈ Ic where Ic is defined in (1.18).

In [66], simple 3D geometries like wedges and circular conical tips are also studied. In 3D however,
there is a larger number of configurations and simple geometric arguments as above cannot always
be used. For example, for a given conical tip which is not circular, it is not obvious with the above
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approach how to obtain a criterion on the contrast ensuring that the problem is well-posed. On
the other hand, for the so-called Fichera corner configuration represented in Figure 1.5, by working
with symmetries, we have been able to prove that A is of Fredholm type when κσ does not belong to
[−7; −1/7] (note that 7 is the ratio blue volume/red volume). But other approaches, in particular
one based on surface integral equations (see [269, 208]), suggest that this interval is not optimal.
In other words, it seems that there are values of κσ inside [−7; −1/7] such that A is of Fredholm
type.

σ−

σ+

Figure 1.5: Fichera corner configuration.

Let us emphasize that when A is Fredholm of index zero, it may have a non zero kernel. This is a
specificity of these problems with sign-changing coefficients which is used for certain applications.
Indeed it allows one to construct small devices with small resonance frequencies, something which
is impossible with standard (positive) materials. Let us mention that situations where A has a non
zero kernel can be mathematically fully characterized. We will come back to this point in §1.6.2.

1.2.2 Numerical approximation

In [154], we show that the T-coercivity is equivalent to the inf-sup condition. In particular,
we prove that A is an isomorphism if and only if there is some isomorphism T of H1

0(Ω), not
necessarily constructed via the geometric arguments above, such that a(·, T·) is coercive. This is
easy to establish. Indeed, we have already seen that if there is an isomorphism T of H1

0(Ω) such
that a(·, T·) is coercive, then A is an isomorphism. Conversely, if A is an isomorphism, by observing
that

a(u,Au) = (∇(Au),∇(Au))Ω = ∥Au∥2
H1

0(Ω) ≥ ∥A−1∥−2∥u∥2
H1

0(Ω), ∀u ∈ H1
0(Ω),

we infer that a(·, T·) is coercive for T = A. Note that this is true for any continuous sesquilinear
form a(·, ·) defined in some Hilbert space. For this reason, T-coercivity can be used to study a wide
variety of problems, see e.g. [35, 181, 260].

In [154] however, our main goal is to study the classical discretization of (1.3) by finite element
methods. This leads one to consider the problem

Find uh ∈ Vh such that
a(uh, vh) = ℓ(vh), ∀vh ∈ Vh,

(1.25)

where Vh is a classical Lagrange finite element space, of finite dimension, which approximates H1
0(Ω).

Here, as usual, h refers to the characteristic size of the mesh from which Vh is constructed. First,
it is simple to prove that if there is some isomorphism T of H1

0(Ω) such that a(·, T·) is coercive and
if Vh is such that T(Vh) ⊂ Vh, then uh is uniquely defined and (uh) converges to u as h tends to
zero (basically, apply Céa’s lemma to a(·, T·)). In [154], we explain how to relax this assumption
on Vh (and so on the mesh). More precisely, we show that if the mesh satisfies certain “symmetry”
properties, locally in a neighborhood of Σ, and related to the choice of the operator T in (1.7),
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(1.11), (1.14), then, when A is an isomorphism, (1.25) has a unique solution for h small enough and
the sequence (uh)h>0 converges to u, the solution of (1.3), as h tends to zero. As usual, the rate
of convergence depends on the regularity of u and can become arbitrarily small for contrasts close
to the critical interval. In [154], we also explain how to approximate u by uτ

h, the solution of the
problem

Find uτ
h ∈ Vh such that�

Ω
(σ + iτ)∇uτ

h · ∇vh dx = ℓ(vh), ∀vh ∈ Vh,
(1.26)

where τ > 0. Adding an imaginary part to σ in (1.26) can be seen as working with dissipative
materials. For all τ > 0, Problem (1.26) is well-posed because the corresponding sesquilinear form
is coercive. We prove that by tuning τ with respect to h, we can ensure that (uτ

h) converges to u
as h goes to zero. Importantly, this works without constraint on the mesh. However the rate of
convergence we obtain is only half of the optimal one we could hope for.

Let us mention that concerning the discretization of (1.3), several other approaches have been
proposed since then, among them [397, 1, 63, 143, 258, 182, 2, 113, 259].

During the PhD of C. Carvalho [130], we considered spectral problems of the form

Find (λ, u) ∈ R × H1
0(Ω) \ {0} such that

−div (σ∇u) = λµu in Ω.
(1.27)

When µ has a constant sign, for contrasts in σ outside of the critical interval Ic, the spectrum
of (1.27) is discrete. With the inf-sup principle, one shows that it is made of two sequences of
eigenvalues which converge to ±∞. In [131], we prove localization results of the corresponding
eigenfunctions. More precisely, if µ is positive, the eigenfunctions localize more and more in Ω+
(resp. Ω−) as the index of the positive (resp. negative) eigenvalues tends to +∞. This is illustrated
with Figure 1.6. In [131], under some assumptions on the mesh similar to the ones of [154], we also
explain how one can use classical finite element methods to approximate the spectrum of (1.27) as
well as the eigenfunctions while avoiding spurious modes, including in situations with sign-changing
σ and µ. To proceed, we reduce the analysis of (1.27) to the one of a compact operator and then
apply the classical approach developed for instance in [30] by Babuška and Osborn.

Figure 1.6: Top: eigenfunctions associated with the first four positive eigenvalues of (1.27). Bottom:
eigenfunctions associated with the first four negative eigenvalues of (1.27). Here κσ = −4, µ ≡ 1 in
Ω = (−1; 1)2, Ω− := (0; 1)2 and Ω+ := Ω \ Ω−.
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1.3 New framework for the scalar problem

When the interface has a corner and for a contrast κσ ∈ Ic \ {−1}, we have seen that A is not
of Fredholm type due to the existence of the non standard singularities s± introduced in (1.22). In
this section, we explain how we can modify the functional framework to restore Fredholmness.

1.3.1 Analogy with a waveguide problem

r
O O

O

Figure 1.7: Left: real part of the radial behavior of the singularities s± introduced in (1.22) (note
that ℜe r±iη = cos(η ln r)). Right: schematic correspondence between the corner and the waveguide
problem.

To help understanding, we highlight an analogy with a waveguide problem which appears naturally
when considering the Euler change of variables

(r, θ) 7→ (ln r, θ) (1.28)

in B(O, δ), where (r, θ) denote the polar coordinates centered at the corner and δ is introduced in
(1.19). The map (1.28) is a smooth diffeomorphism from (0; δ) × (0; 2π), the domain corresponding
to B(O, δ) \ {O} in polar coordinates, to the semi-infinite strip S := (−∞; ln δ) × (0; 2π), the
waveguide, which sends the corner O to infinity (see Figure 1.7 right). Its inverse is the map
(z, θ) 7→ (ez, θ). If u satisfies the equation −div (σ∇u) = f in B(O, δ) \ {O}, i.e.

−r−2(σ(θ)(r∂r)2 + ∂θ(σ(θ)∂θ) )u(r, θ) = f(r, θ) in (0; δ) × (0; 2π)
u(r, 0) = u(r, 2π) for r < δ

∂θu(r, 0) = ∂θu(r, 2π) for r < δ,

(1.29)

then û such that û(z, θ) = u(ez, θ) solves

−(σ(θ)∂2
z + ∂θ(σ(θ)∂θ) ) û(z, θ) = e2z f̂(z, θ) in S

û(z, 0) = û(z, 2π) for z < ln δ
∂θû(z, 0) = ∂θû(z, 2π) for z < ln δ.

(1.30)

Moreover, singularities of (1.29) of the form riηφ(θ) become propagating modes of (1.30) in the
strip because we have

r±iηφ(θ) = e±iη ln rφ(θ) = e±iηzφ(θ).

Thus for contrasts outside of the critical interval, from (1.20) we find that propagating modes do not
exist for the waveguide problem (1.30). In this case H1 is an adapted framework. On the contrary,
for contrasts inside the critical interval, propagating modes exist and H1 is not well-suited. However
dealing with propagating waves is something which is well-known in waveguide theory. In this case,
one looks for a solution which decomposes as a sum of evanescent modes plus a finite number of
outgoing propagating modes. In particular, it is necessary to impose a radiation condition to select
the outgoing behavior. This gives a natural framework to study (1.2) inside the critical interval:
we have to look for a solution which combines one of the s± appearing in (1.22) and a remainder
which decays at the corner. In the following, singularities (1.22) will be referred to as propagating
singularities.
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1.3.2 New framework

If from this formal analysis, the choice of the new functional framework is quite clear, the
rigorous justification is a bit more complex. The main reason is that due to the change of sign of
σ in (1.20), we are not able to show that the corresponding eigenfunctions form a Hilbert basis of
H1

p(0; 2π) (see the definition in (1.20)), which prevents us from writing direct modal decompositions
for the solutions of (1.29), something which is crucial in the study. During my PhD, with A.-S.
Bonnet-Ben Dhia and X. Claeys, we established in [69] a similar result of modal decomposition
by another approach, namely thanks to the Kondratiev theory (see [312] for the founding article
or the monographs [382, 314, 352] for more recent presentations). Roughly speaking, instead of
working with a basis in the transverse direction (θ variable here), we use the Mellin transform with
respect to r which consists in making the Euler change of variables (1.28) and proceeding to a
complex Fourier transform with respect to z = ln r. Then with the residue theorem applied to the
associated symbol, we are able to derive decompositions for the solutions of (1.22) as a singular
part plus some remainder belonging to some weighted Sobolev space which allows us to control the
decay at the corner.

Let us mention that this technique is more flexible than working with Hilbert bases. Indeed,
it provides decompositions only for the solutions of the equation, which is sufficient for our needs,
and not for all functions of the Hilbert space, which is much harder to get. This difficulty or
impossibility to justify results of modal decompositions via the use of Hilbert bases appears in
many other problems, like in elasticity for example. For this reason, the Kondratiev theory is a
very interesting tool which is too little known, in particular in the physicists community.

In our study [69], we were more precisely inspired by the reviews [374, 371] concerning the
theory of detached asymptotics in Kondratiev spaces as well as the papers [386, 378] where the
authors consider problems of rotational cusps in water-waves and cuspidal geometries in elasticity
for which singularities similar to ours appear. Note that after that, similar techniques have been
used in [384] to study a Laplace operator with a degenerated Robin condition (see also [385]).

γ
Ω−

O

O′

Ω+ Σ

Figure 1.8: Half-corner geometry.

Let us describe the main ingredients of the method. To simplify the presentation, consider the
2D geometry of Figure 1.8 with a half-corner located at O. We call it a half-corner because
if we proceed to a symmetry with respect to the line passing through O, we get a real corner.
On the other hand, at O′ no particular singularities appear because the interface Σ meets ∂Ω
perpendicularly: if we make a local symmetry with respect to ∂Ω, we obtain a flat interface. To
set ideas, we assume that γ ∈ (0;π/2). Again, (r, θ) denote the polar coordinates associated with O.

First, by using the variational tools of Section 1.2, we establish the following result.

Theorem 1.3.1 The operator A : H1
0(Ω) → H1

0(Ω) defined in (1.4) is Fredholm of index zero if and
only if κσ /∈ [−1; −γ/(π − γ)].

Note that for this half-corner problem, we obtain a critical interval which is shorter than the one
in (1.18) for the true corner. For the latter, ill-posedness for contrasts in [−(π− γ)/γ; −1] is due to
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the existence of propagating singularities for the problem in the geometry of Figure 1.8 where we
impose a homogeneous Neumann boundary condition on the horizontal part of ∂Ω.

Now we consider the case κσ ∈ (−1; −γ/(π − γ)). For β ∈ R and m ∈ N, introduce the
weighted Sobolev (Kondratiev) space Vm

β (Ω) defined as the closure of C ∞
0 (Ω \ {O}) for the norm

∥φ∥Vm
β

(Ω) =

 ∑
|α|≤m

∥r|α|−m+β∂α
xφ∥2

L2(Ω)

1/2

.

Here C ∞
0 (Ω \ {O}) is the space of infinitely differentiable functions which are supported in Ω \ {O}.

We also denote by V̊1
β(Ω) the closure of C ∞

0 (Ω) for the norm ∥·∥V1
β

(Ω). We have the characterization

V̊1
β(Ω) = {φ ∈ V1

β(Ω) |φ = 0 on ∂Ω}.

These weighted spaces will be useful to control the decaying part of the solution. In 2D, we can
show the existence of some constant C > 0 such that

∥r−1φ∥L2(Ω) ≤ C ∥∇φ∥L2(Ω)2 , ∀φ ∈ C ∞
0 (Ω),

which proves that V̊1
0(Ω) = H1

0(Ω). Now set β > 0. Observe that we have

V̊1
−β(Ω) ⊂ H1

0(Ω) ⊂ V̊1
β(Ω),

which implies that their dual spaces satisfy (V̊1
β(Ω))∗ ⊂ (H1

0(Ω))∗ ⊂ (V̊1
−β(Ω))∗. Define the operators

A±β : V̊1
±β(Ω) → (V̊1

∓β(Ω))∗ such that

⟨A±βφ,φ
′⟩ =

�
Ω
σ∇φ · ∇φ′ dx, ∀φ ∈ V̊1

±β(Ω), φ′ ∈ V̊1
∓β(Ω), (1.31)

where ⟨·, ·⟩ stands for the duality pairing (V̊1
β(Ω))∗ × V̊1

β(Ω) or (V̊1
−β(Ω))∗ × V̊1

−β(Ω) according to
the case. By working with the Mellin transform with respect to the radial variable, as in (1.20),
one is led to consider the spectral problem

Find ϕ ∈ H1
0(0;π) \ {0} such that

−∂θ(σ∂θϕ) = λ2 σ ϕ.
(1.32)

One can show that there is β0 > 0, depending only on κσ and γ, such that for
all β ∈ (0;β0), Aβ and A−β are Fredholm operators. Note that we have β0 =
min{ℜe λ |λ eigenvalue of (1.32) such that ℜe λ > 0}. Additionally, since A−β is the adjoint of
Aβ, we have

indAβ = −indA−β. (1.33)

We remind the reader that for a bounded linear operator between two Banach spaces L : X → Y
whose range is closed, its index is defined as indL := dim kerL − dim cokerL, with dim cokerL =
dim (Y/range(L)). On the other hand, by exploiting in particular that s± ∈ V̊1

β(Ω) \ V̊1
−β(Ω), one

can prove that
indAβ = indA−β + 2. (1.34)

Gathering (1.33) and (1.34), we deduce that

indAβ = 1 and indA−β = −1. (1.35)

From (1.35), to obtain a Fredholm operator of index zero, we see that we have to construct an
operator between A−β and Aβ. To proceed, in accordance with the discussion at the beginning of
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the section concerning the analogy with the waveguide problem, we add to the domain of A−β one
singularity but not the other.

Thus, define the space
V̊out := span(s+) ⊕ V̊1

−β(Ω) (1.36)

where at this stage we choose arbitrarily to add s+ instead of s− (we come back to this point below).
Endowed with the norm

∥φ∥Vout = (|c|2 + ∥φ̃∥2
V1

−β
(Ω)))

1/2, ∀φ = c s+ + φ̃ ∈ V̊out,

V̊out is a Banach space. Introduce the operator Aout such that for all φ = c s+ + φ̃ ∈ V̊out and
φ′ ∈ C ∞

0 (Ω),

⟨Aoutφ,φ′⟩ =
�

Ω
σ∇φ · ∇φ′ dx = −c

�
Ω

div (σ∇s+)φ′ dx+
�

Ω
σ∇φ̃ · ∇φ′ dx. (1.37)

Note that due to the features of the cut-off function χ appearing in the definition of s+, we have
div (σ∇s+) ∈ L2(Ω). And since div (σ∇s+) = 0 in a neighborhood of O, we observe that there is
a constant C > 0 such that |⟨Aoutφ,φ′⟩| ≤ C ∥φ∥Vout ∥φ′∥V1

β
(Ω). The density of C ∞

0 (Ω) in V̊1
β(Ω)

allows us to extend Aout as a continuous operator from V̊out to (V̊1
β(Ω))∗. And we have

⟨Aoutφ,φ′⟩ =
 

Ω
σ∇φ · ∇φ′ dx

where, for all φ = c s+ + φ̃, φ′ ∈ V̊1
β(Ω),

 
Ω
σ∇φ · ∇φ′ dx = −c

�
Ω

div (σ∇s+)φ′ dx+
�

Ω
σ∇φ̃ · ∇φ′ dx. (1.38)

Let us emphasize that this definition by density is necessary to give a sense to the first of the
three integrals of (1.37) which is a priori not defined when φ ∈ V̊out, φ′ ∈ V̊1

β(Ω). Now we have
everything to state the final result.

Theorem 1.3.2 Assume that κσ ∈ (−1; −γ/(π−γ)). The operator Aout : V̊out → (V̊1
β(Ω))∗ defined

via (1.37) is Fredholm of index zero.

Proof. Let us simply sketch the proof and assume to simplify that A−β is injective.
⋆ Let φ = c s+ +φ̃, c ∈ C, φ̃ ∈ V̊1

−β(Ω), be an element of kerAout. From (1.37), we find div (σ∇φ) =
0 in Ω in the distributional sense. Multiplying this equation by φ and integrating by parts in
Ω \B(O, τ) for τ > 0 small, we find

0 =
�

Ω\B(O,τ)
σ|∇φ|2 dx+

� π

0
σ∂rφ|r=τφ|r=τ τdθ.

Taking the imaginary part above and the limit when τ → 0, exploiting also that φ̃ ∈ V̊1
−β(Ω), we

obtain
0 = |c|2 η

� π

0
σ(θ)ϕ2(θ) dθ.

Besides, we can prove that there holds
� π

0 σ(θ)ϕ2(θ) dθ ̸= 0, which requires some work because of
the presence of the sign-changing σ. Since η > 0 when κσ ∈ (−1; −γ/(π − γ)), we deduce that
c = 0. Thus the above energy argument shows that φ belongs to kerA−β and so we have φ ≡ 0.
⋆ Now consider some f ∈ (V̊1

β(Ω))∗. Since Aβ is the adjoint of A−β, which is a Fredholm injective
operator, we deduce that Aβ is onto. As a consequence, there is φ ∈ V̊1

β(Ω) such that Aβφ = f .
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Application of Kondratiev theory based in particular on the residue theorem (see [69, Thm. 5.2],
[314, Thm. 5.4.2]) guarantees that if φ ∈ V̊1

β(Ω) is such that Aβφ ∈ (V̊1
β(Ω))∗, the important point

here being that (V̊1
β(Ω))∗ ⊂ (V̊1

−β(Ω))∗, then there holds the following representation

φ = c− s− + c+ s+ + φ̃ with c± ∈ C and φ̃ ∈ V̊1
−β(Ω).

On the other hand, since Aβ has index one and is onto, we know that it admits a kernel of dimension
one, generated by some

φ• = c−
• s

− + c+
• s

+ + φ̃• with c±
• ∈ C and φ̃• ∈ V̊1

−β(Ω). (1.39)

Working by contradiction and exploiting again the energy argument as above, one shows that c−
• ̸= 0

and c+
• ̸= 0. Set

φsol = φ− (c−/c−
• )φ•.

This function belongs to V̊out and satisfies Aoutφsol = f .
⋆ Finally Aout is a continuous operator which is both injective and onto, it is an isomorphism.

Let us comment this result.
i) To obtain a well-posed problem, we impose a radiation condition, incorporated in the space where
we look for the solution, at the corner. It is important to understand that the corner here plays the
role of infinity for classical scattering problems.
ii) We added in the space the singularity s+. We could have similarly worked with span(s−) ⊕
V̊1

−β(Ω) and would also have obtained an isomorphism. And more generally, we have an isomorphism
when we work in span(α−s−+α+s+) ⊕ V̊1

−β(Ω) if and only if (α−, α+) ∈ C2, such that |α−|+|α+| ≠
0, is not proportional to the pair (c−

• , c
+
• ) appearing in (1.39). Note that span(α−s− + α+s+) (of

dimension one) is different from span(s−, s+) (of dimension two).
iii) To decide which singularity we should add in the space, we use classically the limiting absorption
principle. More precisely, we consider a slightly dissipative medium, which corresponds to adding
a small uniformly positive imaginary part to the sign-changing coefficient as in (1.26). This allows
us to obtain a well-posed problem in H1

0(Ω). The physically relevant solution without dissipation is
then defined as the limit of the solution with dissipation when the dissipation tends to zero. Note
that due to the sign-changing coefficient, the selection of the outgoing behavior, riη or r−iη, cannot
be deduced from the sign of η. Instead, one uses energy considerations: the outgoing propagating
singularity is the one which carries energy to the corner. Going back to time-domain, for ω ̸= 0, the
corresponding wave propagates to the corner but its velocity tends to zero so that it never reaches
it. For this reason, it is sometimes called black-hole wave.
iv) For κσ = −γ/(π − γ), the integral

� π
0 σ(θ)ϕ2(θ) dθ vanishes which prevents us from computing

flux of energy at the corner point. In that case, the above approach should be adapted.
After this study, during the PhD of C. Carvalho, we extended the theory described above to a more
realistic scattering problem by a bounded inclusion of negative material in free space at a frequency
ω > 0. In 2D, this led us to consider the system

Find u = uinc + usca such that

div
(
ε−1∇u

)
+ ω2 µu = 0 in R2

lim
ξ→+∞

�
|x|=ξ

∣∣∣∂usca

∂r
− iωusca

∣∣∣2 ds = 0,

(1.40)

where uinc is the incident field which satisfies ∆uinc +ω2uinc = 0 in R2 and the last line corresponds
to the classical radiation condition at infinity. Adding adapted radiation conditions at the corners
of the interface for contrasts κε ̸= −1 inside the critical interval, we showed in [62] that (1.40)
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admits a unique solution. Note that uniqueness of the solution always holds here and can be proven
thanks to Rellich’s lemma (see e.g. [119, Thm. 3.5]) and Holmgren’s theorem [277, Thm. 8.6.5]
(see also [119, Lem. 5.23]).

1.3.3 An adapted numerical method

But the main goal of [62] was to consider the question of the approximation of the solution in
this new functional framework. This is not trivial because the highly oscillating behavior cannot be
captured by classical finite element methods: when refining the mesh, one observes some reflections
of the propagating singularities and the numerical solution does not converge when the meshsize h
tends to zero (see Figure 1.9).

Remark 1.3.3 Note that this instability phenomenon is not so simple to exhibit in practice. The
reason is that the propagating singularity is 2π/η-periodic in ln r scale. Therefore, roughly speaking,
the mesh must be refined by a factor e2π/η to get a similar picture. Note for example that for η = 1,
we have e2π/η ≈ 535 and so if the mesh is only slightly refined, the corresponding numerical solution
does not change much (though it is incorrect). One way to enhance the instability is to work with
contrasts close to −1 to have large values of η.

Figure 1.9: Solution obtained using a standard P2 finite element method for different meshes: from
left to right, 13273 nodes, 56031 nodes and 100501 nodes. Here we consider the scattering of an
incident plane wave coming from the right at non zero frequency by a triangular inclusion of negative
material. Note that the computed field is not stable at the interface when the mesh is refined.

In [62] we presented an original method to approximate the solution of (1.40) when the contrast κε

belongs to the critical interval Ic. To proceed, we again exploited the analogy with the waveguide
problem described in (1.28)–(1.30). The main difficulty is that when κε ∈ Ic, there are propagating
modes for Problem (1.30) in the semi-infinite strips obtained by zooming at the corners and
considering the Euler change of variables (1.28). For this reason, for numerics, it is important to
bound cleverly the domain to avoid spurious reflections on the artificial boundaries. But these are
well-known problems in waveguide theory and different techniques exist. One of them consists in
using a Perfectly Matched Layer (PML) [51, 38]. It consists in making a complex change of variable
with respect to z in the strips. For the new problem one obtains, the solution is exponentially
decaying in the strips, which correspond to small neighborhoods of the corners, while its restriction
to the rest of the domain coincides with the initial solution. Then numerically when truncating
the strips, one only gets exponentially small reflections, which yields a good approximation. In
Figures 1.10, 1.11, we provide a few results of the method. Let us emphasize that it boils down to
implementing PMLs at the corner points, which is something quite unusual. Let us mention also
that we really mesh and solve the problem in the unfolded strip. To proceed, we match the fields
on the dashed lines appearing in Figure 1.10. This way, we obtain a logarithmic mesh in the initial
geometry (see Figure 1.12 right) which allows us to capture well the singularity.
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In practice, this approach yields a robust technique to approximate the plasmonic wave prop-
agating at the interface. Concerning the justification of the method, several questions remain open.
First, one needs to control the error made when truncating the PMLs. This is not straightforward
because of the change of sign of ε. However, using again Kondratiev spaces and working for example
like in [291], one can reasonably hope to establish such a result. The problem of the justification
of the convergence of the finite element methods seems more intricate. Without PMLs and outside
of the critical interval, as we have seen above, the existing proofs require assumptions on meshes
(see [154, 63]) and the question of knowing whether or not these assumptions are necessary is not
solved. Here, due to the complex scaling z 7→ z/α of the PMLs (typically α = eiπ/4), it is not even
clear how to work with the T-coercivity at the discrete level.

Figure 1.10: Numerical solution with PMLs at the corners. As in Figure 1.9, the incident wave is
coming from the right. The bold dashed lines correspond to the interfaces where matching is made,
the small dotted lines represent the beginning of the PML regions.

Figure 1.11: Same setting as in Figure 1.10 for three different meshes. When h tends to zero, from
left to right, the numerical solution seems to converge. Note that we reconstitute the field inside
the three disks using the transform (z, θ) 7→ (ez, θ).
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(z, ✓) ! (ez, ✓)

Figure 1.12: Left: mesh of the bounded strip. Right: resulting mesh after the change of variables
(z, θ) 7→ (ez, θ).

1.4 Maxwell’s equations

1.4.1 Maxwell’s equations in classical spaces

During my PhD, we also investigated Maxwell’s equations with sign-changing coefficients. This
leads one to study variational formulations such as (1.47) below set in some Maxwell’s space XN (ε).
In the analysis, we face two obstacles. First, as in the scalar case, the principal part is not coercive
when µ is sign-changing. However, for Maxwell’s problem, it is not easy to work with symmetries
around the interface to restore positivity due to the constraints for fields in XN (ε). Second, we
have to prove some compactness result for the embedding of XN (ε) in L2(Ω) in order to establish
well-posedness in the Fredholm sense. Note that in the scalar case, this is straightforward because
H1(Ω) is compactly embedded in L2(Ω) when Ω is bounded. For Maxwell’s problem, the space
XN (ε) depends on ε, which may be sign-changing.

To address these difficulties, first we proved a compactness result for the spaces appearing
naturally in 2D in [153]. This analysis was based on a detailed study of the singularities again
thanks to the Kondratiev theory. Then in [69], we used another approach and explained how to
develop an efficient T-coercivity approach to study Maxwell’s equations in 2D. There we showed
their well-posedness when the contrasts for the scalar problems lie outside of the corresponding
critical intervals (see also [195, 196] for another method based on volume integral equations). In
[67], we studied the 3D problem. To state the main result, define the space

H1
#(Ω) := {φ ∈ H1(Ω) |

�
Ω
φdx = 0}

and with the Riesz representation theorem, introduce the bounded operators Aε : H1
0(Ω) → H1

0(Ω),
Aµ : H1

#(Ω) → H1
#(Ω) such that

(∇(Aεφ),∇φ′)Ω =
�

Ω
ε∇φ · ∇φ′ dx, ∀φ,φ′ ∈ H1

0(Ω) (1.41)

(∇(Aµφ),∇φ′)Ω =
�

Ω
µ∇φ · ∇φ′ dx, ∀φ,φ′ ∈ H1

#(Ω). (1.42)

In [67] we established that when Aε, Aµ are of Fredholm type, then Maxwell’s operators in the
usual space are also of Fredholm type. In other words, all the analysis boils down to the one of the
properties of Aε, Aµ which can be done with the geometric T-coercivity as seen in Section 1.2. Let
us explain how we showed this result.

Let Ω be a bounded domain of R3 with a Lipschitz-continuous boundary ∂Ω. To simplify, we
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assume that Ω is simply connected and that ∂Ω is connected. For a given frequency ω > 0, the
time-harmonic Maxwell’s equations are given by

curlE − iωµH = 0 and curlH + iωεE = J in Ω. (1.43)

Above E and H are respectively the electric and magnetic components of the electromagnetic field
while J stands for the current density. We suppose that Ω is surrounded by a perfect conductor
and we impose the boundary conditions

E × ν = 0 and µH · ν = 0 on ∂Ω. (1.44)

Here ν denotes the unit outward normal vector to ∂Ω. The dielectric permittivity ε and the magnetic
permeability µ in (1.43)–(1.44) are assumed to be real valued functions such that ε, µ ∈ L∞(Ω) and
ε−1, µ−1 ∈ L∞(Ω). However their signs can change in Ω. As it is classical in the study of Maxwell’s
equations, we introduce the spaces

L2(Ω) := (L2(Ω))3

H(curl ) := {u ∈ L2(Ω) | curlu ∈ L2(Ω)}
HN (curl ) := {u ∈ H(curl ) |u× ν = 0 on ∂Ω}.

In (1.43), the current density belongs to L2(Ω) and is such that div J = 0 in Ω. This leads us to
introduce the spaces

XN (ξ) := {u ∈ HN (curl ) | div (ξu) = 0}
XT (ξ) := {u ∈ H(curl ) | div (ξu) = 0, ξu · ν = 0 on ∂Ω} ,

where ξ refers to a generic function of L∞(Ω) such that ξ−1 ∈ L∞(Ω). We endow H(curl ),
HN (curl ), XN (ξ), XT (ξ) with the inner product

(·, ·)H(curl ) := (·, ·)Ω + (curl ·, curl ·)Ω.

Classically, one proves that if (E,H) satisfies (1.43)–(1.44), then E solves the second order problem

Find E ∈ HN (curl ) such that
curl (µ−1curlE) − ω2εE = iωJ in Ω.

(1.45)

Conversely, if E satisfies (1.45), then (E,H = (iωµ)−1curlE) solves (1.43)–(1.44). The variational
formulation associated with (1.45) writes

Find E ∈ HN (curl ) such that�
Ω
µ−1curlE · curlE′ − ω2εE ·E′ dx = iω

�
Ω
J ·E′ dx, ∀E′ ∈ HN (curl ).

(1.46)

The analysis of (1.46) is not simple because the embedding of HN (curl ) in L2(Ω) is not compact
(consider a sequence made of the gradients of an orthonormal basis of H1

0(Ω)). As usual in the
study of Maxwell’s equations, we have to take into account the divergence free condition which is
contained in (1.45). More precisely, one finds that if E satisfies (1.46) then E solves

Find E ∈ XN (ε) such that�
Ω
µ−1curlE · curlE′ − ω2εE ·E′ dx = iω

�
Ω
J ·E′ dx, ∀E′ ∈ XN (ε).

(1.47)

Conversely, assume that E satisfies (1.47). If the operator Aε : H1
0(Ω) → H1

0(Ω) introduced in (1.41)
is an isomorphism, for E′ ∈ HN (curl ), we can introduce φ ∈ H1

0(Ω) such that
�

Ω
ε∇φ · ∇φ′ dx =

�
Ω
εE′ · ∇φ′ dx, ∀φ′ ∈ H1

0(Ω). (1.48)
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Then E′ − ∇φ is an element of XN (ε) and so according to (1.47), there holds�
Ω
µ−1curlE · curl (E′ − ∇φ) − ω2εE · (E′ − ∇φ) dx = iω

�
Ω
J · (E′ − ∇φ) dx. (1.49)

By exploiting that E ∈ XN (ε) and that curl ∇φ = divJ = 0 in Ω, we deduce from (1.49) that�
Ω
µ−1curlE · curlE′ − ω2εE ·E′ dx = iω

�
Ω
J ·E′ dx.

Since this holds for all E′ ∈ HN (curl ), this is enough to conclude the equivalence of (1.46) and
(1.47) when Aε is an isomorphism.

Again, in (1.47), the principal part is not coercive when µ is sign-changing and we have to
prove some compactness result for the embedding of XN (ε) in L2(Ω). Both points will be treated
thanks to the T-coercivity but with an approach different from the geometric one developed for
the scalar problem (see (1.7)) which is inefficient to deal with Maxwell’s equations. The following
lemma plays a central role in the analysis.

Lemma 1.4.1 Assume that Ω is simply connected with a connected boundary and that ε, µ are
such that the operators Aε, Aµ defined in (1.41), (1.42) are isomorphisms. Then there exists a
bounded operator T : XN (ε) → XN (ε) such that there holds�

Ω
µ−1curlE · curl (TE′) dx =

�
Ω

curlE · curlE′ dx, ∀E,E′ ∈ XN (ε). (1.50)

Proof. Consider some E′ ∈ XN (ε). To annihilate the µ−1 in the left-hand side of (1.50), we would
like to have T such that curl (TE′) = µ curlE′. By taking the divergence on both sides, we see
that in general this is not possible. To circumvent this problem, let us work with gradients.
i) Since Aµ is an isomorphism, we can introduce ζ ∈ H1

#(Ω) such that
�

Ω
µ∇ζ · ∇ζ ′ dx =

�
Ω
µ curlE′ · ∇ζ ′ dx, ∀ζ ′ ∈ H1

#(Ω).

ii) Then one observes that µ(curlE′ − ∇ζ) is a divergence free element of L2(Ω) such that
µ(curlE′ − ∇ζ) · ν = 0 on ∂Ω. Since Ω is simply connected with a connected boundary, ac-
cording to Theorem 3.17 in [11] (see also Theorem 3.6 in [238]), there exists a unique potential
u ∈ XN (1) such that

curlu = µ(curlE′ − ∇ζ). (1.51)
iii) Besides, since Aε is an isomorphism, we can introduce φ ∈ H1

0(Ω) such that�
Ω
ε∇φ · ∇φ′ dx =

�
Ω
εu · ∇φ′ dx, ∀φ′ ∈ H1

0(Ω).

Finally, we define the bounded operator T : XN (ε) → XN (ε) such that, for E′ ∈ XN (ε),

TE′ = u− ∇φ.

For all E, E′ ∈ XN (ε), using in particular (1.51), we find�
Ω
µ−1curlE · curl (TE′) dx =

�
Ω
µ−1curlE · curl (u− ∇φ) dx

=
�

Ω
µ−1curlE · curlu dx

=
�

Ω
curlE · (curlE′ − ∇ζ) dx =

�
Ω

curlE · curlE′ dx.

This ends the proof.
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Using Lemma 1.4.1 and the fact that the embedding of XT (1) in L2(Ω) is compact, cf. [472, 11, 361]
(note there is no sign-changing coefficient in the definition of XT (1)), we prove the following result.

Proposition 1.4.2 Assume that Ω is simply connected with a connected boundary and that ε is
such that the operator Aε defined in (1.41) is an isomorphism. Then the embedding of XN (ε) in
L2(Ω) is compact.

With the Riesz representation theorem, for ω > 0 define the bounded operator AN (ω) : XN (ε) →
XN (ε) such that,

(AN (ω)E,E′)H(curl ) =
�

Ω
µ−1curlE · curlE′ − ω2εE ·E′ dx, ∀E,E′ ∈ XN (ε).

Combining Lemma 1.4.1 and Proposition 1.4.2, we establish the following theorem.

Theorem 1.4.3 Assume that Ω is simply connected with a connected boundary and that ε, µ are
such that the operators Aε, Aµ defined in (1.41), (1.42) are isomorphisms. Then AN (ω) is an
isomorphism for all ω > 0 except possibly for a discrete set of values which accumulate only at +∞.

Let us give a concrete example of application. Consider the Fichera corner configuration repre-
sented in Figure 1.5 and assume that ε, µ are constant in Ω±. In [66], we proved that Aε, Aµ are
isomorphisms when the contrasts in ε and in µ do not belong to [−7; −1/7]. From Theorem 1.4.3
we infer that AN (ω) is an isomorphism for all ω > 0 except possibly for a discrete set of values
under the same constraints for ε, µ.

As mentioned above, we can slightly generalize the statement of Theorem 1.4.3 by consider-
ing the case where Aε, Aµ are only Fredholm of index zero. Note however that this still excludes
transmission problems with piecewise constant ε, µ such that the contrast in ε or in µ belongs to
the corresponding critical interval. These configurations will be considered in §1.4.2.

Let us conclude this paragraph by showing that in 2D the operators Aε and Aµ are closely related.
To avoid any ambiguity, here we denote by Aε

0 : H1
0(Ω) → H1

0(Ω) (resp. Aµ
# : H1

#(Ω) → H1
#(Ω))

instead of Aε (resp. Aµ) the operator defined in (1.41) (resp. (1.42)). The following statement ([69,
Thm. 4.6]) is useful to study the so-called Transverse Electric and Transverse Magnetic problems
in 2D.

Proposition 1.4.4 Assume that Ω ⊂ R2 is simply connected and that ε ∈ L∞(Ω) is such that
ε−1 ∈ L∞(Ω). Then Aε

0 is an isomorphism if and only if A1/ε
# is an isomorphism.

Proof. Suppose that Aε
0 is an isomorphism. For φ,φ′ ∈ H1

#(Ω), remark that in 2D we have

(ε−1∇φ,∇φ′)Ω = (ε−1curlφ, curlφ′)Ω,

where classically for a function φ defined in a 2D domain, curlφ = (∂yφ,−∂xφ)⊤. To show that
A

1/ε
# is an isomorphism with the T-coercivity approach, mimicking the proof of Lemma 1.4.1, we

would like to construct T : H1
#(Ω) → H1

#(Ω) such that curl (Tφ) = ε curlφ in Ω. By taking the
divergence on both sides, we see that this is impossible in general. Again let us play with gradients.
More precisely, for φ ∈ H1

#(Ω), since Aε
0 is an isomorphism, we can introduce ζ ∈ H1

0(Ω) such that

(ε∇ζ,∇ζ ′)Ω = (ε curlφ,∇ζ ′)Ω, ∀ζ ′ ∈ H1
0(Ω).

Observing that div (ε(curlφ− ∇ζ)) = 0 in Ω, from [238, Thm. 3.2] we know that there is a unique
element of H1

#(Ω), that we denote by Tφ, such that

curl (Tφ) = ε(curlφ− ∇ζ) in Ω.
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This defines a continuous operator T : H1
#(Ω) → H1

#(Ω). Then for φ ∈ H1
#(Ω), we find

(∇(A1/ε
# φ),∇(Tφ))Ω = (ε−1∇φ,∇(Tφ))Ω = (ε−1curlφ, curl (Tφ))Ω

= (curlφ, curlφ− ∇ζ)Ω = (curlφ, curlφ)Ω = ∥∇φ∥2
Ω,

which shows that (∇(A1/ε
# ·),∇(T·))Ω is coercive. From the Lax-Milgram theorem, this is enough to

conclude that the selfadjoint operator A1/ε
# is an isomorphism.

We establish in a very similar way that Aε
0 is an isomorphism when A

1/ε
# is an isomorphism.

Remark 1.4.5 With this result, for the transmission problem (1.2) in the case where the interface
has a corner located inside Ω, we are not surprised to obtain a critical interval of the form [−(2π−
γ)/γ; −γ/(2π−γ)] (see (1.16)). Indeed, by working with cut-off functions supported in Ω and equal
to one in a neighborhood of the interface, it is easy to show that Fredholmness for Aε is equivalent
to Fredholmness for Aµ in that situation. This proposition also explains the discussion following
Theorem 1.3.1 concerning singularities for problems with “half corners” in the interface.

1.4.2 Maxwell’s equations with contrasts inside the critical intervals

During the PhD of M. Rihani [434] that I supervised with A.-S. Bonnet-Ben Dhia, one of our
goals was to study the 3D Maxwell’s equations (1.43)–(1.44) when Aε or Aµ is not of Fredholm
type. Let us detail this.

Assumptions for ε, µ

Let Ω ⊂ R3 be a simply connected domain with connected Lipschitz continuous boundary ∂Ω.
Consider a situation where Ω contains an inclusion Ω− such that Ω− ⊂ Ω. We assume that ∂Ω−
is of class C 2 except at the origin O where Ω− coincides locally with a conical tip. More precisely,
there are δ > 0 and some smooth domain ϖ of the unit sphere S2 := {x ∈ R3 | |x| = 1} such that
B(O, δ) ⊂ Ω and

Ω− ∩B(O, δ) = K ∩B(O, δ) with K := {r θ | r > 0, θ ∈ ϖ}.

Here B(O, δ) stands for the open ball of R3 centered at O and of radius δ. We assume that ε takes
the constant value ε− < 0 (resp. ε+ > 0) in Ω− ∩B(O, δ) (resp. Ω+ ∩B(O, δ) where Ω+ := Ω\Ω−).
And we assume that the contrast κε := ε−/ε+ < 0 and ϖ (which characterizes the geometry of the
conical tip) are such that there exist singularities of the form

s(x) = r−1/2+iηΦ(x/|x|) (1.52)

satisfying div (ε∇s) = 0 in K with η ∈ R \ {0}. Here r := |x| while Φ is a function which is smooth
in ϖ and in S2 \ϖ. These s are the 3D equivalent of the 2D singularities introduced in (1.22) (note
that the power in r depends on the dimension of the space). Similarly, they are just outside of H1

in the sense that s /∈ H1(Ω) but rβs ∈ H1(Ω) for all β > 0. To show the first point, observe that
� 1

τ
|∂r(r−1/2+iη)|2 r2dr = | − 1/2 + iη|2

� 1

τ
r−1dr = | − 1/2 + iη|2| ln τ | →

τ→0+
+∞.

With them, as in (1.24), we can show that the operator Aε : H1
0(Ω) → H1

0(Ω) defined in (1.41) is
not Fredholm because its range is not closed.
For circular conical tips as in Figure 1.13, i.e. when

ϖ = {(cos θ cosϕ, sin θ cosϕ, sinϕ) | − π ≤ θ ≤ π, −π/2 ≤ ϕ < −π/2 + γ} for some γ ∈ (0;π),
(1.53)
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Figure 1.13: Configuration with a circular conical tip at the interface.

by adapting some results of [297, 270, 336], it can be shown that such s exists for κε ∈ (−1; −Iγ)
(resp. κε ∈ (−Iγ ; −1)) when γ < π/2 (resp. γ > π/2). Here Iγ is the constant defined by

Iγ := 2F1(1/2, 1/2, 1, cos2(γ/2)) 2F1(3/2, 3/2, 2, sin2(γ/2))
2F1(1/2, 1/2, 1, sin2(γ/2)) 2F1(3/2, 3/2, 2, cos2(γ/2)) > 0,

where 2F1 stands for the Gauss’s hypergeometric function. Note that we have Iγ = 1/Iπ−γ

and Iγ ∈ (0; 1) for γ ∈ (0;π/2). Additionally, there holds for example Iπ/4 ≈ 0.218 as well as
limγ→π/2 Iγ = 1, limγ→0+ Iγ = 0+, limγ→π− Iγ = +∞. Observe that contrary to what we got in 2D
for a corner in an interface inside Ω, the interval is not of the form (−c; −1/c) for some c > 1.

For a general smooth domain ϖ ⊂ S2 and a given contrast κε, in order to know if such s
exist, one has to solve the spectral problem

Find (λ,Φ) ∈ C × H1(S2) \ {0} such that�
S2
ε∇SΦ · ∇SΦ′ ds = λ(λ+ 1)

�
S2
εΦ Φ′ ds, ∀Φ′ ∈ H1(S2), (1.54)

which is the 3D equivalent of (1.20), and see if among the eigenvalues some of them are of the
form λ = −1/2 + iη with η ∈ R, η ̸= 0. Above, ∇S stands for the surface gradient. With a slight
abuse, when ε is involved into integrals over S2, we write ε instead of ε(δ ·). Again in (1.54), the
difficulty lies in the fact that ε appears on both sides of the equation. This time, the problem is
set on the sphere. Note that since ε is real-valued, if λ = −1/2 + iη is an eigenvalue, we have
λ(λ+ 1) = −η2 − 1/4, so that λ = −1/2 − iη is also an eigenvalue for the same eigenfunction. And
since λ(λ+ 1) ∈ R, we can find a corresponding eigenfunction which is real-valued. From now on,
we assume that λ = −1/2+ iη is a simple eigenvalue of (1.54) (geometric multiplicity equal to one).
Let us mention that this problem of existence of singularities of the form (1.52) is directly related
to the problem of existence of essential spectrum for the so-called Neumann-Poincaré operator
[299, 420, 89, 270]. A noteworthy difference with the 2D case of a corner in the interface is that
several singularities of the form (1.52) with different values of |η| can exist in 3D (this depends on
ε and on ϖ). This is a result that we showed in [297] with some colleagues physicists of the Aalto
University during my post-doc in Finland. To simplify the presentation here, we assume that for the
case of interest, singularities of the form (1.52) exist for only one value of |η|. Moreover we assume
that the quantity η

�
S2 ε|Φ|2ds does not vanish. In this case, exchanging η by −η if necessary, we

can set η so that
η

�
S2
ε|Φ|2ds > 0.

Under this assumption, one can check that λ = −1/2+iη is of algebraic multiplicity equal to one. For
the circular conical tip introduced in (1.53), say for γ < π/2, we find that the above assumptions are
satisfied for contrasts κε ∈ (−I†

γ ; −Iγ) with a certain I†
γ ∈ (Iγ ; 1). For κε ∈ (−1; −I†

γ), the number
of propagating singularities is larger than two (counting ±). Observe that once the geometry has
been fixed, all the assumptions appearing above correspond to a condition on ε.
To fix notations, we set

s±(x) = χ(r)r−1/2±iηΦ(x/|x|),
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where again χ ∈ C ∞(R) is a cut-off function such that χ = 1 for r ≤ δ/2 and χ = 0 for r ≥ δ. In
Figure 1.14, we give an illustration of ℑms+|Ω− in a case where Ω− coincides in a neighborhood of
O with a circular conical tip.

Figure 1.14: Example of singularity for a circular conical tip. For the sake of clarity, we simply
represent its restriction to Ω−.

Similarly to what has been shown in Section 1.3, we can modify the functional framework to recover
a Fredholm operator. As in (1.36), set

V̊out := span(s+) ⊕ V̊1
−β(Ω)

and define the operator Aε,out : V̊out → (V̊1
β(Ω))∗ such that for all φ = c s+ + φ̃ ∈ V̊out and

φ′ ∈ V̊1
β(Ω),

⟨Aε,outφ,φ′⟩ =
 

Ω
ε∇φ · ∇φ′ dx (1.55)

where, as in (1.38), 
Ω
ε∇φ · ∇φ′ dx := −c

�
Ω

div (ε∇s+)φ′ dx+
�

Ω
ε∇φ̃ · ∇φ′ dx.

Theorem 1.4.6 The operator Aε,out : V̊out → (V̊1
β(Ω))∗ defined in (1.55) is Fredholm of index

zero.

To simplify, additionally we assume that Aε,out is injective. Note that for a waveguide problem
with propagating modes, this corresponds to assuming that so-called trapped modes do not exist.

On the other hand, we assume that µ is such that the scalar operator Aµ : H1
#(Ω) → H1

#(Ω)
defined in (1.42) is an isomorphism. In other words, ε is critical while µ is not (situations with
both critical ε and µ are discussed in the comments) .

With these assumptions, we explain in [75] how one should change the functional framework
to obtain a well-posed Maxwell’s problem. To set ideas, we will work on the electric problem.

An adapted space for the electric field

For contrasts κε outside of the critical interval, when we proved the equivalence between the for-
mulations in HN (curl ) and in XN (ε), we used a result of isomorphism of Aε (see (1.48)). Here,
instead, we will exploit that Aε,out is an isomorphism. This invites us to work with the following
definition of the space of divergence free electric fields

Xout
N (ε) := {u = c∇s+ + ũ, c ∈ C, ũ ∈ L2(Ω) | curlu ∈ L2(Ω), div (εu) = 0 in Ω \ {O},

u× ν = 0 on ∂Ω}.
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Note that in Xout
N (ε) the fields are singular but their curl are classically in L2(Ω). For u = c∇s++ũ,

the condition div (εu) = 0 in Ω \ {O} means that there holds
�

Ω
εu · ∇φdx = 0, ∀φ ∈ C ∞

0 (Ω \ {O}),

which after integration by parts and by density of C ∞
0 (Ω \ {O}) in H1

0(Ω) is equivalent to

−c
�

Ω
div (ε∇s+)φdx+

�
Ω
εũ · ∇φdx = 0, ∀φ ∈ C ∞

0 (Ω). (1.56)

Note that we have XN (ε) ⊂ Xout
N (ε) and we can show that dim (Xout

N (ε)/XN (ε)) = 1. For u =
c∇s+ + ũ with c ∈ C and ũ ∈ L2(Ω), we set

∥u∥Xout
N (ε) = (|c|2 + ∥ũ∥2

L2(Ω) + ∥curlu∥2
L2(Ω))

1/2 .

Endowed with this norm, Xout
N (ε) is a Banach space. Moreover one can prove the following regularity

result.

Lemma 1.4.7 Assume that ε is as in §1.4.2. There is β > 0 such that for any u = c∇s+ + ũ ∈
Xout

N (ε), we have ũ ∈ V0
−β(Ω) and there is a constant C > 0 independent of u such that

|c| + ∥ũ∥V0
−β(Ω) ≤ C ∥curlu∥L2(Ω).

Up to the end of that section, we assume that β is fixed once and for all by this lemma.

Definition of the problem for the electric field

Our objective is to define the problem for the electric field as a variational formulation set in Xout
N (ε).

For some τ > 0, let J be an element of V0
−τ (Ω) such that div J = 0 in Ω. Consider the problem

Find u ∈ Xout
N (ε) such that�

Ω
µ−1curlu · curlv dx− ω2

 
Ω
εu · v dx = iω

�
Ω
J · v dx, ∀v ∈ Xout

N (ε), (1.57)

where the term  
Ω
εu · v dx (1.58)

has to be carefully defined. The difficulty comes from the fact that Xout
N (ε) is not a subspace of

L2(Ω) so that this quantity cannot be considered as a classical integral.
Let u = cu∇s+ + ũ ∈ Xout

N (ε). First, for ṽ ∈ V0
−β(Ω), it is natural to set

 
Ω
εu · ṽ dx :=

�
Ω
εu · ṽ dx. (1.59)

To complete the definition, we have to give a sense to (1.58) when v = ∇s+. We start from the
identity

�
Ω
εu · ∇φdx = −cu

�
Ω

div (ε∇s+)φdx+
�

Ω
εũ · ∇φdx, ∀φ ∈ C ∞

0 (Ω \ {O}).

By density of C ∞
0 (Ω \ {O}) in V̊1

β(Ω), this leads to set
 

Ω
εu · ∇φdx := −cu

�
Ω

div (ε∇s+)φdx+
�

Ω
εũ · ∇φdx, ∀φ ∈ V̊1

β(Ω).
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With this definition, from (1.56) we obtain
 

Ω
εu · ∇φdx = 0, ∀φ ∈ V̊1

β(Ω).

In particular, since s+ ∈ V̊1
β(Ω), for all u ∈ Xout

N (ε) we have
 

Ω
εu · ∇s+ dx = 0 and so

�
Ω
εũ · ∇s+ dx = cu

�
Ω

div (ε∇s+)s+ dx. (1.60)

Finally for all u = cu∇s+ + ũ and v = cv∇s+ + ṽ in Xout
N (ε), using (1.59) and (1.60), we find

 
Ω
εu · v dx =

�
Ω
εu · ṽ dx = cu

�
Ω
ε∇s+ · ṽ dx+

�
Ω
εũ · ṽ dx.

But since v ∈ Xout
N (ε), we deduce from the second identity of (1.60) that

�
Ω
ε∇s+ · ṽ dx = cv

�
Ω

div (ε∇s+)s+ dx.

Summing up, we get
 

Ω
εu · v dx = cucv

�
Ω

div (ε∇s+)s+ dx+
�

Ω
εũ · ṽ dx, ∀u,v ∈ Xout

N (ε). (1.61)

Remark 1.4.8 Even if we use an integral symbol to keep the usual aspects of formulas and facilitate
the reading, it is important to consider this new quantity as a sesquilinear form

(u,v) 7→
 

Ω
εu · v dx

on Xout
N (ε) × Xout

N (ε). In particular, we point out that this sesquilinear form is not hermitian in
Xout

N (ε) × Xout
N (ε). Indeed, we have

 
Ω
εv · u dx =

�
Ω
εũ · ṽ dx+ cucv

�
Ω

div (ε∇s+)s+ dx

so that  
Ω
εu · v dx−

 
Ω
εv · u dx = 2icucv ℑm

( �
Ω

div (ε∇s+) s+ dx

)
.

On the other hand, we can show that

ℑm
( �

Ω
div (ε∇s+) s+ dx

)
̸= 0.

In the sequel, we denote by aN (·, ·) (resp. ℓN (·)) the sesquilinear form (resp. the antilinear form)
appearing in the left-hand side (resp. right-hand side) of (1.57).

Equivalent formulation

Before considering the question of proving well-posedness in Xout
N (ε), we have to make sure that a

solution of (1.57) satisfies the initial problem. This leads us to introduce the following space

Hout
N (curl ) := span(∇s+) ⊕ HN (curl ) ⊃ Xout

N (ε)

(without the divergence free condition) and to consider the problem

Find u ∈ Hout
N (curl ) such that

aN (u,v) = ℓN (v), ∀v ∈ Hout
N (curl ),

(1.62)
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where the definition of  
Ω
εu · v dx

has to be extended to the space Hout
N (curl ). Working exactly as in the beginning of the proof of

Lemma 1.4.7, one can show that any u ∈ Hout
N (curl ) admits the decomposition

u = cu∇s+ + ∇φu + curlψu,

with cu ∈ C, φu ∈ H1
0(Ω) and ψu ∈ XT (1), such that curlψu ∈ V0

−β(Ω). Then, for all u =
cu∇s+ + ∇φu + curlψu and v = cv∇s+ + ∇φv + curlψv in Hout

N (curl ), a natural extension of
the previous definitions leads to set

 
Ω
εu · v dx :=

�
Ω
ε (∇φu + curlψu) · (∇φv + curlψv) dx

+
�

Ω
cu ε∇s+ · curlψv + cv ε curlψu · ∇s+ dx

−
�

Ω
cucv div (ε∇s+)s+ + cu div (ε∇s+)φv + cv φudiv (ε∇s+) dx.

(1.63)

One can verify that (1.63) is indeed an extension of (1.61). Moreover, we have the following result.

Proposition 1.4.9 Assume that ε, µ are as in §1.4.2. The field u is a solution of (1.57) if
and only if it solves Problem (1.62). As a consequence, if u satisfies (1.57), then (E,H) :=
(u, (iωµ)−1curlu) is a solution of (1.43)–(1.44).

Now let us explain how to deal with the formulation (1.57) set in Xout
N (ε).

Main analysis for the electric field

Define the continuous operators Aout
N : Xout

N (ε) → (Xout
N (ε))∗ and Kout

N : Xout
N (ε) → (Xout

N (ε))∗ such
that for all u, v ∈ Xout

N (ε),

⟨Aout
N u,v⟩ =

�
Ω
µ−1curlu · curlv dx, ⟨Kout

N u,v⟩ =
 

Ω
εu · v dx.

With this notation, we have ⟨(Aout
N − ω2Kout

N )u,v⟩ = aN (u,v).

Proposition 1.4.10 Assume that ε, µ are as in §1.4.2. The operator Aout
N : Xout

N (ε) → (Xout
N (ε))∗

is an isomorphism.

Proof. Adapting what has been done in the proof of Lemma 1.4.1, let us construct a continuous
operator T : Xout

N (ε) → Xout
N (ε) such that for all u, v ∈ Xout

N (ε),
�

Ω
µ−1curlu · curl (Tv) dx =

�
Ω

curlu · curlv dx.

Assume that v ∈ Xout
N (ε) is given. We construct Tv in three steps.

i) Since curlv ∈ L2(Ω) and Aµ : H1
#(Ω) → (H1

#(Ω))∗ is an isomorphism, there is a unique
ζ ∈ H1

#(Ω) such that
�

Ω
µ∇ζ · ∇ζ ′ dx =

�
Ω
µ curlv · ∇ζ ′ dx, ∀ζ ′ ∈ H1

#(Ω).

Then the field µ(curlv − ∇ζ) ∈ L2(Ω) is divergence free in Ω and satisfies µ(curlv − ∇ζ) · ν = 0
on ∂Ω.
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ii) According to Theorem 3.17 in [11], we infer that there is ψ ∈ XN (1) such that

µ(curlv − ∇ζ) = curlψ.

Thanks to Lemma A.5 of [75], which requires a bit of work, we deduce that ψ ∈ V0
−β(Ω).

iii) Then we know from the previous step that div (εψ) ∈ (V̊1
β(Ω))∗. On the other hand,

since by assumption, Aε,out : V̊out → (V̊1
β(Ω))∗ is an isomorphism, we can introduce φ ∈ V̊out such

that Aε,outφ = −div (εψ).

Finally, we set Tv = ψ − ∇φ. Clearly Tv is an element of Xout
N (ε). Moreover, for all u, v

in Xout
N (ε), we have

�
Ω
µ−1curlu · curlTv dx =

�
Ω
µ−1curlu · curlψ dx

=
�

Ω
curlu · curlv dx−

�
Ω

curlu · ∇ζ dx

=
�

Ω
curlu · curlv dx.

With Lemma 1.4.7 and the Lax-Milgram theorem, we deduce that T∗Aout
N : Xout

N (ε) → (Xout
N (ε))∗

is an isomorphism. And by symmetry, permuting the roles of u and v, it is obvious that T∗Aout
N =

Aout
N T, which allows us to conclude that Aout

N : Xout
N (ε) → (Xout

N (ε))∗ is an isomorphism.

To deal with the frequency dependent term in (1.57), we established the following compactness
result.

Proposition 1.4.11 Assume that ε, µ are as in §1.4.2. If (un = cn∇s+ + ũn) is a sequence
which is bounded in Xout

N (ε), then we can extract a subsequence such that (cn) and (ũn) converge
respectively in C and in V0

−β(Ω). As a consequence, the operator Kout
N : Xout

N (ε) → (Xout
N (ε))∗ is

compact.

We can now state the main theorem of the analysis of the problem for the electric field.

Theorem 1.4.12 Assume that ε, µ are as in §1.4.2. For all ω ≥ 0 the operator Aout
N − ω2Kout

N :
Xout

N (ε) → (Xout
N (ε))∗ is Fredholm of index zero.

Proof. Since Kout
N : Xout

N (ε) → (Xout
N (ε))∗ is compact (Proposition 1.4.11) and Aout

N : Xout
N (ε) →

(Xout
N (ε))∗ is an isomorphism (Proposition 1.4.10), Aout

N −ω2Kout
N : Xout

N (ε) → (Xout
N (ε))∗ is Fredholm

of index zero.

The previous theorem guarantees that Problem (1.57) is well-posed if and only if uniqueness holds,
that is, if and only if the only solution for J = 0 is u = 0. Since uniqueness holds for ω = 0, the
analytic Fredholm theorem ensures that (1.57) is well-posed except for at most a countable set of
values of ω with no accumulation points (note that Theorem 1.4.12 remains true for ω ∈ C).

Comments

i) The material above was presented in the article [75]. In [75], we also propose a formulation for
the magnetic field which is equivalent to the initial Maxwell’s equations and which is well-posed.
Quite logically from (1.43), it is set in some space Xout

T (µ) of fields which are in L2(Ω) but which
have singular curl .
ii) In [75], we also considered, with ε, µ as in §1.4.2, the formulation for the electric field in the
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classical space XN (ε). We prove that it is well-posed in the Fredholm sense but we are not able to
show that it is equivalent to Maxwell’s equations (1.43)–(1.44). On the other hand, we established
that the standard formulation for the magnetic field in XT (µ) is equivalent to (1.43)–(1.44). But
the corresponding operator in XT (µ) is not Fredholm.
iii) To justify that our frameworks are physically relevant, we demonstrated some limiting absorp-
tion principle. More precisely, we proved that the solutions of Maxwell’s equations with ε, µ having
a small imaginary part δ > 0 converge to our solutions as δ → 0 in some adapted norms.
iv) Finally, in a second article, namely [76], we studied the situation where propagating singularities
exist both for the operators Aε and Aµ. We obtained some well-posed formulation in the Fredholm
sense, and equivalence with the initial Maxwell’s equations, in a space of fields which are singular
and which have singular curl . In [76], we also considered situations where several propagating
singularities exist. Finally, the geometric setting that we considered in [76] was a bit more general
than the one of [75]. In particular, we allowed the conical tip to touch the boundary of the do-
main. This might seem a minor technical point but it forces us to write more systematic proofs for
the vector potential representations of singular fields, an important aspect which is hidden in the
presentation above.

1.5 Asymptotic analysis

1.5.1 A curious instability phenomenon for rounded corners

Ωδ
+

Ωδ
−

δ

Σδ

Figure 1.15: Interface with a rounded corner.

For certain applications, physicists specifically look to use metals with non-regular geometries
to obtain high-intensity electromagnetic fields in plasmonic technologies (see, for example, [453, 57,
405]). In practice however, geometries are never perfectly singular and corners are always rounded.
What does this imply?

Analysis of the source term problem

To study this question, with X. Claeys and S.A. Nazarov, we first considered the scalar Problem
(1.2), with a given source term f ∈ L2(Ω), in the geometry described by Figure 1.15 where the
interface has a rounded corner of radius of curvature δ > 0 small. Observe in particular that we
get a true corner at the limit δ → 0. We denote by (Pδ) this problem (set in H1

0(Ω)) and by σδ

the function such that σδ = σ± in Ωδ
± where σ± are constants satisfying ±σ± > 0.

For positive materials, it is known that for δ > 0, (Pδ) admits a unique solution uδ and that the
sequence (uδ) converges in H1(Ω) to u0, the solution of (P0), the problem with an interface having
a true corner. Moreover, the speed of convergence depends on the regularity of u0.

With a sign-changing σδ, the situation is less clear. In particular when σ−/σ+ ̸= −1 belongs
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to the critical interval, one may expect some unconventional phenomena to happen. Indeed for
δ > 0, the interface is smooth and so Aδ, the operator associated to (Pδ), is Fredholm of index
zero. However for δ = 0, A0 is not Fredholm. In the article [156], we decided to investigate precisely
this configuration.

First, by assuming that the limit problem for δ = 0 is injective in H1
0(Ω), so that the opera-

tor Aout defined in (1.37) is an isomorphism, we showed that Aδ is injective for δ ∈ (0; δ0] ∩ I(α)
where

I(α) :=
∞⋃

k=−∞

[
δ⋆e

(k+α) π/η; δ⋆e
(k+1−α) π/η

]
(1.64)

(see the representation of Figure 1.16). Here α can be chosen as desired in (0; 1/2), δ0 > 0 depends
on α, δ⋆ > 0 is a particular constant that we can characterize and η ∈ R \ {0} is the singular
exponent appearing in (1.22).

π/η

απ/η απ/η

ln δ

Figure 1.16: The crosses represent the set {ln(δ⋆e
kπ/η) = ln δ⋆ + kπ/η, k ∈ Z}. The thick segments

represent the set {ln δ, δ ∈ I(α)}.

We deduce that (Pδ) admits a unique solution uδ ∈ H1
0(Ω) for all δ ∈ (0; δ0] ∩ I(α). Additionally,

we proved the following important a priori estimate: there exists a constant C > 0 such that

∥uδ∥H1
0(Ω) ≤ C | ln δ| ∥f∥L2(Ω), ∀δ ∈ (0; δ0] ∩ I(α). (1.65)

Let us comment this result. First, obtaining (1.65), which is the basic brick to establish error
estimates, has been very technical. With coercive or coercive plus compact problems, one usu-
ally works by contradiction. Due to the sign-changing coefficient, we cannot proceed so simply
here. On the other hand, because the interface changes when δ tends to zero, we were unable
to work with some T-coercivity argument. Instead, we exploited the very powerful technique of
overlapping cut-off functions introduced in [352, Chap. 2], [370]. Roughly speaking, it allows
one to establish these types of a priori estimates as soon as the far field operator, appearing
when taking the limit δ → 0, and the inner field operator, obtained by rescaling the problem
by a factor δ−1 and considering the limit δ → 0, are isomorphisms in ad hoc weighted Sobolev
spaces. Second, in (1.65), we are not surprised to see the appearance of a | ln δ| term. Indeed,
we know that at the limit δ = 0, Problem (1.2) is ill-posed in H1

0(Ω) due to the existence of
the two propagating singularities (see in particular the calculus (1.23)). Finally in (1.65), we
emphasize that we exclude a neighborhood of a sequence of points which accumulates at zero.
But we will see below that there is no hope to get better, i.e. to derive an estimate for all δ ∈ (0; δ0].

Then we constructed an asymptotic expansion ûδ of uδ as δ tends to zero and with (1.65)
proved the error estimate: there exist τ > 0 and C > 0 such that

∥uδ − ûδ∥H1
0(Ω) ≤ C δτ ∥f∥L2(Ω), ∀δ ∈ (0; δ0] ∩ I(α). (1.66)

Finally, by using the rather explicit form of ûδ, which depends on δ, we have been able to prove that
(ûδ) does not converge as δ tends to zero, even in L2(Ω). With (1.66), this guarantees that (uδ) does
not converge, even in L2(Ω). Indeed, if there were some u0 ∈ L2(Ω) such that limδ→0 ∥uδ−u0∥L2(Ω) =
0, then we could write

∥ûδ − u0∥L2(Ω) ≤ ∥ûδ − uδ∥L2(Ω) + ∥uδ − u0∥L2(Ω)

≤ C ∥ûδ − uδ∥H1
0(Ω) + ∥uδ − u0∥L2(Ω) →

δ→0
0,
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which is false. In other words, (1.66) proves that (uδ) gets closer and closer to a term which does
not converge as δ tends to zero. This shows that Problem (1.2) is unstable with respect to a
small corner rounding: two very similar geometries with almost identical (but different) rounded
corners can lead to solutions that have nothing to do with each other. From a physical point of
view, this result is highly unusual and difficult to accept. As such, it is of great interest. Indeed,
it demonstrates the limitations of the model we work on. There is no doubt that in practice
something happens at the rounded corner that the equations we use do not describe. To get more
realistic phenomena, refined models with non local effects have been considered since then, see e.g.
[441, 179, 53]. They are still being studied.

Let us mention that when σ−/σ+ ̸= −1 does not belong to the critical interval, the results
are different and look like the case of positive materials. More precisely, using again the technique
of overlapping cut-off functions, one can show that if A0 is injective, then there is δ0 such that Aδ

is injective for all δ ∈ (0; δ0]. Moreover (uδ) converges to u0 in H1
0(Ω).

As an illustration, let us present some numerics in a canonical geometry. For δ ∈ (0; 1), set

Ωδ
+ := {(r cos θ, r sin θ) | δ < r < 1, π/4 < θ < π};

Ωδ
− := {(r cos θ, r sin θ) | δ < r < 1, 0 < θ < π/4};

Ωδ := {(r cos θ, r sin θ) | δ < r < 1, 0 < θ < π}
(1.67)

(see Figure 1.18). Admittedly this framework is not exactly the one described above. In particular,
we do not really have a rounded corner. However the problem is completely similar because for all
δ ∈ (0; 1), the interface touches the boundary perpendicularly so that Aδ is Fredholm as soon as
the contrast is different from −1. And for δ = 0, A0 is Fredholm if and only if σ−/σ+ ̸∈ [−1; −1/3].
The advantage of this setting is that we can work with separation of variables, which allows us for
example to identify if Aδ is injective or not.

• Outside the critical interval [−1; −1/3]
In Figure 1.17, we display the variation of ∥uδ∥H1

0(Ωδ), computed with a finite element method, with
respect to 1 − δ for σ−/σ+ = −1 − 10−4. The source term f is equal to one hundred for x ≤ −1/2,
zero otherwise. Figure 1.18 represents uδ for this contrast and for eight values of δ. As expected,
uδ is stable when δ → 0.
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Figure 1.17: Variation of ∥uδ∥H1
0(Ωδ) with respect to 1 − δ.
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Figure 1.18: Solution uδ for eight values of δ where here δ stands for the radius of the inner half disk.
The contrast σ−/σ+ is chosen equal to −1 − 10−4 (outside of the critical interval). The sequence
(uδ) converges when δ → 0.

• Inside the critical interval (−1; −1/3)
In Figure 1.19, we display the variation of ∥uδ∥H1

0(Ωδ) with respect to 1 − δ for σ−/σ+ = −1 + 10−4.
In accordance with the analytical computations, we observe peaks which correspond to the values
δ = δn for which Aδ fails to be injective. More generally, the numerical experiments confirm the
following important idea: when the contrast lies inside the critical interval, the solution in the
geometry with a rounded corner, when it is well-defined, critically depends on the parameter δ.
This appears clearly in Figure 1.20 where we see that the solution is not stable with respect to δ
not only in a neighborhood of the corner point O but everywhere in Ω. Concerning the numerical
analysis point of view, let us make the following comments. First, notice that for small values of
δ, it is very expensive to use a mesh adapted to the geometry. Therefore, the mesh size is chosen
small but independent of δ. This explains why peaks do not appear for δ ≤ 0.02. Remark also that
we work here with a contrast very close to −1. This may seem surprising because for σ−/σ+ = −1,
the operators Aδ are not of Fredholm type. However, this allows us to obtain several peaks without
being obliged to use a very refined mesh. Indeed, from (1.64) we find that the period of peaks,
in ln δ scale, is equal to π/η. On the other hand, there holds limσ−/σ+→−1+ η = +∞. From a
numerical point of view, it only requires using meshes which are locally symmetric with respect to
the interface to avoid instability phenomena (see again [154]).

Remark 1.5.1 By proceeding to the Euler change of variables (1.28) in the particular geometry
(1.67), we clearly understand why the stability estimate (1.65), which implies injectivity, cannot
be valid uniformly with respect to δ. Indeed, with (1.28), Ωδ is transformed into the rectangle
(ln δ; 0) × (0;π). In this rectangle on the boundary of which we impose homogeneous Dirichlet
boundary conditions, with the propagating modes existing for contrasts inside the critical interval,
it is easy to create resonant modes for periodic values of δ in ln δ scale. Let us emphasize that
this phenomenon is not specific to the canonical configuration chosen here for the illustration, it is
generic.
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Figure 1.19: Variation of ∥uδ∥H1
0(Ωδ) with respect to 1 − δ. The dotted lines correspond to the

expected values of δ = δn for which Aδ fails to be injective.

Figure 1.20: Same setting as in Figure 1.18 but with σ−/σ+ = −1 + 10−4 (inside the critical
interval). The sequence (uδ) does not converge when δ → 0.

Analysis of the spectral problem

To complete our understanding of the instability phenomenon, in the article [158], we turned our
attention to the asymptotic analysis of the spectral problem

Find (λδ, uδ) ∈ R × (H1
0(Ω) \ {0}) such that

−div(σδ∇uδ) = λδ uδ in Ω
(1.68)

as the rounding parameter of the corner δ tends to zero. Again, we considered the most interesting
case where σ−/σ+ ̸= −1 is located inside the critical interval. Define the unbounded operator
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Aδ : D(Aδ) → L2(Ω) such that

Aδ v = −div(σδ∇v)

D(Aδ) := {v ∈ H1
0(Ω) | div(σδ∇v) ∈ L2(Ω)}.

(1.69)

For δ > 0, since Σδ is smooth and intersects ∂Ω with right angles, the operator Aδ is densely defined,
closed, self-adjoint and admits compact resolvent. Besides, we have the following proposition.

Proposition 1.5.2 The spectrum of Aδ, denoted S(Aδ), consists of two sequences, one nonnegative
and one negative, of real eigenvalues of finite multiplicity:

. . . λδ
−m ≤ · · · ≤ λδ

−1 < 0 ≤ λδ
0 ≤ λδ

1 ≤ · · · ≤ λδ
m . . . .

Moreover, there hold inf S(Aδ) = −∞ and supS(Aδ) = +∞.

We are interested in finding an operator that would be the “limit” of Aδ as δ → 0. Let us first
introduce the unbounded operator A : D(A) → L2(Ω) defined by

Av := −div(σ0∇v)

D(A) := {v ∈ H1
0(Ω) | div(σ0∇v) ∈ L2(Ω)}.

The operator A is symmetric. From the point of view of spectral analysis, it is desirable to determine
whether it is self-adjoint. The following result is established in [432, Chap. 7] (see also [80]).

Proposition 1.5.3 The domain of the operator A∗ is given by D(A∗) = span{s+, s−} ⊕D(A).

Since D(A∗) ̸= D(A), this shows that A is not self-adjoint. Actually, it is possible to completely
describe all the self-adjoint extensions of A (for the general theory, see e.g. [433, Sect. X.1]).

Proposition 1.5.4 The self-adjoint extensions of A are the unbounded operators A(τ), τ ∈ R, such
that A(τ) : D(A(τ)) → L2(Ω) is defined by

A(τ)v = −div(σ0∇v)

D(A(τ)) = span{s+ + eiτs−} ⊕D(A).
(1.70)

For any given τ ∈ R, we can show that the spectrum of A(τ) admits the same qualitative properties
as the one of Aδ for δ > 0.

Proposition 1.5.5 Pick τ ∈ R. The operator A(τ) is closed, densely defined, self-adjoint and
admits compact resolvent. Its spectrum consists of two sequences, one nonnegative and one negative,
of real eigenvalues of finite multiplicity:

. . .Λ−m(τ) ≤ · · · ≤ Λ−1(τ) < 0 ≤ Λ0(τ) ≤ Λ1(τ) ≤ · · · ≤ Λm(τ) . . . .

Moreover, there hold inf S(A(τ)) = −∞ and supS(A(τ)) = +∞.

Then we computed an asymptotic expansion of the eigenpairs of Aδ. We showed that they get
closer and closer to the eigenpairs of the model operator Aδ ⊂ A∗ such that

Aδv = −div(σ0∇v)

D(Aδ) = span{ s+ + (δ/δ•)2iηs− } ⊕D(A).
(1.71)

Here δ• > 0 is some quantity that we can characterize. Since |(δ/δ•)2iη| = 1, according to Propo-
sition 1.5.4, we know that Aδ is self-adjoint for δ > 0 (observe that with the definition (1.70),
we have Aδ = A(2η ln(δ/δ•)). Denote {Λδ

j}j∈Z the set of ordered eigenvalues, counted with their
multiplicities, of Aδ. For δ0 > 0, one can show that for each fixed j ∈ Z, the function δ 7→ Λδ

j is
bounded over (0; δ0].
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Remark 1.5.6 When δ1, δ2 > 0 are such that (δ1/δ•)2iη = (δ2/δ•)2iη ⇔ ln δ1 = ln δ2 + kπ/η for
some k ∈ Z, we have D(Aδ1) = D(Aδ2), so that Aδ1 = Aδ2 and S(Aδ1) = S(Aδ2). Therefore, for
each fixed j ∈ Z, the map δ 7→ Λδ

j is π/η-periodic in ln δ-scale.

Remark 1.5.7 As already used in (1.39), there is an element ζ ∈ D(A∗) \ D(A) admitting the
decomposition ζ = s− + cζ s

+ + ζ̃ with cζ ∈ C such that |cζ | = 1 and ζ̃ ∈ D(A). When δ > 0 is such
that (δ/δ•)2iη = cζ , the function ζ belongs to D(Aδ). In this case, we have 0 ∈ S(Aδ). Together
with Remark 1.5.6, this shows that the set of values of δ such that Aδ is not injective accumulates
at zero. Figure 1.21 illustrates the phenomenon.

cζ

1 (δ/δ•)2iη

Figure 1.21: As δ goes to zero, (δ/δ•)2iη runs on the unit circle and hits cζ infinitely many times.

The main theorem proved in [158] is as follows.

Theorem 1.5.8 Assume that σ−/σ+ ̸= −1 belongs to the critical interval and that the only u ∈
H1

0(Ω) such that div (σ0∇u) = 0 is zero.
Let {λδ

j}j∈Z refer to the set of ordered eigenvalues of the original operator Aδ defined in (1.69).
Let {Λδ

j}j∈Z refer to the set of ordered eigenvalues of the model operator Aδ defined in (1.71).
Then for any j ∈ Z, β > 0, there is a constant Cj, β > 0 independent of δ ∈ (0; δ0] such that

inf
λ∈S(Aδ)

|Λδ
j − λ| + inf

Λ∈S(Aδ)
|λδ

j − Λ| ≤ Cj, β δ
1−β.

Theorem 1.5.8 guarantees that all the eigenvalues of the original operator Aδ behave as the eigen-
values of the model operator Aδ as δ goes to zero. Since the eigenvalues of Aδ are periodic in
ln δ-scale, this demonstrates that, asymptotically, all the eigenvalues of Aδ are periodic in ln δ-scale
as δ → 0.

Let us conclude this paragraph by presenting some numerical illustrations of the above results. We
work again in the configuration described in (1.67) and solve (1.68) by a finite element method.

• Outside the critical interval [−1; −1/3]
In Figure 1.22, we display the ten eigenvalues of smallest modulus of (1.68) with respect to − ln δ
for a contrast σ−/σ+ = −1 − 10−4 /∈ [−1; −1/3]. In this case, the limit problem for δ = 0 is
well-posed in the Fredholm sense in H1

0(Ω). The operator A0 : D(A0) → L2(Ω0) is self-adjoint and
has compact resolvent. The dashed lines in Figure 1.22 represent the approximation of the ten
eigenvalues of smallest modulus of the limit operator A0. The numerical experiments suggest that
the spectrum of Aδ converges to the spectrum of A0 as δ → 0, which is something that we can
prove rigorously.
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Figure 1.22: For a given δ ∈ (0; δ0], we approximate the ten eigenvalues of smallest modulus of
the operator Aδ. Then, we make δ tend to zero. The figure represents the approximation of the
spectrum of Aδ with respect to − ln δ. The horizontal dashed lines correspond to the approximation
of the ten eigenvalues of smallest modulus of the limit operator A0.

• Inside the critical interval (−1; −1/3)
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Figure 1.23: Same quantities as in Figure 1.22 but this time for σ−/σ+ = −1 + 10−4 (inside the
critical interval). The vertical dashed lines correspond to the expected values of δ = δn for which
Aδ fails to be injective.

In Figure 1.23, we display the ten eigenvalues of smallest modulus of (1.68) with respect to − ln δ
for a contrast κσ = σ−/σ+ = −1 + 10−4 ∈ (−1; −1/3). We observe that the spectrum of Aδ

depends on δ even for small δ. In other words, it does not converge to the spectrum of some
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operator independent of δ. The dashed lines correspond to the expected values of δ = δn, computed
explicitly using separation of variables, for which Aδ fails to be injective, or equivalently, for which
zero belongs to the spectrum of Aδ. Notice that the spectrum computed numerically indeed passes
through zero for these values of δ. Figures 1.24 and 1.25 represent respectively the approximation
of the first positive and the first negative eigenvalue of Aδ with respect to − ln δ. Note the periodic
behavior. This is consistent with what we proved in Theorem 1.5.8.
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Figure 1.24: First positive eigenvalue of Aδ with respect to − ln δ (same setting as in Figure 1.23).
The vertical dashed lines correspond to the expected values of δ = δn for which Aδ is not injective.
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Figure 1.25: First negative eigenvalue of Aδ with respect to − ln δ (same setting as in Figure 1.23).
The vertical dashed lines correspond to the expected values of δ = δn for which Aδ is not injective.

Remark 1.5.9 For an interface with a corner and a contrast inside the critical interval, adding
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dissipation as in (1.26) and rounding the corner as above can be seen as two ways of regularizing
Problem (1.2) which is ill-posed in H1

0(Ω). It is interesting to note however that they lead to
different limit behaviors when the regularization parameter tends to zero. In the first case, the
solution converges to the one in the framework span(s+) ⊕ V̊1

−β(Ω). This is the limiting absorption
principle mentioned in item iii) after (1.39) which selects a limit operator which is not self-adjoint.
In the second case, the regularized operator gets closer and closer to a self-adjoint operator which
depends on the regularization parameter δ and does not converge when δ → 0.

1.5.2 Spectrum for a small inclusion of negative material

δ

Ωδ
+

Ωδ
−

Figure 1.26: Small inclusion of negative material.

With X. Claeys and S.A. Nazarov, in [157], we were also interested in the asymptotic analysis
of the spectral problem (1.68) in presence of a small smooth inclusion of negative material of
diameter proportional to δ (see Figure 1.26) when κσ ̸= −1. The question that motivated us was
the following. When δ is positive, as in Proposition 1.5.2, the spectrum of (1.68) is made of two
sequences of eigenvalues tending respectively to ±∞. At the limit δ = 0, the inclusion disappears,
σ0 = σ+ is positive everywhere, and therefore the spectrum of (1.68) is a sequence of eigenvalues
tending to +∞. What happens to the negative eigenvalues when δ → 0?

In [157], we showed that the positive spectrum of (1.68) converges to the spectrum of the
limit problem without the inclusion of negative material. On the other hand, we proved that
negative eigenvalues behave as δ−2Λn, where the Λn < 0 are the eigenvalues of some inner field
problem set in the whole space R2 with a normalized negative inclusion. We further established
that the eigenfunctions associated with negative eigenvalues are localized in the vicinity of the
small inclusion (see the illustration of Figure 1.27).

The main difficulty in the analysis comes from the justification of the formal asymptotic analysis.
To proceed, we establish uniform boundedness of the inverse of Aδ in terms of weighted norms
involving the small parameter δ. The proof of this important result (Proposition 3.1 in [157]) is
made difficult by the change of sign of σδ which prevents the use of variational arguments. Again
we use the efficient technique of overlapping cut-off functions introduced in [352, Chap. 2], [370].
Finally, let us mention that for other spectral problems involving sign-changing coefficient, one can
look at [351] where the authors present a study of bifurcations for a nonlinear problem and [133]
where scattering resonances in free space are considered.



44 Chapter 1. Problems with sign-changing coefficients

Figure 1.27: Eigenfunctions associated with the first negative (left) and positive (right) eigenvalues
of (1.68). First line: δ = 0.5, second line δ = 0.05. The inclusion of negative material is an ellipse
of diameter proportional to δ and κσ = −2.5. Eigenfunctions associated with the positive (resp.
negative) eigenvalues are localized in the positive (resp. negative) material.

1.6 Homogenization of Maxwell’s equations

During the PhD of M. Rihani, with R. Bunoiu and K. Ramdani, we studied in [108] the homoge-
nization process for time-harmonic Maxwell’s equations in the presence of δ−periodically distributed
inclusions of negative material embedded into a dielectric material (see Figure 1.28 for a typical con-
figuration). The main objective was to clarify if the homogenization process is doable in this context
and if so, to determine what are the properties of the corresponding homogenized material. For
scalar problems, the first homogenization results have been obtained in [109] using the T-coercivity
approach of [79]. More precisely, it is shown therein that for negative contrasts close to zero, the
scalar problem with Dirichlet boundary conditions can be homogenized. In particular, it is proved
that under this assumption on the contrast, the solution of the problem in the composite material
is well-defined for δ small enough and that it two-scale converges (see [389, 9]) to the solution of
a well-posed problem set in a homogeneous material. These results have been extended in [85],
through the analysis of the spectrum of the Neumann-Poincaré operator. The authors demonstrate
that the homogenization process is possible provided that the contrast belongs to (−∞; −1/α) or
(−α; 0) for some α ∈ (0; 1). However, the value of α is not explicit. The outcome of [108] is dou-
ble. First, we characterize these bounds appearing in the assumptions on the contrast under which
homogenization can be performed. Second, we explain how to deal with Maxwell’s equations. Let
us describe this in more detail.

1.6.1 Main analysis

Let Ω ⊂ R3 be a bounded domain as in §1.4.1. We consider a situation where Ω is filled with
a composite electromagnetic material constituted of periodically distributed inhomogeneous cells
of small size δ > 0. More precisely, let Y = (0; 1)3 denote the reference cell and assume that Y
contains two materials:

• a metamaterial with negative dielectric permittivity ε− < 0 and magnetic permeability µ− < 0
located inside a connected domain Y− ⊂ Y with Lipschitz boundary ∂Y− such that Y− ⊂ Y ;

• a dielectric material with positive dielectric permittivity ε+ > 0 and magnetic permeability
µ+ > 0 filling the region Y+ := Y \ Y−.
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Figure 1.28: Example of a periodic material (left) and corresponding reference cell Y (right).

The assumption Y− ⊂ Y is important. When the inclusion Y− meets the boundary of the cell ∂Y ,
for example in laminar materials, phenomena different from the ones described below can appear.
We refer the reader to [85, Appendix A] for more details concerning the scalar problem in this case.
To simplify the presentation, we assume that ε−, ε+, µ− and µ+ are constant. Set

κε := ε−
ε+

< 0, κµ := µ−
µ+

< 0,

and define in the reference cell the two real-valued functions ε, µ ∈ L∞(Y ) such that

ε(y) = ε+ 1Y+(y) + ε− 1Y−(y), µ(y) = µ+ 1Y+(y) + µ− 1Y−(y),

where for a set S, 1S(·) stands for the indicator function of S. For any δ > 0 and any integer vector
k ∈ Z3, we define the shifted and scaled sets Y δ

−k, Y δ
+k, Y δ

k such that

Y δ
−k := {x ∈ R3 | (x− k)/δ ∈ Y−}
Y δ

+k := {x ∈ R3 | (x− k)/δ ∈ Y+}
Y δ

k := {x ∈ R3 | (x− k)/δ ∈ Y }.

We denote by Kδ the set of k ∈ Z3 such that Y δ
k ⊂ Ω. We assume that the metamaterial fills the

region
Ωδ

− :=
⋃

k∈Kδ

Y δ
−k,

while the complementary set in Ω
Ωδ

+ = Ω \ Ωδ
−

is occupied by the dielectric. Finally we define the macroscopic dielectric permittivity εδ and the
magnetic permeability µδ in Ω such that

εδ(x) = ε+ 1Ωδ
+

(x) + ε− 1Ωδ
−

(x), µδ(x) = µ+ 1Ωδ
+

(x) + µ− 1Ωδ
−

(x).

As in Section 1.4, we can reduce the analysis of Maxwell’s equations to the study of the following
problem for the electric field

(Pδ)
Find Eδ ∈ HN (curl ) such that�

Ω
(µδ)−1curlEδ · curlE′ − ω2εδEδ ·E′ dx = iω

�
Ω
J ·E′ dx, ∀E′ ∈ HN (curl ).

(1.72)
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As we have seen in Section 1.4, the well-posedness of (1.72) relies on the invertibility of the two
scalar operators Aδ

ε : H1
0(Ω) → H1

0(Ω), Aδ
µ : H1

#(Ω) → H1
#(Ω) such that

(∇(Aδ
εφ),∇φ′)Ω =

�
Ω
εδ∇φ · ∇φ′ dx, ∀φ,φ′ ∈ H1

0(Ω)

(∇(Aδ
µφ),∇φ′)Ω =

�
Ω
µδ∇φ · ∇φ′ dx, ∀φ,φ′ ∈ H1

#(Ω).

More precisely, in order to consider the limit of (1.72) as δ tends to zero, we need a result of uniform
invertibility of Aδ

ε, Aδ
µ, i.e. we have to show the existence of some δ0 > 0 such that Aδ

ε, Aδ
µ are

invertible for all δ ∈ (0; δ0] together with the estimate

∥(Aδ
ε)−1∥ + ∥(Aδ

µ)−1∥ ≤ C,

where C > 0 is independent of δ ∈ (0; δ0]. Introduce the Hilbert spaces of functions defined in the
reference cell Y

H0 := {φ ∈ H1
0(Y ) | ∆φ = 0 in Y+ ∪ Y−}

H⋄ := {φ ∈ H1
⋄(Y ) | ∆φ = 0 in Y+ ∪ Y−}

where H1
⋄(Y ) := {φ ∈ H1(Y ) |

�
∂Y−

φ dσ = 0}. Define the function φD ∈ H0 such that φD = 1 in
Y− and set

Ĥ0 := {φ ∈ H0 | (∇φ,∇φD)Y = 0}
Ĥ⋄ := {φ ∈ H⋄ | ∂nφ = 0 on ∂Y }.

(1.73)

Then define the (positive) constants

m := inf
φ∈Ĥ0\{0}

∥∇φ∥2
Y−

∥∇φ∥2
Y+

, M := sup
φ∈Ĥ⋄\{0}

∥∇φ∥2
Y−

∥∇φ∥2
Y+

. (1.74)

We emphasize that m and M are independent of δ. Our criteria of uniform invertibility of Aδ
ε, Aδ

µ

are as follows ([108, Thm. 3.14], see also §1.6.2 below for some intuition).

Theorem 1.6.1 Let m, M be the constants defined in (1.74).
When κε ∈ (−∞; −1/m) ∪ (−1/M ; 0), Aδ

ε : H1
0(Ω) → H1

0(Ω) is uniformly invertible as δ → 0.
When κµ ∈ (−∞; −1/m) ∪ (−1/M ; 0), Aδ

µ : H1
#(Ω) → H1

#(Ω) is uniformly invertible as δ → 0.

We then turn to the definition of the homogenized problem associated with (1.72). Denote by
C ∞

per(Y ) the subset of functions of C ∞(Y ) satisfying periodic boundary conditions on ∂Y . Let
H1

per(Y ) be the closure of C ∞
per(Y ) for the norm of H1(Y ). Then set

H1
per,⋄(Y ) := {φ ∈ H1

per(Y ) |
�

∂Y−

φdσ = 0}.

We endow this space with the inner product (∇·,∇·)Y . Assume that the contrasts κε and κµ are
located in (−∞; −1/m) ∪ (−1/M ; 0). For η = ε or µ and j = 1, 2, 3, we can show ([108, Thm. 4.1])
that there are unique functions χη

j ∈ H1
per,⋄(Y ) such that

(η∇χη
j ,∇ξ)Y = (η∇yj ,∇ξ)Y , ∀ξ ∈ H1

per,⋄(Y ).

The homogenized tensor associated with η is classically defined as the 3 × 3 symmetric matrix
H (η) = (Hjk(η))1≤j,k≤3 given by (see, for instance, [183])

Hjk(η) =
1

|Y |

�
Y
η∇(yj − χη

j ) · ∇(yk − χη
k) dy.

Though H (ε), H (µ) involve sign-changing coefficients, we proved the following non-intuitive result
([108, Prop. 4.2]).
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Proposition 1.6.2 Assume that κε (resp. κµ) ∈ (−∞; −1/m)∪(−1/M ; 0) where m, M are defined
in (1.74). Then the matrix H (ε) (resp. H (µ)) is positive definite.

Then we can define the effective problem

(Peff)
Find Eeff ∈ HN (curl ) such that for all E′ ∈ HN (curl )�

Ω
H (µ)−1curlEeff · curlE′ − ω2H (ε)Eeff ·E′ dx = iω

�
Ω
J ·E′ dx.

(1.75)

By exploiting Proposition 1.6.2, when κε, κµ ∈ (−∞; −1/m) ∪ (−1/M ; 0), one classically proves
that (Peff) admits a unique solution for all

ω2 ∈ C \ Λeff (1.76)

where Λeff is a discrete subset of [0; +∞). Then by working with the T-coercivity for Maxwell’s
equations as in Section 1.4 (a result of uniform compactness is also needed), we establish the
following stability result.

Proposition 1.6.3 Assume that κε, κµ ∈ (−∞; −1/m) ∪ (−1/M ; 0) where m, M are defined in
(1.74). Assume that ω2 ∈ C \ Λeff where Λeff appears in (1.76). Then, there exists δ0 > 0 such that
for all δ ∈ (0; δ0], problem (Pδ) admits a unique solution Eδ. Moreover we have the estimate

∥Eδ∥L2(Ω) + ∥curlEδ∥L2(Ω) ≤ C ∥J∥L2(Ω) (1.77)

where C > 0 is independent of δ ∈ (0; δ0].

Finally, by applying classical tools of homogenization which are insensitive to the change of sign of
ε, µ, we obtained in [108] the following final result.

Theorem 1.6.4 Assume that κε, κµ ∈ (−∞; −1/m)∪(−1/M ; 0) where m, M are defined in (1.74).
Assume that ω2 ∈ C \ Λeff where Λeff appears in (1.76). Then, there exists δ0 > 0 such that for
δ ∈ (0; δ0], the solution Eδ of problem (Pδ), which is well-defined according to Proposition 1.6.3,
satisfies

Eδ ⇀ Eeff and curlEδ ⇀ curlEeff weakly in L2(Ω)

where Eeff is the unique solution of problem (Peff) given by (1.75).

Let us mention that in [108], we only prove weak convergence results. Strong convergence results
(using correctors) for Maxwell’s equations with positive materials have been obtained in [454, 455].
It would be interesting to understand if we can adapt the approach proposed in these two articles
to our setting. On the other hand, it is not completely clear that doing homogenization of negative
materials is some goal for physicists. In practice, it is already difficult to get negative coefficients
without too much dissipation. And at the end, we see that we lose the negative material effect.
The interest here lies more in the mathematical justification of the homogenization process, and
more precisely in the derivation of bounds for the fields which are uniform with respect to δ, the
main difficulty being that the geometry changes as δ tends to zero so that non zero kernel that we
should avoid may appear.

1.6.2 Optimality of the criterion and connection to the Neumann-Poincaré op-
erator

Let us discuss the criterion of invertibility of the scalar operators we have obtained above. We
focus our attention on the analysis of Aδ

ε and to simplify, assume that Ω is a bounded domain of
R2 which contains only one connected inclusion Ω− such that Ω− ⊂ Ω (see Figure 1.2). Therefore
below we remove the index δ. We also assume that ∂Ω− is of class C 2. This is important to ensure
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that the spectrum of Problem (1.79) below is discrete. In this case Aε is Fredholm of index zero
when κε ̸= −1. Therefore when κε ̸= −1, the operator Aε is an isomorphism if and only if it is
injective. As it has been observed in different works, see in particular [85], and as we recall below, the
question of the injectivity of Aε is directly linked to the spectrum of the so-called Neumann-Poincaré
operator. The latter has been widely studied when Ω is the whole space Rd. For this problem,
among the references, let us cite [424, 5, 440, 442, 299, 246, 245, 419, 87, 88, 244]. Below, we use
a symmetrization argument similar to the one used in [299]. We work with Dirichlet-to-Neumann
maps following the approach of [244].

Spectrum of the Neumann-Poincaré operator

Set Σ := ∂Ω− and introduce the two Dirichlet-to-Neumann operators Λ+ : H1/2(Σ) → H−1/2(Σ),
Λ− : H1/2(Σ) → H−1/2(Σ) such that for φ ∈ H1/2(Σ), we have Λ+φ = ∂n+u+, Λ−φ = ∂n−u− where
u+, u− solve respectively the problems

∆u+ = 0 in Ω+
u+ = 0 on ∂Ω
u+ = φ on Σ

∆u− = 0 in Ω−
u− = φ on Σ. (1.78)

Here n± denotes the outward unit normal vector to ∂Ω±. Define also the lifting operator
R : H1/2(Σ) → H1

0(Ω) such that Rφ = u± in Ω±, where u+, u− are the solutions to (1.78).

If u belongs to kerAε \ {0} then we have div (ε∇u) = 0 in Ω and so in particular

ε+∂n+u+ = ε−∂n+u− ⇔ ∂n+u+ = −κε∂n−u− on Σ.

Therefore φ := u|Σ ∈ H1/2(Σ) \ {0} satisfies Λ+φ = −κεΛ−φ. This implies

(Λ+ − Λ−)φ = −(κε + 1)Λ−φ, (Λ+ + Λ−)φ = (1 − κε)Λ−φ,

and so we find that the pair (α,φ), with α := (κε + 1)/(κε − 1) ∈ (−1; 1), is a solution to the
generalized eigenvalue problem

Find (α,φ) ∈ R × (H1/2(Σ) \ {0}) such that
Λdφ = αΛsφ

(1.79)

with Λd := Λ+ − Λ− (d for difference), Λs := Λ+ + Λ− (s for sum). Reciprocally, assume that
(α,φ) is a solution to (1.79) with α ∈ (−1; 1). Then, Rφ ∈ H1

0(Ω) is an element of kerAε \ {0} for
κε = (α + 1)/(α − 1) ∈ (−∞; 0). This shows that it is sufficient to determine the eigenvalues of
Problem (1.79) to study the injectivity of Aε. Note that the spectrum of (1.79) coincides with the
spectrum of the Neumann-Poincaré operator.

Theorem 1.6.5 The spectrum of the generalized eigenvalue problem (1.79) is discrete and coincides
with two sequences of real numbers (α−

n )n∈N∗, (α+
n )n∈N such that

−1 < α−
1 ≤ α−

2 ≤ · · · ≤ 0 and 1 = α+
0 > α+

1 ≥ · · · ≥ 0

and limn→+∞ α±
n = 0.

Proof. First, we show that Λs : H1/2(Σ) → H−1/2(Σ) is an isomorphism. Consider some ψ ∈
H−1/2(Σ). If φ ∈ H1/2(Σ) satisfies Λsφ = ψ, then Rφ is a solution to

Find u ∈ H1
0(Ω) such that

(∇u,∇v) = ⟨ψ, v⟩Σ , ∀v ∈ H1
0(Ω).

(1.80)
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Reciprocally, assume that u is a solution to (1.80). Then the function φ := u|Σ satisfies Λsφ = ψ. Ac-
cording to the Lax-Milgram theorem, Problem (1.80) admits a unique solution for all ψ ∈ H−1/2(Σ).
We infer that Λs : H1/2(Σ) → H−1/2(Σ) is indeed an isomorphism.

Now, remarking that Λ+, Λ− have the same principal symbol and using standard arguments
of pseudo-differential operators theory (work as in the proof of [245, Thm. 1]), we can show that
Λd = Λ+ −Λ− : H1/2(Σ) → H−1/2(Σ) is compact. We emphasize that the assumption of smoothness
of Σ here is important.

Using the Riesz representation theorem, define the operator K : H1/2(Σ) → H1/2(Σ) such that

(Kφ,φ′)Σ = ⟨Λdφ,φ
′⟩Σ for all φ,φ′ ∈ H1/2(Σ). (1.81)

Here, we use the notation (·, ·)Σ := ⟨Λs·, ·⟩Σ. Note that according to the features of Λs, the latter
form is an inner product in H1/2(Σ) equivalent to the usual one. Remark that (α,φ) is an eigenpair
for (1.79) if and only if we have Kφ = αφ. But due to the properties of Λd, K is a selfadjoint and
compact operator. Therefore, the spectrum of (1.79) coincides with a sequence of real eigenvalues
which accumulate at zero. We can use the min-max principle (see [473, Chap. 3]) to characterize
these eigenvalues. We have

α+
1 = sup

φ∈H1/2(Σ)\{0}

⟨Λdφ,φ⟩Σ
⟨Λsφ,φ⟩Σ

.

By the min-max principle, we know that this sup is attained for some φ+
1 . By induction, for n ≥ 2,

we define
α+

n = sup
φ ∈ H1/2(Σ) \ {0},

φ ⊥ {φ+
1 , . . . , φ+

n−1}

⟨Λdφ,φ⟩Σ
⟨Λsφ,φ⟩Σ

. (1.82)

Here, if φ, φ′ are two elements of H1/2(Σ), we write φ ⊥ φ′ when (φ,φ′)Σ = ⟨Λsφ,φ
′⟩Σ =

(∇(Rφ),∇(Rφ′))Ω = 0. Similarly, we define

α−
1 = inf

φ∈H1/2(Σ)\{0}

⟨Λdφ,φ⟩Σ
⟨Λsφ,φ⟩Σ

, (1.83)

and, by induction, for n ≥ 2,

α−
n = inf

φ ∈ H1/2(Σ) \ {0},

φ ⊥ {φ−
1 , . . . , φ−

n−1}

⟨Λdφ,φ⟩Σ
⟨Λsφ,φ⟩Σ

. (1.84)

Observing that for all φ ∈ H1/2(Σ) \ {0} we have

⟨Λdφ,φ⟩Σ
⟨Λsφ,φ⟩Σ

= 1 − a

1 + a
, with a = ⟨Λ−φ,φ⟩Σ/⟨Λ+φ,φ⟩Σ ≥ 0,

we deduce that there holds α±
n ∈ [−1; 1] for all n ∈ N∗. Taking φ = φD|Σ where

φD ∈ H1
0(Ω) is the function such that ∆φD = 0 in Ω+ ∪ Ω−, φD = 1 on Σ, (1.85)

we find a = 0 and so ⟨Λdφ,φ⟩Σ/⟨Λsφ,φ⟩Σ = 1. We deduce that α+
0 = 1. Now, if α+

1 = 1, then
there is φ ∈ H1/2(Σ) \ {0} such that ⟨Λ−φ,φ⟩Σ = 0 and Rφ ∈ Ĥ0 \ {0} where as in (1.73),

H0 := {φ ∈ H1
0(Ω) | ∆φ = 0 in Ω+ ∪ Ω−}

Ĥ0 := {φ ∈ H0 | (∇φ,∇φD)Ω = 0}.

This is impossible and therefore there holds α+
1 < 1. Similarly, if α−

1 = −1, then there exists
φ ∈ H1/2(Σ) \ {0} such that ⟨Λsφ,φ⟩Σ = 0. This cannot happen, which implies that α−

1 > −1.
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Optimal invertibility conditions

κ

α

1

−1

α+
1

κ+
1

α−
1

κ−
1

−1

Figure 1.29: Correspondence between the κ±
n and the α±

n .

From the discussion preceding the statement of Theorem 1.6.5, we obtain the following result.

Theorem 1.6.6 For κε ∈ (−∞; 0) \ {−1}, the operator Aε : H1
0(Ω) → H1

0(Ω) is an isomorphism if
and only if

κε /∈ {κ+
n , n ∈ N∗} ∪ {κ−

n , n ∈ N∗} where κ±
n :=

α±
n + 1
α±

n − 1
, (1.86)

the α±
n being defined in (1.82)–(1.84).

Observing that the map α 7→ (α+ 1)/(α− 1) is decreasing on (−1; 1) (see Figure 1.29), we deduce
in particular from Theorem 1.6.6 that Aε is an isomorphism for

κε ∈ (−∞;κ+
1 ) ∪ (κ−

1 ; 0). (1.87)

Comparison with existing literature

In certain articles, see e.g. [79, 109], authors considered the T-coercivity approach with some
operators T constructed globally and not via local geometric transformations. In particular, they
worked with T : H1

0(Ω) → H1
0(Ω) such that

Tφ = φ in Ω+
−φ+ 2R(φ|Σ) in Ω−

(1.88)

where the harmonic lifting R is defined in (1.78). We have T ◦ T = Id which shows that T is an
isomorphism of H1

0(Ω). On the other hand, for all φ ∈ H1
0(Ω), we find

(∇(Aεφ),∇(Tφ))Ω = ε+∥∇φ∥2
L2(Ω+) + |ε−|∥∇φ∥2

L2(Ω−) + 2ε−(∇φ,∇R(φ|Σ))Ω− . (1.89)

Set

M̃ := sup
φ∈H1

0(Ω)\{0}

∥∇R(φ|Σ)∥2
Ω−

∥∇φ∥2
Ω+

.

Using Young’s inequality, from (1.89) we infer that for all τ > 0, there holds

(∇(Aεφ),∇(Tφ))Ω ≥ (ε+ − τ−1|ε−|M̃)∥∇φ∥2
L2(Ω+) + |ε−|(1 − τ)∥∇φ∥2

L2(Ω−).

We deduce that when ε+ > |ε−|M̃ ⇔ κε = ε−/ε+ > −1/M̃ , the operator Aε is an isomorphism of
H1

0(Ω). But using the characterization of α−
1 in (1.83), we can prove that the bound −1/M̃ coincides

with the κ−
1 appearing in (1.87). Therefore the T-coercivity approach with T constructed as in (1.88)

shows that Aε is an isomorphism for κε ∈ (κ−
1 ; 0). Thus, though this T is not optimal to establish

that Aε is a Fredholm operator, it is very efficient to demonstrate that it is an isomorphism.
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T-coercivity operator in the general case

Finally, we explain how to construct operators of T-coercivity for contrasts κε as in the statement
of Theorem 1.6.6, in particular for contrasts in

(κ+
1 ;κ−

1 ).

First, we reindex the eigenvalues {α−
n }n≥1, {α+

n }n≥1 and denote them {αn}n≥1. Let (φn) be a family
of eigenfunctions of the operator K introduced in (1.81) associated with the αn. We choose them
so that the functions Rφn, n ≥ 1, form an orthonormal basis of Ĥ0 (see (1.73)). Now we define
the operator TD : H1

0(Ω) → H1
0(Ω) such that for φ = φ̂h + Φh + φ̃ with φ̂h = ∑

n∈N∗ γnRφn ∈ Ĥ0,
Φh ∈ span{φD} (see (1.85) for the definition of φD) and φ̃ ∈ H1

0(Ω+ ∪ Ω−), there holds

TDφ =
∑

n∈N∗ tnγnRφn + Φh + φ̃ in Ω+∑
n∈N∗ tnγnRφn + Φh − φ̃ in Ω−.

(1.90)

Here we take tn = 1 for n such that κε > κn := (αn + 1)/(αn − 1) and tn = −1 otherwise.
The operator TD is valued in H1

0(Ω) and we have TD ◦ TD = Id which guarantees that TD is an
isomorphism of H1

0(Ω).

Proposition 1.6.7 Assume that κε ̸= −1 is such that for all n ∈ N∗, we have κε ̸= κn with

κn =
αn + 1
αn − 1.

Let TD : H1
0(Ω) → H1

0(Ω) denote the isomorphism defined in (1.90). Then (∇(Aε·),∇(TD·))Ω is
coercive in H1

0(Ω). As a consequence, Aε : H1
0(Ω) → H1

0(Ω) is an isomorphism.

Proof. For all φ ∈ H1
0(Ω), we find

(ε∇φ,∇(TDφ))Ω =
∑

n∈N∗
tn |γn|2(ε∇(Rφn),∇(Rφn))Ω + (ε+∇Φh,∇Φh)Ω+ + (|ε|∇φ̃,∇φ̃)Ω. (1.91)

But by the definition of the κn, we have, for all n ∈ N∗,

(∇(Rφn),∇(Rφn))Ω+ = −κn(∇(Rφn),∇(Rφn))Ω− .

This allows us to write∑
n∈N∗

tn |γn|2(ε∇(Rφn),∇(Rφn))Ω = ε+
∑

n∈N∗
tn |γn|2(κε − κn)(∇(Rφn),∇(Rφn))Ω−

= ε+
∑

n∈N∗
|γn|2|κε − κn|(∇(Rφn),∇(Rφn))Ω− .

(1.92)

Observing that we have ∥∇(Rφn)∥2
L2(Ω−) ≥ infm∈N∗ |κm|−1∥∇(Rφn)∥2

L2(Ω+) (note that the sequence
(|κm|) is bounded), from (1.92) we obtain∑

n∈N∗
tn |γn|2(ε∇(Rφn),∇(Rφn))Ω ≥ C inf

n∈N∗
|κε − κn|

∑
n∈N∗

|γn|2∥∇(Rφn)∥2
L2(Ω). (1.93)

Finally, using (1.93) into (1.91), we get (ε∇φ,∇(TDφ))Ω ≥ C infn∈N∗ |κε − κn| ∥∇φ∥2
L2(Ω) for all

φ ∈ H1
0(Ω) which proves that (∇(Aε·),∇(TD·))Ω is coercive in H1

0(Ω).
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Remark 1.6.8 For the problem of homogenization (1.72), for each value of δ > 0, from Theorem
1.6.6, we deduce that well-posedness is ensured when κε ̸= −1, κµ ̸= −1 are such that

κε /∈ {κδ+
ε,n, n ∈ N∗} ∪ {κδ−

ε,n, n ∈ N∗}, κµ /∈ {κδ+
µ,n, n ∈ N∗} ∪ {κδ−

µ,n, n ∈ N∗},

where the κδ±
ε,n, κδ±

µ,n are defined as the κ±
n in (1.86) for the operators Aε

δ, Aµ
δ . To obtain the uniform

estimate (1.77), we need κε, κµ to avoid the sets⋃
δ∈(0;δ0]

{κδ+
ε,n, n ∈ N∗} ∪ {κδ−

ε,n, n ∈ N∗},
⋃

δ∈(0;δ0]
{κδ+

µ,n, n ∈ N∗} ∪ {κδ−
µ,n, n ∈ N∗}. (1.94)

We proved in Theorem 1.6.1 that this is true when κε, κµ belong to (−∞; −1/m)∪(−1/M ; 0), where
m, M are defined in (1.74). We do not know if these bounds are optimal or not. On the other
hand, we could imagine that in certain situations the sets (1.94) are not intervals and that they
have gaps. For contrasts inside these gaps, one could think to prove homogenization results but this
has to be studied.

Historical digression

Following the very interesting introduction of [299], let us explain how the name of Poincaré appears
in this story, though plasmonic technologies and negative metamaterials were unknown to him. In
1897, in the article [424], he considered the following question:

Let Σ be a smooth closed surface enclosing some domain Ω− ⊂ R3. Let uφ be the potential
associated to an electrostatic charge φ distributed on Σ. If we normalize the total energy in
R3, what is the minimum of energy in Ω−?

With our notation, this writes: what is

inf
φ ̸≡0

�
Ω−

|∇uφ|2 dx
�
R3

|∇uφ|2 dx
where uφ satisfies

∆uφ = 0 in R3 \ Σ
uφ = φ on Σ

?

The answer is simple, this infimum is zero and it is attained for φ ≡ 1. But then Poincaré continued.

What is the infimum of the same quantity under the additional condition uφ orthogonal to u1?

In our language: what is

inf
φ ̸≡0, uφ⊥u1

�
Ω−

|∇uφ|2 dx
�
R3

|∇uφ|2 dx
where uφ ⊥ u1 means

�
R3

∇uφ · ∇u1 dx = 0?

With our modern tools, we can show that this infimum, equal to λ ∈ (0; 1), is attained, for some
φ = φ2. Classically, it is characterized by the variational equality

�
Ω−

∇u2 · ∇v dx = λ

�
R3

∇u2 · ∇v dx, ∀v ∈ C ∞
0 (R3), (1.95)

where we write u2 instead of uφ2 . Identity (1.95) can be equivalently expressed as
�

Ω+

∇u2 · ∇v dx+ (1 − λ−1)
�

Ω−

∇u2 · ∇v dx = 0,
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where Ω+ := R3 \ Ω−. Therefore we see that u2 satisfies

div (ε∇u2) = 0 in R3 with ε =
1 in Ω+

1 − λ−1 in Ω−.
(1.96)

Thus solving the Poincaré problem gives a ratio of energy such that the parameter ε defined via
(1.96), which changes sign in Ω, is such that the operator div (ε∇·) : H1(R3) → (H1(R3))′ has a non
zero kernel. Then we can iterate the process by looking at the successive infima with the constraint
uφ ⊥ {u1, . . . , un}, where we write un instead of uφn , φn being a charge for which the infimum is
attained at step n.

1.7 Future directions and open questions

Let us present here additional questions or directions that it would be interesting to consider.

i) Concerning the approximation of the solutions of (1.3) by classical finite element methods
(see Problem (1.25)), without mesh assumptions, we still do not know how to justify the conver-
gence when h tends to zero. Numerically, in general we do not observe much problems when the
contrast is not too close to the critical interval and as soon as the interface is included in the
skeleton of the mesh but this may appear, as pointed out in the recent work [261]. For alternative
methods whose convergence can be justified, we refer the reader to [182, 2, 113, 259].
ii) In Section 1.3, we explained how to define a new functional framework to recover Fredholmness
when the interface has a corner in 2D and for a contrast inside the critical interval. During the
PhD of M. Rihani, we extended the analysis in 3D for conical tips. In 3D, one can also have edges
or intersections of edges in the interface between the two materials. In that case, computing the
singularities and playing with them to define a new setting where one has well-posedness is an
open question. Let us mention that this study shares similarities with certain works concerning
time-harmonic Maxwell’s equations in magnetized plasma. Indeed, some cold plasma models lead
to consider smooth ε which change sign. Due to the smoothness of ε, there are lines or surfaces
where ε vanishes, something that we exclude in our case. This is responsible for the phenomenon
of hybrid resonance near the interface (see e.g. [210, 398]) which obliges one to modify the usual
functional framework to get well-posed problems.
iii) In 3D for the conical tip, we mentioned that one may have several propagating singularities.
We explained that we define, in accordance with the limiting absorption principle, the outgoing
singularities as the ones which bring energy to the corner point. In certain situations, this leads
us to select outgoing singularities with ηn (in the power r−1/2+iηn) of different signs. This is like
having so called inverse modes in waveguides. In that case, the numerical method proposed in
§1.3.3 based on the use of the PMLs at the tips fails to capture the physical solution and must be
adapted (see [64] for a repair).
iv) In the introduction, we mentioned that negative metamaterials are actually assemblies of small
resonators and that the negative effect is obtained after a homogenization process. In his PhD
[48] supervised by X. Claeys and S. Fliss, C. Beneteau proposed enriched homogenized models in
presence of boundaries. The goal was to derive models describing more precisely what happens at
the interface between a metamaterial and a usual dielectric. He considered planar interfaces. It
would be interesting to look at interfaces with corners and see if in the refined model there is a
trace of the black-hole waves.
v) The numerical analysis of Maxwell’s equations with sign-changing coefficients still has to be
studied. For contrasts outside of the critical intervals, one can hope to show that classical methods
based on edge finite elements converge. However, this has to be proved. On the other hand, the
question of the approximation of the solution in the new framework proposed in §1.4.2 is widely
open. For the moment it is not clear if the method with PMLs presented in §1.3.3 to deal with the
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scalar problem can be adapted to Maxwell’s problem.
vi) For the numerical aspects, methods based on surface integral equations seem to be more
appropriate. The convergence should be simple to establish. I am not sure that this is written
properly somewhere. On the other hand, it would be interesting to adapt the new functional
framework with the propagating singularities proposed in §1.4.2 for the surface integral equations.
Is it just a transposition or should one prove new results? For a closely related question, namely
the computation of eigenvalues embedded in the continuous spectrum for the Neumann-Poincaré
operator, we refer the reader to the nice article [229].
vii) In practice, the coefficients ε and µ depend on the frequency ω. For example for metals at
optical frequencies, one sometimes works with the non dissipative Drude model

ε(ω) = ε0

(
1 −

ω2
p

ω2

)
,

where ωp is the plasma frequency. It would be relevant to incorporate this aspect in the analysis
as it has been done for the scalar problems in [264]. For the frameworks with singular behaviors,
both for the scalar and Maxwell problems, this seems far from being obvious because the singular
exponent, and even sometimes the number of black-hole waves, depend on ω.
viii) Another interesting direction is to study what happens in time-domain regime. Can we show
some limiting amplitude principle? This question has been studied in detail by M. Cassier during his
PhD [134] supervised by C. Hazard and P. Joly and after (see the corresponding articles [137, 138]).
Planar interfaces have been considered. Interfaces with corners still wait for investigations.



CHAPTER TWO

PROPAGATION OF WAVES IN
WAVEGUIDES

2.1 Introduction

In this chapter, we are interested in the propagation of waves for scalar equations in guides
which are unbounded in one direction. Such problems arise in many fields of physics. For ex-
ample air ducts and horns in acoustics carry sound waves in musical instruments as well as in
loudspeakers. Conductive metal pipes are exploited to propagate high frequency radio waves while
optical fibers serve as waveguides for light in electromagnetics. Waveguide problems also appear
in water-waves theory, in classical mechanics or in quantum mechanics. In general, the diffraction
of an incident wave in such structures in presence of an obstacle generates a reflection and a
transmission characterized by some scattering coefficients. Broadly speaking, our goal is to play
with the geometry, the frequency and/or the index material to control these scattering coefficients.

1
x

y

Ω Ω

Figure 2.1: Left: reference strip. Right: perturbed waveguide.

To be more concrete, let us introduce the simplest problem of propagation of waves that we will
consider. Let Ω ⊂ R2 be a waveguide which coincides with the reference strip S := {(x, y) ∈
R× (0; 1)} outside of a compact region (see Figure 2.1). The domain Ω is connected with Lipschitz
boundary. Propagation of acoustic waves in Ω is governed by the Helmholtz equation

∆u+ k2u = 0 in Ω
∂νu = 0 on ∂Ω.

(2.1)

Here u stands for the acoustic pressure in Ω, k > 0 is the wavenumber and ∂ν refers to the outward
normal derivative on ∂Ω. We mention acoustics here but the study of this problem is also relevant
in optics, in microwaves or in water-waves theory. Now we introduce what we usually call the modes
of the waveguide. These are defined as the functions with separated variables which solve (2.1) in
the strip S . After a classical calculation, one finds that they coincide with the family {w±

n }n∈N
with

w±
n (x, y) = e±iβnxφn(y), βn :=

√
k2 − n2π2, φn(y) = 1 if n = 0√

2 cos(nπy) for n > 0. (2.2)

55
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For a complex number z = ρeiη with ρ ≥ 0 and η ∈ [0; 2π), its square root is defined as√
z = √

ρeiη/2. As a consequence, for any z ∈ C, there holds ℑm
√
z ≥ 0. Let us emphasize that for

a fixed k > 0, there is a finite number of propagating modes in (2.2) which do not decay at infinity
and an infinite number of modes which are exponentially growing/decaying in the two branches of
Ω. One can show that any solution of (2.1) decomposes, outside of the geometric perturbation, on
these modes. This allows one to get a semi-explicit representation of the field which is interesting
for several reasons, for example to impose radiation condition at infinity in (2.1) which is crucial
to have a well-posed problem.

To stick to the simplest setting, we assume that k belongs to (0;π) so that only the plane
waves w±, with

w±(x, y) = w±
0 (x, y) = e±ikx, (2.3)

can propagate in Ω. The scattering of the right-going plane wave in Ω leads to consider the solution
of (2.1) admitting the expansion

u =
w+ +Rw− + ũ for x ≤ −d

Tw+ + ũ for x ≥ d,
(2.4)

where R, T ∈ C are constants and ũ is a remainder which decays as O(e−β1|x|) as x → ±∞.
Moreover here d > 0 is such that Ω = S for |x| ≥ d. Due to conservation of energy, classically one
shows that the reflection and transmission coefficients satisfy the relation

|R|2 + |T |2 = 1. (2.5)

The general goal of the first works presented in this chapter (up to Section 2.9 included), is to
find situations, by playing with the geometry, the wavenumber k, ... where we have some sort
of invisibility. The weakest invisibility that one can look for is R = 0. In the sequel, we shall
say that one has zero reflection or that the defect is non reflecting. In such a situation, an
observer generating an incident plane wave in the left branch, located a bit far from the defect in
the geometry and measuring the resulting backscattering field will only measure the evanescent
component. Due to noise, her/his measurements will not differ much from that in the reference
strip and therefore she/he will be unable to detect the presence of the obstacle. Note that due
to conservation of energy (2.5), the fact that R = 0 implies |T | = 1 and so T = eiθ for a certain
θ ∈ R. As a consequence in general there is a phase shift in the transmitted field which indicates
the presence of the defect.

A more demanding definition of invisibility is to have T = 1. In that situation, we shall say
that the defect is perfectly invisible or that we have perfect transmission without phase shift.

Figure 2.2: Cloaking by transformation optics.

Talking about invisibility, it is important to mention that our strategies are quite different from
some ideas existing in the literature. The problem of cloaking an object has a large number of
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applications and has been the subject of intense studies over the last decade in the theory of wave
propagation. Thus, the methods based on anomalous resonances [356, 93, 311, 392, 349] and on
transformation optics [417, 335, 401, 390, 146, 242] have encountered a large success which is
related to the development of metamaterials. Our approach is different from these techniques, in
particular from the cloaking via transformation optics pictured in Figure 2.2. Let us describe this
latter device. Imagine that one wishes to hide a given obstacle. One way to proceed consists in
surrounding it by a well chosen penetrable material, localized in the annulus around the green
region on the picture, so that an incoming wave leaves the whole device as if there was nothing.
Said differently, on the picture, an observer probing the field outside of the white thin circle
obtains the same measurements as in free space and so cannot detect the presence of the obstacle.
Mathematically, this idea is quite simple to implement, it boils down to a change of variable.
However this change of variable is singular and for this reason the physical parameters of the ad
hoc material in the cloaking device should take infinite values. Therefore, for the moment designing
such structures, even by working with metamaterials, is still unreachable, in particular due to the
presence of important losses.

What we propose is less ambitious because we only wish to control the scattering coefficients
and not the inner field. In short, we simply wish to cloak defects at infinity. For this reason, it
is more easily doable. Actually, we will not even need to work with penetrable materials. We
will see that working with a homogeneous material and playing only with the geometry suffices.
On the other hand, though our setting is less ambitious, we think it is still relevant in numerous
applications. Indeed, the evanescent part of the field that we neglect is exponentially decaying at
infinity and therefore is really difficult to distinguish from noise a few wavelengths far from the
obstacle.

Let us emphasize that the main difficulty of the problem lies in the fact that the dependence
of the scattering coefficients with respect to the parameters (geometry, k, ...) is not explicit and not
linear. In order to address it, techniques of optimization have been considered. We refer the reader
in particular to [6, 328, 329, 327]. However, due to the features of the Helmholtz equation, the
functionals involved in the analysis are non convex and unsatisfying local minima exist. Moreover,
these methods do not allow the user to control the main features of the shape compared to the
approaches we propose.

In what follows, we present several ideas to reach invisibility and different variations in that
direction. Let us mention that this shares connections with different topics of wave physics
such as extraordinary optical transmission [215], topological states immune to backscattering
[471, 345], perfect transmission resonances [479], transmission eigenchannels through disordered
media [300, 443], reflectionless metamaterials [430] or metasurfaces [476, 17].

2.2 Non reflecting smooth perturbations of the geometry

1 + h(x)

Ω(h)

Figure 2.3: Perturbed waveguide Ω(h).

The first work that led to the emergence of this whole theme was the article [82]. There the
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authors develop perturbative techniques to build non reflecting geometries. Let us describe the
method which in this specific case is similar to the proof of the implicit function theorem. Let us
mention that before [82], the approach was developed in [376, 377] to construct examples of non
symmetric waveguides for which eigenvalues exist in the continuous spectrum, a question which has
remained open for a while.

2.2.1 General scheme

Consider some real valued profile function h ∈ C ∞
0 (R), the space of infinitely differentiable

functions with compact support, and let Ω(h) be the waveguide whose upper boundary coincides
with the graph of the function 1 + h (see Figure 2.3). Denote by R(h) the reflection coefficient of
the scattering solution appearing in (2.4) in the geometry Ω(h). Importantly, we have R(0) = 0
because when h ≡ 0, Ω(h) is simply the reference strip S = R × (0; 1). With this notation, the
problem we consider writes

Find h ̸≡ 0 such that
R(h) = 0.

Let us look for non reflecting geometries which are small perturbations of S . To proceed, let us
look for h = εµ with ε > 0 small and µ ∈ C ∞

0 (R) to be determined. Since ε is small, we can write
an asymptotic expansion of R with respect to ε. We obtain

R(εµ) = R(0) + εdR(0)(µ) + ε2R̃(εµ)
= εdR(0)(µ) + ε2R̃(εµ)

(2.6)

where dR(0)(µ) stands for the differential of R at zero in the direction µ and R̃(εµ) is an abstract
remainder. Since dR(0) : C ∞

0 (R) → C is a linear map from a space of infinite dimension to a space
of dimension two (remember that we work with real valued functions), we have dim ker dR(0) = +∞
and we can pick µ0 ̸≡ 0 such that

dR(0)(µ0) = 0. (2.7)
By choosing h = εµ = εµ0, we obtain a perturbation of order ε which produces a reflection in O(ε2).
This is interesting because this is almost zero reflection but not completely satisfactory yet. To
compensate for the remainder, we need to work a bit more. Below we will explain how to compute
dR(0) and prove that dR(0) : C ∞

0 (R) → C is onto. This allows us to introduce µ1 ∈ C ∞
0 (R) and

µ2 ∈ C ∞
0 (R) such that

dR(0)(µ1) = 1 and dR(0)(µ2) = i. (2.8)
Finally, we look for µ of the form

µ = µ0 + τ1µ1 + τ2µ2

where τ1, τ2 ∈ R are parameters to tune. Inserting this µ in the expansion (2.6), to get R(εµ) = 0,
we see that we must have

0 = εdR(0)(µ0 + τ1µ1 + τ2µ2) + ε2R̃(ε(µ0 + τ1µ1 + τ2µ2)).

By exploiting (2.8), this yields

0 = τ1 + iτ2 + εR̃(ε(µ0 + τ1µ1 + τ2µ2)).

In other words, we find that the vector τ⃗ := (τ1, τ2) ∈ R2 must satisfy the fixed point equation

τ⃗ = Gε(τ⃗) with Gε(τ⃗) = −ε(ℜe R̃(ε(µ0 + τ1µ1 + τ2µ2)),ℑmR̃(ε(µ0 + τ1µ1 + τ2µ2))). (2.9)

Now by proving uniform (with respect to τ⃗) error estimates in the asymptotic expansions as ε
tends to zero, one can show that for any r > 0, there is ε0 > 0 such that the map τ⃗ 7→ Gε(τ⃗) is a
contraction from B(O, r) to B(O, r) for all ε ∈ (0; ε0]. Here B(O, r) denotes the open ball of R2

centered at O of radius r. Therefore the Banach fixed point theorem guarantees that (2.9) admits
a unique solution τ⃗ sol ∈ B(O, r). Then for h sol = ε(µ0 + τ sol

1 µ1 + τ sol
2 µ2), we have R(hsol) = 0. This

proves the existence of non reflecting geometries.
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2.2.2 Comments

Let us give a few comments concerning this method.
i) Let us prove that the constructed h sol is indeed not trivial. To proceed, let us work by contra-
diction and assume that h sol ≡ 0. Then we get

0 = dR(0)(h sol) = dR(0)(ε(µ0 + τ sol
1 µ1 + τ sol

2 µ2)) = ε(τ sol
1 + iτ sol

2 ),

and so τ sol
1 = τ sol

2 = 0. This implies h sol = εµ0 ≡ 0 which is not true due to our choice for µ0.
ii) Observe that this technique guarantees the existence of a space of infinite dimension of non
reflecting perturbations. First, h sol depends on ε ∈ (0; ε0] (remark that it is not only a scaling
because the nonlinear terms are also involved). Additionally, we have some freedom for the choice
of µ0 because dim ker dR(0) = +∞.
iii) We can establish that there is a constant C > 0 independent of ε such that we have |Gε(τ⃗)| ≤ Cε
in B(O, r). As a consequence, as ε tends to zero, we have |τ⃗ sol| = O(ε) and the shape of the
perturbation is mainly characterized by µ0.
iv) Let us clarify the connection with the implicit function theorem. Introduce the functional

F : R × R2 → R2

(τ0, τ⃗) 7→ (ℜeR(τ0µ0 + τ1µ1 + τ2µ2),ℑmR(τ0µ0 + τ1µ1 + τ2µ2))

which is of class C 1 in a neighborhood of 0R3 . From what will be shown below, we will be able to
deduce that ∂τ⃗F (0, 0R2) : R2 → R2 is well-defined and bijective. On the other hand, we remark
that F (0, 0R2) = 0. The implicit function theorem applies: there are some neighborhoods U ⊂ R,
V ⊂ R2 of 0, 0R2 and a unique function φ : U → V of class C 1 such that

[ (τ0, τ⃗) ∈ U × V and F (τ0, τ⃗) = 0 ] ⇔ τ⃗ = φ(τ0).

2.2.3 Application to our problem

To apply the generic strategy described above, we need to compute dR(0). To proceed, we use
classical techniques of asymptotic analysis. For ε > 0 and a given µ ∈ C ∞

0 (R), denote by Ωε the
domain Ω(h) with h = εµ. Let uε stand for the solution introduced in (2.1) in the geometry Ωε. It
satisfies

∆uε + k2uε = 0 in Ωε

∂νεuε = 0 on ∂Ωε.
(2.10)

Note that νε, the outward unit normal vector to ∂Ωε, depends on ε. For uε, as ε tends to zero, we
consider the ansatz

uε = u0 + εu1 + . . . (2.11)
where u0, u1 are functions to be determined and the dots correspond to higher order terms. On
∂Ωε, we have the expansions

νε =
1√

1 + ε2(µ′(x))2

(
−εµ′(x)

1

)
=
(

0
1

)
+ ε

(
−µ′(x)

0

)
+ . . . (2.12)

∇uε(x, 1 + εµ(x)) = ∇uε(x, 1) + εµ(x)
(
∂2

xyu
ε(x, 1)

∂2
yyu

ε(x, 1)

)
+ . . . . (2.13)

Now we insert (2.11) in (2.10) and exploit (2.12), (2.13). Collecting the terms of orders ε0, ε1, we
find that u0, u1 satisfy respectively the problems

∆u0 + k2u0 = 0 in S

∂νu0 = 0 on ∂S

∆u1 + k2u1 = 0 in S

∂νu1 = 0 on R × {0}
∂νu1 = µ′(x)∂xu0 − µ(x)∂2

yyu0 on R × {1}.
(2.14)
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Using additionally that uε − w+ is outgoing, we get first

u0(x, y) = w+(x, y) = eikx.

Since w+ is independent of y, we deduce that u1 satisfies the condition

∂νu1 = µ′(x)∂xw
+ on R × {1}.

Denote by Rε, T ε the scattering coefficients of uε and set Σ±L := {±L} × (0; 1). Assuming that µ
is supported in (−L;L), using the decomposition (2.4) of uε, we can show the formula

2ikRε =
�

Σ−L∪ΣL

∂νu
εw+ − uε∂νw

+ dy, 2ikT ε =
�

Σ−L∪ΣL

∂νu
εw− − uε∂νw

− dy, (2.15)

where ∂ν = ±∂x on Σ±L. Inserting the expansion (2.11) of uε in (2.15), integrating by parts and
exploiting the boundary conditions of (2.14), we obtain

Rε = 0 −
ε

2ik

�
R
µ′(x)∂xw

+w+ dx, T ε = 1 −
ε

2ik

�
R
µ′(x)∂xw

+w− dx.

This gives the formulas

dR(0)(µ) =
− 1
2ik

�
R
µ′(x)∂xw

+w+ dx =
− 1
2

�
R
µ′(x)e2ikx dx = ik

�
R
µ(x)e2ikx dx

dT (0)(µ) =
− 1
2ik

�
R
µ′(x)∂xw

+w− dx =
− 1
2

�
R
µ′(x) dx = 0.

(2.16)

Since the real part of x 7→ e2ikx is even while its imaginary part is odd, we see that it is easy
to find functions µ1, µ2 satisfying the relations (2.8), which ensure that dR(0) : C ∞

0 (R) → C is onto.

On the other hand, we find that dT (0) vanishes. It means that a perturbation of order ε of
the reference strip gives a transmission coefficient T ε such that T ε − 1 is in O(ε2). This looks
appealing for perfect transmission. The problem is that since dT (0) vanishes, one cannot use this
term which has a linear dependence with respect to the perturbation of the reference strip to
cancel the whole (non linear) expansion of T ε via the resolution of the fixed point problem. As a
consequence, our technique fails to design perfectly invisible defects.

Finally, let us mention that the formal calculus above can be rigorously justified by proving
error estimates. To proceed, one method consists in rectifying the boundary of Ωε using “almost
identical” diffeomorphisms to transform the perturbed domain into the original geometry Ω (see
e.g. [294, Chap. 7, §6.5]). Then one can prove the estimate, for ε small enough,

∥uε − (u0 + εu1)∥H1(ΩL\ω) ≤ Cε2,

where C > 0 is a constant independent of ε, ΩL := (−L;L) × (0; 1) and ω is a neighborhood of
supp(µ) × {1}.

2.2.4 Numerical implementation

The theoretical approach presented above leads very naturally to an algorithm to construct
numerically non reflecting perturbations. Let us describe the strategy.

The main idea consists in solving the fixed point equation

τ⃗ = Gε(τ⃗)
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(see (2.9)) using an iterative procedure. First we choose µ0, µ1, µ2 satisfying (2.7)–(2.8) once
and for all. Then we start with τ⃗ 0 = (0, 0) and for p ∈ N, we set τ⃗ p+1 = Gε(τ⃗ p). Using the
definition of Gε, one observes that there holds Gε(τ⃗ p) = τ⃗ p − ε−1(ℜeR(εµp),ℑmR(εµp)) with
µp = µ0 + τp

1µ1 + τp
2µ2. Therefore, we have

τ⃗ p+1 = τ⃗ p − ε−1(ℜeR(εµp),ℑmR(εµp)). (2.17)

We stop the loop when we have |τ⃗ p+1 − τ⃗ p| ≤ η where η > 0 is a small given criterion. We then
define τ⃗ sol as the last value of τ⃗ p. Then we have R(εµsol) ≈ 0. If the iterative process does not
converge, we try again with a smaller value of ε > 0. Note that at each step p ≥ 0 of the procedure,
we need to solve a scattering problem of the form

Find u such that u− w+ is outgoing and
∆u+ k2u = 0 in Ωp := Ω(εµp)

∂νu = 0 on ∂Ωp.

(2.18)

To proceed, we approximate the solution of (2.18) with a P2 finite element method in Ωp
5 :=

{(x, y) ∈ Ωp | |x| < 5}. At x = ±5, a truncated Dirichlet-to-Neumann map with 10 terms serves as
a transparent boundary condition. In particular note that at each step, it is necessary to mesh a
new domain.

Figure 2.4: Example of non reflecting perturbation of the boundary for Problem (2.1). Top: ℜe uε.
Middle: ℜe uε

s. Bottom: ℜew+ in the reference strip. Here k = 0.8π.

In Figure 2.4, we display a first example of non reflecting perturbation of the geometry. As expected
the scattered field is exponentially decaying as x → −∞. Interestingly, since there is only one com-
plex coefficient to cancel, the iterative procedure to solve the fixed point equation converges though
ε is not that small. This allows us to get not so small non reflecting perturbations. Computations
have been implemented with FreeFem++1 In Figure 2.5, we give a second example of non reflecting
perturbation for which the defect lies entirely in the region y < 1. Because of this property, we
can symmetrize it with respect to the line y = 1 to create a non reflecting obstacle completely
embedded in the duct (see Figure 2.6). These techniques are very convenient to create projects
mixing physical intuition, theoretical aspects and the use of the finite element method. I have used
them several times in my teaching at École Polytechnique.

1FreeFem++, https://freefem.org/.

https://freefem.org/
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Figure 2.5: Example of non reflecting perturbation of the boundary for Problem (2.1). Top: ℜe uε.
Middle: ℜe uε

s. Bottom: ℜew+ in the reference strip. Here k = 0.8π.

Figure 2.6: Example of non reflecting obstacle. Here k = 0.8π.

We showed how to construct non reflecting smooth perturbations of the reference strip S . Be-
low we wish to explain how to design invisible non smooth perturbations of S . The terminology
smooth/not smooth here does not refer to the regularity of the domain but to the form of the
asymptotic expansion involved in the asymptotic procedure. In the non smooth case, the field uε

exhibits rapid variations in a neighborhood of the perturbation that must be caught with adapted
variables. In that situation, the asymptotics of the scattering coefficients is in general more compli-
cated to obtain. The interesting point is that it can bring new useful terms, for example non zero
differentials for T . In the next two sections, we consider two types of non smooth perturbations of
the reference strip.

2.3 Non reflecting groups of small obstacles

Ω0

Oε
1

Oε
2

Ωε

O

Figure 2.7: Unperturbed waveguide (left), perturbed waveguide with two flies (middle), set O
(right).

We adapted the method presented in the previous section to hide groups of small obstacles
instead of smooth perturbations of the boundary in [165]. Let us describe the results. To simplify
the asymptotic analysis, we decided to work in 3D with Dirichlet boundary conditions. Note that in
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2D, the Green function of the Laplace operator, whose behavior dictates the form of the asymptotic
expansions as ε tends to zero, has a logarithmic singularity which does not appear in 3D. Let

Ω0 := {x = (x, y) |x ∈ R and y ∈ ω}

be a cylinder of R3 whose transverse section ω ⊂ R2 is a bounded domain with Lipschitz boundary
(see Figure 2.7 left). Consider O ⊂ R3 a bounded domain with Lipschitz boundary and for M1 a
point located in Ω0, set, for ε small,

Oε
1 := {x ∈ R3 | ε−1(x−M1) ∈ O}.

Finally define the perturbed waveguide

Ωε := Ω0 \ Oε
1.

To illustrate the point, we can think of Oε
1 as a fly located in the waveguide. To begin with, and to

simplify the exposition, for the moment we assume that there is only one fly and not a group. The
problem we consider writes

∆uε + k2uε = 0 in Ωε

uε = 0 on ∂Ωε.
(2.19)

We fixed the wavenumber k > 0 such that only two modes w± can propagate in Ωε. They are not
the same as the w± in (2.3). In particular, due to the Dirichlet boundary condition, they depend
on the transverse variable y. However the ideas are similar. As in (2.4), Problem (2.19) admits a
solution with the expansion

uε =
w+ +Rεw− + ũε for x ≤ −d

T εw+ + ũε for x ≥ d,

where Rε, T ε ∈ C and ũε decays exponentially at infinity. Here d > 0 is such that Ωε = Ω0 for
|x| ≥ d. The first step in the approach is to compute an asymptotic expansion of uε as ε tends
to zero. This is a rather long work that we will not present here (one may consult the reference
[352, §2.2] for more details). Let us simply stress that it appears that uε has a rapid variation in
a neighborhood of the obstacle to satisfy the constraint of being null on ∂Oε

1. This rapid variation
must be caught with adapted variables. Then it is necessary to work both with some inner field
and outer field expansions of uε that we match in some intermediate region. This is the method
of matched asymptotic expansions which is well documented in the literature (see the monographs
[283, 352]). Adapting the approach presented in (2.15) to turn the expansion for uε into an expansion
for Rε, T ε, at the end of the calculus, when ε tends to zero, we obtain

Rε = 0 + ε 4iπcap(O)w+(M1)2 +O(ε2), T ε = 1 + ε 4iπcap(O)|w+(M1)|2 +O(ε2).

Here cap(O) stands for the capacity of the domain O, a constant which appears classically in
asymptotic analysis. It is given by

cap(O) =
1

4π

�
R3\O

|∇P |2 dz

where P is the potential satisfying

∆P = 0 in R3 \ O
P = 1 on ∂O

which decays at infinity. Note that one can prove that P admits the decomposition

P (z) =
cap(O)

|z|
+O(|z|−2) as |z| → +∞.
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An important point for our study is that one has always cap(O) > 0. Additionally, one finds that
w+ does not vanish in Ω0. From these two properties, we infer that one single small obstacle cannot
even be non reflecting: whatever the choice for M1 or for the shape O, Oε

1 will always generate a
reflection whose amplitude is of order ε.

Let us add a second small obstacle

Oε
2 := {x ∈ R3 | ε−1(x−M2) ∈ O}

in the waveguide, centered at the point M2 ∈ Ω0 with M2 ̸= M1. Still denoting by Rε, T ε the
scattering coefficients in this new geometry, we obtain the expansions, as ε → 0+,

Rε = 0 + ε 4iπcap(O)
2∑

j=1
w+(Mj)2 +O(ε2), T ε = 1 + ε 4iπcap(O)

2∑
j=1

|w+(Mj)|2 +O(ε2). (2.20)

Observe that the interactions between the small objects do not appear at order ε, only at higher
orders. The interesting thing is that now, using the known expression of w+, we can find positions
M1, M2 of the flies such that

2∑
j=1

w+(Mj)2 = 0. (2.21)

In that case, we have a perturbation of Ω0 of order ε which produces a reflection in O(ε2). As
mentioned above, this is almost no reflection. But by working a bit harder, we can achieve more.
Pick M1, M2 such that relation (2.21) is satisfied. What we have shown in [165] is that we can
slightly perturb the position of one fly to get Rε = 0 exactly. More precisely, for τ ∈ R3, define
M ετ

1 = M1 + ετ and
Oετ

1 := {x ∈ R3 | ε−1(x−M ετ
1 ) ∈ O}.

We have shown that there is τ , which is defined as the solution of a fixed point problem similar to
(2.9), such that the reflection coefficient in the corresponding waveguide is zero. Note that since
τ ∈ R3, we have enough degrees of freedom to cancel one single complex number.

Concerning perfect invisibility, i.e. obtaining T ε = 1, we see from (2.20) that again this ap-
proach is inoperative. Indeed, whatever the position of the small flies or their number, we always
have a phase shift for the transmitted wave.

In [165], we have also studied what happens at higher wavenumbers k. In that situation, as
can be seen in the particular case (2.2), more modes can propagate. The reflection and trans-
mission coefficients then become respectively reflection and transmission matrices Rε, T ε. We
have proved that by working with a sufficiently large number of flies, we can cancel exactly
the whole reflection matrix. The idea is the same as above. First we compute an asymptotic
expansion of Rε as ε → 0. Then we find positions M1, M2,... , Mp of the flies to cancel the
term of order ε in the expansion of Rε. Then by slightly perturbing the position of one group of
flies by solving a fixed point problem in Rq, for a certain q depending on the number of propa-
gating modes, we get Rε = 0. The higher the number of propagating modes, the more flies we need.

To conclude this section, let us mention that in this work, the main difficulty mathematically
consists in proving error estimates in the asymptotic expansions which are uniform with respect to
the parameter τ in a closed ball to justify that the map appearing in the fixed point problem is
indeed a contraction for ε small enough.
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2.4 Perfect transmission

ε

ε
ε

h1

h2
h3

M1 M2 M3

Ωε

Figure 2.8: Geometry of Ωε.

The methods presented in the two previous sections fail to provide examples of waveguides where
T = 1 (perfect transmission without phase shift). This led us to doubt the possibility of achieving
perfect invisibility. For this reason, in the article [73], for the acoustic problem (2.1) with Neumann
boundary conditions, by establishing some sort of energy identities, we first proved negative results
showing that for a given obstacle, one cannot have T = 1 for wavenumbers k too small. Then
we realized that by adapting the strategy presented in Section 2.3, by considering other types of
singular perturbations, T = 1 can be reached. Let us describe the setting.
Consider the waveguide pictured in Figure 2.8. It is made of the reference strip S = R × (0; 1)
to which we have glued at the points M1 := (x1, 1), M2 := (x2, 1), M3 := (x3, 1), thin ligaments
of width ε > 0 small and heights respectively equal to h1, h2, h3. Again we fix k ∈ (0;π) so that
only the modes w± can propagate. The first step is to compute an asymptotic expansion of the
scattering coefficients as ε, the width of the thin ligaments, tends to zero. Again, this is a rather
long work that we will not present here, the reason being that the fields vary rapidly in a region
around the Mn, n = 1, 2, 3. By using the method of matched asymptotic expansions, we have been
able to show that when the hn are such that khn ̸∈ {π/2 + πN}, when ε tends to zero, we have

Rε = 0 + ε
(
ik

3∑
n=1

(w+(Mn))2 tan(khn)
)

+O(ε2)

T ε = 1 + ε
(
ik

3∑
n=1

tan(khn)
)

+O(ε2).
(2.22)

Remark 2.4.1 When khn ∈ {π/2 + πN}, resonant phenomena appear in the ligaments and the
asymptotics (2.22) are no longer valid. This regime will be exploited in §2.8.

The crucial point to observe in (2.22) compared to the other perturbations of the reference strip
above is the appearance of the term of order ε in the expansion of T ε. Its imaginary part is non
zero and can change sign according to the value of the hn. Thus by considering another type of
perturbation of S , we have been able to obtain a non zero dT (0).

By using that (w+(Mn))2 = e2ikxn , we can find positions and heights of the ligaments such
that Rε = O(ε2) and T ε − 1 = O(ε2). Then perturbing slightly the hn around these particular
values, by solving a fixed point problem in R3 similar to (2.9), we can achieve

Rε = 0 and ℑmT ε = 0 (2.23)
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in the new geometry. But due to conservation of energy, we must have |Rε|2 + |T ε|2 = 1. Therefore
in case (2.23), we have either T ε = −1 or T ε = 1. Since expansion (2.22) ensures that T ε is close
to one for ε small enough, we deduce that necessarily T ε = 1. Thus perfect transmission can be
achieved.

Initially we have to control two complex numbers (Rε and T ε), so a priori we need four real
degrees of freedom. But due to the constraints of conservation of energy, three parameters are
sufficient. This explains why three ligaments are involved here. We could also have probably
worked with only two ligaments, by perturbing their heights and the distance between them.

This approach can be implemented numerically very naturally. First we set the Mn and the
hn to kill the terms of order ε in (2.22). Then we tune slightly the length of the ligaments by
solving the corresponding fixed point problem iteratively as in (2.17). At each step of the iterative
procedure, we solve a scattering problem in a new geometry. It is as if one was pressing on
trumpet’s valves to obtain T ε = 1. In Figure 2.9 we display a geometry obtained with this method.
A bit far from the geometric perturbation so that evanescent terms can be neglected, we obtain the
same field as in the reference strip. Again, note that numerically the iterative procedure converges
though ε, the width of the ligaments, is not that small.

Figure 2.9: Top: real part of uε in the geometry obtained at the end of the iterative procedure.
Bottom: real part of w+ in the reference strip.

We adapted this work with S.A. Nazarov and J. Taskinen in [174] to design non reflecting pertur-
bations of the bottom of a canal for a water-wave problem. This setting is a bit different from
the acoustic problem (2.1). In particular propagating modes are localized at the surface. But we
can adapt the approach above and we have been able to remove some assumptions made on the
wavenumber in [83] when dealing with smooth perturbations of the bottom of the canal. In Figure
2.10, we display the kind of non reflecting defects we construct. Here we play with the position
of two of the three thin tunnels. Let us emphasize that it was important to work with three tun-
nels and not just two. The reason is that |Rε| is invariant with respect to the coordinates change
(x, y) 7→ (x− h, y) for h ∈ R. As a consequence, perturbing the position of two tunnels boils down
to modifying the distance between them and offers only one degree of freedom, which is not enough
to control the complex quantity Rε. On the other hand, this type of geometric perturbation does
not allow one to get T ε = 1.
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Figure 2.10: Real parts of uε (top), w+ (middle) and uε −w+ (bottom) for a water-wave problem.
The three thin (of width ε > 0) curved channels appearing in the top and bottom pictures have
been designed to be non reflecting for an incident right-going surface wave.

2.5 Continuation method

The different methods above allow us to construct perturbations of the reference strip or of the
reference cylinder which are invisible, in a broad sense (non reflecting or perfectly invisible), at a
given wavenumber k. With these techniques, we can actually impose invisibility not only at a given
k but also for a finite number of different k. We emphasize however that these methods cannot be
used to achieve invisibility for a continuum of k. In the numerical results we presented, we were
interested in controlling only R and in Figure 2.9, ℑmT at one k. As a consequence, we had very
few constraints and for this reason, the fixed point algorithm converges with not so small values
of ε which allowed us to obtain rather large invisible defects. When the number of constraints
increases, for example, when working at higher k so that there are more scattering coefficients to
control, in practice we find that ε must be chosen smaller to have convergence of the algorithm. A
natural idea is to try to reiterate the procedure to obtain larger invisible defects: once an invisible
obstacle has been constructed, we can consider it as a new starting configuration and perturb it
while keeping the same scattering coefficients. This continuation method has been one of the topics
of the PhD of A. Bera that I supervised in collaboration with A.-S. Bonnet-Ben Dhia. He decided
to stop after two and a half years before writing the manuscript but we obtained interesting results
that led to the article [49] and that we present now.

We work with a penetrable obstacle and consider the problem

∆u+ k2n2u = 0 in S = R × (0; 1)
∂νu = 0 on ∂S ,

where n is a function of L∞(S ) which is equal to one outside of a bounded domain. Set ρ := n2 − 1
whose support coincides with the obstacle.

In [49], we first derive general formulas to compute the differential of the scattering coeffi-
cients, which are gathered in the scattering matrix S, with respect to the material index (which is a
function). An important aspect is that when starting from a perturbed situation (n ̸≡ 1 ⇔ ρ ̸≡ 0),
the formulas we obtain are not as explicit as in (2.16). For this reason, it is harder to show that the
differentials of the scattering coefficients are onto in the appropriate spaces as needed to implement
the continuation method. Proving certain of these results is one of the outcomes of [49].
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In Figures 2.11–2.12, we create non reflecting obstacles for k = 7 ∈ (2π; 3π). In this case,
three modes can propagate in the waveguide and we have to cancel 6 complex terms (because S is
symmetric). In Figure 2.11, we display the sequence of non reflecting obstacles that we obtain by
starting from ρ ≡ 0. Though constraints are quite numerous, reiterating nine times the fixed point
algorithm, we observe that we can get non reflecting ρ with a relatively high contrast (see the last
picture of Figure 2.11).

Figure 2.11: Evolution of the non reflecting parameter ρ.

Mode 0

Mode 1

Mode 2

Figure 2.12: We choose k so that three modes can propagate. The line j ∈ {1, 2, 3} corresponds to
the scattering of the right-going incident mode w+

j−1. The left (resp. right) picture represents the
real part of the total field u+

j−1 (resp. scattered field u+
j−1 − w+

j−1) for the ρ of Figure 2.11.

In [49], we also study relative invisibility. Can we construct two different obstacles which have
the same scattering coefficients? We showed that the continuation method can be used for this
purpose. However, since the scattering matrix has a strong structure, it is symmetric and unitary,
the relations to impose to get the desired scattering coefficients should be cleverly chosen. Actually
we already had a glimpse of that when constructing perfectly invisible obstacles. More precisely, in
Section 2.4 we did not try to get directly T −1 = 0. This fails because the corresponding differential
is not onto. Instead it is better to impose R = 0 and ℑmT = 0. In [49], we gave a general strategy
to select the relations one should impose to obtain a given target for S. We illustrate these results
in Figures 2.13 and 2.14. There we exhibit two different indices ρ for which the corresponding
scattering matrices are the same. We work with k = 0.8π ∈ (0;π), that is in monomode regime2.
In this case, the scattering matrix is of size 2 × 2. For the initial ρ of Figure 2.13 (see the top left
picture), we find T ≈ 0.82 + 0.52i. Since ℜe T ̸= 0, we showed that we can do unique continuation
with the functional F such that F (ρ) = (ℜeR,ℑmR,ℑmT ). In the last line of Figure 2.13, as
expected, we observe that the scattered field by the two indices have the same behavior at infinity.
For the Figure 2.14, the initial ρ is equal to zero (see the top left picture). In other words, there is
no penetrable obstacle. But there is a defect in the walls of the waveguide and this defect has been
chosen so that the transmission coefficient vanishes (see [173] for the explanation). This can be seen
on the first picture of the second line which represents the total field for a right-going incident wave.
We indeed note that it is exponentially decaying as x → +∞. The top right picture represents
another setting, with a penetrable obstacle which has been designed so that the scattering matrix
remains the same. In that case it is necessary to work with a different F . The important message
here is that the choice of the functional is crucial when imposing relative invisibility.

2We call monomode regime the regime of wavenumbers such that only one mode can propagate.
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Figure 2.13: Two different indices ρ with the same scattering matrices. The first line represents the
two indices. In the second (resp. third) line, we display the real part of the total field u+ (resp.
scattered field u+ − w+) for each of the two indices.

Figure 2.14: Two different indices ρ with the same scattering matrices. The first line represents the
two indices. In the second (resp. third) line, we display the real part of the total field u+ (resp.
scattered field u+ − w+) for each of the two indices.

In [49] we also investigate how to impose additional constraints on the invisible obstacles we con-
struct. In the next two experiments, we show that we can impose ρ (and so n) to be piecewise
constant. In both cases, we start from ρ ≡ 0. In Figures 2.15–2.16, we construct piecewise constant
perfectly invisible parameters ρ. We work with k = 0.8π ∈ (0;π). Since we cancel both R and
ℑmT , we need to work with at least three inclusions. In Figures 2.17–2.18, we construct piecewise
constant non reflecting ρ with k = 7 ∈ (2π; 3π). In this case, three modes can propagate in the
waveguide. Since we have to cancel 6 complex coefficients, that is 12 real coefficients, we need to
have at least 12 parameters to tune.

Figure 2.15: Piecewise constant perfectly invisible parameter ρ.

Figure 2.16: Real parts of the total field u+ (left) and of the scattered field u+ −w+ (right) for the
ρ of Figure 2.15.

Figure 2.17: Piecewise constant non reflecting parameter ρ.
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Mode 0

Mode 1

Mode 2

Figure 2.18: Here k is chosen so that three modes can propagate. The line j ∈ {1, 2, 3} corresponds
to the scattering of the right-going incident mode w+

j−1. The left (resp. right) picture represents
the real part of the u+

j−1 (resp. u+
j−1 − w+

j−1) for the ρ of Figure 2.17.

Let us mention that though numerically we can iterate the continuation method quite easily, theo-
retically we are unable to prove a priori estimates on the possible values for ε and nothing prevents
ε from decreasing at each step of the process. Therefore we cannot guarantee that the resulting
invisible obstacle be as large as desired.

2.6 Waveguides with finite length branches

All the approaches presented above to achieve invisibility rely on perturbative ideas. To imple-
ment them, it is crucial to start from a setting where one has invisibility (for example, the reference
strip). Moreover, though we showed that we can use continuation techniques, these methods lead a
priori to the construction of small invisible perturbations. From this, a natural question was “how
to create large invisible defects?”. In this section, we present a first technique to achieve this goal
which has been developed in [173].

ℓ

L

x

y

Figure 2.19: Geometry of ΩL.

2.6.1 Setting

Consider some waveguide Ω0 which coincides with the strip S = R × (0; 1) outside of some
bounded domain. We assume that Ω0 is symmetric with respect to the vertical axis, i.e. that there
holds

Ω0 = {(−x, y) | (x, y) ∈ Ω0}.

For ℓ > 0, L > 0, define the branch of finite length BL = (−ℓ/2; ℓ/2) × [1; 1 + L) and set

ΩL := Ω0 ∪ BL (2.24)

(see Figure 2.19). We assume that ΩL is connected with Lipschitz boundary. In ΩL, we study the
problem

∆u+ k2u = 0 in ΩL

∂νu = 0 on ∂ΩL.
(2.25)
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We fix k ∈ (0;π) so that only the two waves w± with w±(x, y) = e±ikx can propagate in ΩL. As in
(2.4), the scattering of the right-going wave by the structure leads us to introduce the solution of
(2.25) admitting the expansion

u =
w+ +Rw− + ũ for x ≤ −d

Tw+ + ũ for x ≥ d
(2.26)

(here d > 0 is such that Ω0 = S for |x| ≥ d). Below we fix ℓ > 0 and explain how to show that for
certain L > 0 we have R = R(L) = 0 (zero reflection). To proceed, we exploit the symmetry of the
geometry with respect to the (Oy) axis.

2.6.2 Half-waveguide problems

ωL

L

ℓ/2

ω∞

Figure 2.20: Domains ωL (left) and ω∞ (right).

Define the half-waveguide
ωL := {(x, y) ∈ ΩL |x < 0} (2.27)

(see Figure 2.20 left). Introduce the problem with Neumann boundary conditions

∆v + k2v = 0 in ωL

∂νv = 0 on ∂ωL
(2.28)

as well as the problem with mixed boundary conditions

∆V + k2V = 0 in ωL

∂νV = 0 on ∂ωL ∩ ∂ΩL

V = 0 on ΣL := ∂ωL \ ∂ΩL.

(2.29)

Problems (2.28) and (2.29) admit respectively the solutions

v = w+ +RN w− + ṽ, (2.30)

V = w+ +RD w− + Ṽ , (2.31)
where RN , RD ∈ C and ṽ, Ṽ ∈ H1(ωL). Due to conservation of energy, one has

|RN | = |RD| = 1 (2.32)

(since there is only one output in ωL, all the energy propagated by the incident wave is backscat-
tered). Now, direct inspection shows that for the function u introduced in (2.26), we have

u(x, y) =
v(x, y) + V (x, y)

2 in ωL, u(x, y) =
v(−x, y) − V (−x, y)

2 in ΩL \ ωL

(possibly up to a term which is exponentially decaying at ±∞ if there are trapped modes at the given
wavenumber k). We deduce that the scattering coefficients R, T appearing in the decomposition
(2.26) of u are such that

R = RN +RD

2 and T = RN −RD

2 . (2.33)
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2.6.3 Main analysis

Now, we study the asymptotic behavior of R = R(L), T = T (L) as L → +∞. To proceed, we
use (2.33) and work with RN = RN (L), RD = RD(L). The behaviors of RN (L), RD(L) as L → +∞
depend on the properties of the equivalents of Problems (2.28), (2.29) set in the limit geometry ω∞
obtained from ωL making formally L → +∞ (see Figure 2.20 right). In particular, the number of
propagating waves existing in the vertical branch

b∞ := {(−ℓ/2; 0) × [1; +∞)} ∩ ω∞

plays a crucial role.

⋆ Assume that ℓ ∈ (0;π/k). Then for Problem (2.29), no mode can propagate in b∞ (due to
the mixed boundary conditions). With this property, we can show the asymptotic expansion, as
L → +∞,

RD(L) = R∞
D + . . . (2.34)

where R∞
D ∈ C (0, 1) := {z ∈ C | |z| = 1} is a constant and the dots correspond to a remainder which

is exponentially small as L → +∞.
For Problem (2.28) (with Neumann boundary conditions), one propagating mode exists in b∞.
Because of the reflection of this mode on the wall at y = L, the coefficient RN (L) does not converge
as L → +∞. More precisely, we can prove that it admits the expansion

RN (L) = Rasy
N (L) + . . .

where Rasy
N (L) is a term whose dependence with respect to L is explicit and which runs periodically

on C (0, 1) as L → +∞. Again the dots stand for a remainder which is exponentially small as
L → +∞.

Imagine that we want to achieve R(L) = 0 (zero reflection). According to (2.33), we must
impose RN (L) = −RD(L). Relations (2.32) guarantee that for all L > 0, both RN (L) and
RD(L) are located on the unit circle C (0, 1). But RD(L) tends to a constant R∞

D ∈ C (0, 1) while
RN (L) runs continuously on C (0, 1) as L → +∞. This proves the existence of L⋆ such that
RN (L⋆) = −RD(L⋆) and so R(L⋆) = 0. Actually since L 7→ Rasy

N (L) is periodic, this shows the
existence of an unbounded sequence of L, whose terms tend to a periodic sequence, such that we
have zero reflection in the corresponding waveguide.

Numerically, we can approximate the solution u introduced in (2.26) by solving Problem (2.25) as
explained after (2.18). In Figure 2.21, we work with k = 3 in a particular geometry (see the right
picture) for which ℓ = 1 and vary L ∈ (1; 9). We display the corresponding scattering coefficients in
the complex plane. In accordance with the theory above, we observe that for L > 0, asymptotically
R and T run on circles of radius 1/2 passing through zero. In Figure 2.21, we also represent the
real part of u − w+ in a particular geometry where R = 0. As expected, the scattered field is
exponentially decaying as x → −∞. To identify this geometry, we simply select one particular L
corresponding to a peak in the graph of L 7→ − ln |R(L)|.

In Figure 2.22, we display an L-shaped waveguide where R = 0. The geometry is unbounded in
the left and bottom directions. We play with the length of the oblique branch. This framework
is not exactly the one described above. However, due to the symmetry, it can be dealt with in a
completely similar way.
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Figure 2.21: Left: R (×) and T ( ) in the complex plane for L ∈ (1; 9) (the geometry is the one of
the right picture). Due to conservation of energy, R and T are located inside the unit disk. Right:
real part of u−w+ for a particular L⋆ such that R(L⋆) = 0 (zero reflection). Here k = 3 and ℓ = 1.

Figure 2.22: Real parts of u (left) and u − w+ (right) in an L-shaped waveguide where the length
of the oblique branch has been tuned to achieve R = 0 (zero reflection).

The analysis above also shows that there is an almost periodic sequence of L such that RN (L) =
RD(L) and so T (L) = 0. This is an interesting situation referred to as zero transmission. In that
case, that we have not yet discussed, though the waveguide is not obstructed, the propagation of
an incident wave is stopped and energy is completely backscattered (|R| = 1). To identify these
situations, we simply select the L corresponding to peaks in the graph of L 7→ − ln |T (L)|. In Figure
2.23, we display geometries where T = 0. Note that according to the decomposition (2.26), in this
case the transmitted field is exponentially decaying.

Figure 2.23: Geometries where T = 0 (zero transmission).

⋆ When ℓ ∈ (π/k; 2π/k), i.e. for larger vertical branches, both for Problems (2.29) and (2.28), one
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propagating mode exists in b∞. Then we can prove the asymptotic expansions, as L → +∞,

RN (L) = Rasy
N (L) + . . . , RD(L) = Rasy

D (L) + . . . , (2.35)

where Rasy
N (L), Rasy

D (L) are explicitly known coefficients which run periodically on C (0, 1) with
periods ΠN < ΠD. This is enough to conclude that R = 0 for an unbounded sequence of L.
This also shows that we have T = 0 for another sequence of L. However, compared to the case
ℓ ∈ (0;π/k), the behavior of R and T in the complex plane can be much more erratic, especially
when ΠN/ΠD is not a rational number (see Figure 2.24).

Figure 2.24: Coefficient R in the geometry of Figure 2.25. Here k = 3, ℓ = 1.7 and L varies in
(1; 99).

Figure 2.25: Top: real part of u − w+ in a geometry where R = 0 (zero reflection). Bottom: real
part of u in a geometry where T = 0 (zero transmission).

2.6.4 Comments

Let us conclude this section with a few comments.
i) To obtain perfect invisibility, i.e. T = 1, from formula (2.33), we see that we must impose
both RN = 1 and RD = −1. This requires additional efforts but we have shown in [173] that by
working with three vertical branches as represented in Figure 2.26, this can be achieved. Let us
emphasize that compared to the methods based on thin ligaments leading to the numerics of Figure
2.9, though the picture looks quite similar, the approach is very different. In particular, in Figure
2.26 large defects could be present in the waveguide but not in Figure 2.9. On the other hand, in
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Figure 2.26 the geometry must be symmetric with respect to the vertical while it is not the case
in Figure 2.9. Finally, the technique providing Figure 2.9 relies on asymptotic analysis with thin
ligaments. Figure 2.26 uses asymptotic analysis for long branches.
ii) We have considered only 2D problems with Neumann boundary condition but higher dimension
with other boundary conditions can be dealt with using exactly the same procedure. The analysis
we have presented works for the monomode regime k ∈ (0;π). It seems complicated to extend it to
configurations where several propagating modes exist in the horizontal waveguide.
iii) Mathematically, the main difficulty consists in proving error estimates to justify the asymptotic
expansions (2.34)–(2.35). Constructing the expansion is quite natural and the consistency analysis
is rather straightforward. However establishing stability estimates is a difficult task, in particular
because the geometry changes. To proceed, as in §1.5.1, it is necessary to work with the very useful
technique of overlapping cut-off functions in adapted weighted Sobolev spaces. For more details,
we refer the reader to [352, Chap. 5, §5.6, Thm. 5.6.3].

Figure 2.26: Geometry where T = 1 (perfect invisibility). Top: ℜe (u− w+). Bottom: ℜe u.

2.6.5 Simple examples of perfect invisibility and trapped modes

With V. Pagneux, we adapted the technique presented above to construct very simple exam-
ples of geometries where we have perfect invisibility. Let us explain the approach presented in [176].

Assume that k is fixed in (0;π). Set ℓ := π/k > 1 and

ΩL := S ∪ BL (2.36)

with S = R× (0; 1) and BL = (−ℓ/2; ℓ/2) × [1; 1 +L) (see Figure 2.27). Observe that compared to
(2.24), we choose a particular width for the vertical branch and moreover, we do not allow for the
presence of obstacles inside the reference strip. Then all the analysis presented in §2.6.2 is valid in
that geometry. Therefore we have the formulas

R = RN +RD

2 and T = RN −RD

2 ,
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where RN , RD appear respectively in the decompositions (2.30), (2.31).

Now for the particular geometry considered here, one observes that V := w+ − w− = 2i sin(kx) is
a solution to (2.29) for all L > 0. Note that this property is based on the fact that π/(2k), the
width of the bounded branch of ωL, coincides with the quarter wavelength of the waves w±. By
uniqueness of the definition of the coefficient RD in (2.31), we deduce that

RD = RD(L) = −1 for all L > 0.

On the other hand, one can show as above that as L → +∞, RN (L) runs continuously on the unit
circle C (0, 1) (remember the constraint (2.32)) and that we have |RN (L) − Rasy

N (L)| ≤ C e−c L for
certain c, C > 0 where L 7→ Rasy

N (L) runs periodically on C (0, 1) with a period of π/k. Therefore
from (2.33), we infer that as L → +∞, T (L) runs continuously on C (1/2, 1/2), almost periodically
with a period of π/k. As a consequence, there is an unbounded sequence of L such that we have
T (L) = 1. In Figure 2.27, we give an example of geometry which has been tuned so that T = 1.

Figure 2.27: ℜe u (top), ℑmu (middle) and ℑm (u − w+) (bottom) in a geometry tuned so that
T = 1.

In the analysis above, a key ingredient is that

w+ − w− = 2i sin(kx) (2.37)

solves Problem (2.29) in ωL with mixed boundary conditions for all L > 0. This is true in the ωL

defined from the ΩL introduced in (2.36) but it is easy to see that this occurs in other domains.
For example, this is satisfied as well in the half-waveguide defined from the geometry of Figure 2.28
where the steps have width π/k and arbitrary heights. In this setting, then we vary the height of
the central branch to achieve T = 1.
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Figure 2.28: ℜe u (top), ℑmu (middle) and ℑm (w − w+) (bottom) in a geometry tuned so that
T = 1.

In [176], we were also concerned with so-called trapped modes. We remind the reader that trapped
modes are non zero solutions of the homogeneous problem (2.25) which are of finite energy: they
decay exponentially at infinity and are in H1. They play a key role in physical systems and they
have been widely studied, in particular much more than “invisible modes”. We refer the reader
for example to [461, 224, 225, 207, 340, 375, 388, 184, 410] for corresponding references. More
precisely, in [176] we were interested in trapped modes associated with eigenvalues embedded
in the continuous spectrum. Let us mention that for the Laplace operator with homogeneous
Neumann boundary conditions that we consider here, the continuous spectrum, which is due to
the existence of propagating modes, coincides with the half-line [0; +∞). Such trapped modes are
also called Bound States in the Continuum (BSCs or BICs) in quantum mechanics (see for example
[438, 359, 239] as well as the recent review [278]). Such objects are difficult to observe. In particular
they are unstable with respect to the geometry and a small perturbation transforms them in general
into quasi-normal modes associated with complex resonances [18]. A classical method to exhibit
trapped modes corresponding to eigenvalues embedded in the continuous spectrum consists in con-
sidering waveguides that are symmetric with respect to the (Ox) axis [224, 207, 340, 410]. This is
interesting because it allows one to decouple symmetric and skew-symmetric modes. Then working
with a sufficiently large resonator, one can ensure that an eigenvalue exists below the continuous
spectrum for the problem with mixed boundary conditions satisfied by the skew-symmetric com-
ponent of the field. Back to the original waveguide, this guarantees the existence of an eigenvalue
embedded in [0; +∞). In [176] we proposed a simple alternative mechanism to construct trapped
modes associated with an eigenvalue embedded in the continuous spectrum that we present now.

To proceed, we work with the notion of augmented scattering matrix, a convenient tool in-
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troduced by S.A. Nazarov in [383, 293, 373, 376] allowing one to detect the presence of trapped
modes. Note that the classical scattering matrix, which describes only the contributions on the
propagating modes, is useless for this task. We work in the half-waveguide ωL introduced in (2.27)
and for k ∈ (0;π), consider the problem (2.28) with Neumann boundary conditions. It admits the
scattering solution

v = w+ +RN w− + ṽ

with RN ∈ C (0, 1) and ṽ ∈ H1(ωL) and so the scattering matrix is simply a scalar. Renormalize
the w± by setting W±

0 := w±/
√

2k and define the “wave packets”

W±
1 (x, y) =

1
√

2β1
(e−β1x ± ieβ1x)

√
2 cos(πy),

where we recall that β1 =
√
π2 − k2. Observe that both W+

1 and W−
1 are exponentially growing

as x → −∞. Here the normalisation coefficients are chosen so that the matrix defined in (2.39) is
unitary. As shown in [383, 293, 373, 376], Problem (2.28) admits solutions with the expansions

v0 = W+
0 + s00W

−
0 + s01W

−
1 + ṽ0

v1 = W+
1 + s10W

−
0 + s11W

−
1 + ṽ1

(2.38)

where ṽ0, ṽ1 have fast decay in O(e
√

4π2−k2x) when x → −∞. They allow us to define the augmented
scattering matrix

S :=
(
s00 s01
s10 s11

)
∈ C2×2. (2.39)

As for the usual scattering matrix, one can show that S is unitary (S S⊤ = Id2×2) and symmetric
(s10 = s01). The following result (see e.g. [376, Thm. 2]) provides an algebraic criterion to
guarantee the existence of trapped modes.

Lemma 2.6.1 If s11 = −1, then v1 is a trapped mode for Problem (2.28) set in ωL.

Remark 2.6.2 Note that s11 = −1 is only a sufficient criterion of existence of trapped modes.
Indeed the geometry ωL can support trapped modes for Problem (2.28) with s11 ̸= −1. In this case,
this trapped mode must decay as O(e

√
4π2−k2x) when x → −∞.

Proof. If s11 = −1, since S is unitary, then s10 = 0. In such a situation, according to (2.38), we
have v1(x, y) = (2i/

√
β1) eβ1x cos(πy) +O(e

√
4π2−k2x) as x → −∞. This shows that v1 ̸≡ 0 belongs

to H1(ωL). In other words, v1 is a trapped mode.

ωL

L

π/k

Figure 2.29: Geometry ωL supporting trapped modes for certain L > 0.

Now we consider the particular geometry, for L > 0,

ωL := (−∞; 0) × (0; 1) ∪ (−π/k; 0) × [1; 1 + L) (2.40)
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(see Figure 2.29). In ωL, we observe that W+
0 + W−

0 =
√

2/k cos(kx) is a solution to (2.28) for
all L > 0. From the uniqueness of the definition of the coefficients smn in (2.38), we deduce that
for all L > 0, we have s00(L) = 1 and s01(L) = s10(L) = 0. Since S is unitary, we infer that
|s11(L)| = 1 for all L > 0. In other words, s11(L) is located on the unit circle in the complex
plane. But working as above, one can show that as L → +∞, s11(L) gets closer and closer to an
asymptotic term which runs periodically on the unit circle. Additionally, s11 depends continuously
on L. This guarantees the existence of an unbounded sequence of L such that s11(L) = −1 and so,
from Lemma 2.6.1, such that trapped modes exist for Problem (2.28) at the given k. By symmetry
with respect to the vertical axis, we directly get trapped modes in a waveguide with two unbounded
branches. Besides, we can enlarge the class of geometries considered in (2.40) similarly to what was
explained after (2.37). For example, in Figure 2.30, we represent a trapped mode corresponding to
an eigenvalue embedded in the continuous spectrum. In this geometry, the central and secondary
steps have respectively widths 2π/k and π/k. We tuned the height of the central branch while the
height of the secondary steps is chosen arbitrarily.

Figure 2.30: Real part of a trapped mode associated with an eigenvalue embedded in the continuous
spectrum.

Let us mention that the techniques presented in this paragraph are specific to the Neumann bound-
ary condition. More precisely, we exploit that the first propagating mode does not depend on the
y variable. This cannot be adapted to the Dirichlet boundary condition.

2.6.6 From zero transmission to trapped modes in waveguides

ℓ

L

Figure 2.31: Non symmetric waveguide ΩL with a branch of length L > 0.

In the article [177], we studied the propagation of acoustic waves in geometries as in Figure
2.31, i.e. with a long vertical branch of length L > 0, but without the assumption of symmetry
with respect to (Oy). For k ∈ (0;π), the scattering matrix is of size 2 × 2 and has the form

S :=
(
R+ T

T R−

)
.

Here R+ (resp. R−) is the reflection coefficient associated with a right-going (resp. left-going) inci-
dent plane wave. This scattering matrix is unitary (SS⊤ = Id2×2) and symmetric. In that situation,
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we can still obtain an asymptotic expansion of S as L → +∞ and show that asymptotically, the
scattering coefficients run on circles. However, compared to the situation where ΩL is symmetric
with respect to the vertical axis, in general the reflection coefficients R±(L) do not go through zero
as L → +∞. For the transmission coefficient however, the situation is different. Let us detail this.
First, for T , we obtain the expansion, as L → +∞

T (L) = T asy(L) + . . . (2.41)

where T asy(L) is an asymptotic term whose expression is explicit and the dots correspond to terms
which become exponentially small as L → +∞. Interestingly, we can show that L 7→ T asy(L),
which is a periodic function, passes through zero as L → +∞ (see [177, Prop. 2.1]). This is
quite extraordinary because this is true for any obstacle. But this is not enough to guarantee that
L 7→ T (L) passes through zero. With this, from (2.41), a priori we only deduce that L 7→ T (L)
passes as close to zero as desired when L → +∞. However we have shown in [177, Thm. 2.1] that
the strong structure of the scattering matrix forces L 7→ T (L) to pass exactly through zero. Let us
explain the mechanism. Since S is unitary, we have the identity

R+(L)T (L) + T (L)R−(L) = 0

for all L > 0. Now assume that L 7→ T (L) passes very close to zero but not through zero on a small
interval [L1;L2]. Then the phase of L 7→ T (L) runs on an interval of length approximately equal
to π (which is not the case if L 7→ T (L) passes exactly through zero). We deduce that

R+(L)/R−(L) = −T (L)/T (L)

runs rapidly on the unit circle C (0, 1). This is incompatible with the error estimates derived for
R±(L) which impose to R±(L) to stay close to Rasy

± (L), some terms which do not move much on
[L1;L2].

In [177], we also explained how, from waveguides where T = 0, we can create geometries supporting
trapped modes. Roughly speaking, the idea is the following. When T = 0, one has a mirror effect:
all the energy of the incident field is backscattered. By placing face to face two mirrors and by
tuning the distance between them, we can trap waves.

2.7 Playing with Fano resonances

In the previous section, we described a first mechanism to create large non reflecting or invisible
defects of the reference strip. Let us present other ideas. The important point is that we have to act
strongly on scattering coefficients while keeping control of their values. To proceed, in the next two
sections, we will work with resonant phenomena. First, we explain how to exploit Fano resonances
together with symmetry considerations to construct large non reflecting obstacles in monomode
regime.

Ω0 Ωε

∂Ωε = (x, 1 + εH(x))

Figure 2.32: Original waveguide Ω0 (left) and perturbed geometry Ωε (right).

The Fano resonance is a classical phenomenon that arises in many situations in physics (see [228]
for the seminal paper and [357, 346] for recent reviews). For the presentation of simple models
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in optics, we also refer the reader to [226, 227]. For our particular concern, it appears as follows.
Assume that the geometry of our waveguide is characterized by a real parameter ε. Below, ε will
be the amplitude of a local perturbation of the walls (see Figure 2.32 right). To simplify notation,
set λ := k2 so that Problem (2.1) writes

∆u+ λu = 0 in Ωε

∂νu = 0 on ∂Ωε.
(2.42)

Assume that trapped modes exist for Problem (2.42) with ε = 0 and λ = λ0 ∈ (0;π2). Then, for
ε ̸= 0 small, the scattering matrix S, which is of size 2 × 2 in monomode regime, exhibits a rapid
change for real λ varying in a neighborhood of λ0.

In [166], with S.A. Nazarov, we exploited this rapid change together with symmetry consider-
ations of the geometry to provide examples of waveguides where R = 0 or T = 0 (exactly). This
was also the subject of the 3A internship at École Polytechnique of L. Scaglione that I have
supervised during the Covid period. The main part of the work was dedicated to prove rigorously
that the scattering matrix is not smooth at (ε, λ) = (0, λ0). Our study shares similarities with
[446, 445, 447, 3]. In these articles, probably for the first time, the authors analyze rigorously
the Fano resonance phenomenon in gratings in electromagnetism, a context close to ours, via
techniques of complex analysis and by means of tools of the theory of analytic functions of several
variables. Moreover in [445], under certain symmetry assumptions, they show examples of total
transmission and total reflection for this problem. In [166], we proved similar results following a
different path. We worked with the augmented scattering matrix S that we already used in (2.39).
The important point is that S is smooth at (ε, λ) = (0, λ0). Then from the relation existing between
S and the usual scattering matrix S, this allow us to understand the behavior of S at (ε, λ) = (0, λ0).

With this approach, we never work with complex λ, that is, we never deal with the mero-
morphic extension of S. In particular, we do not use the fact that when the geometry is perturbed
from ε = 0 to ε ̸= 0, in general the eigenvalue λ0 embedded in the continuous spectrum becomes
a complex resonance, that is a pole of the meromorphic extension of S [18, 481]. We think that
this alternative method to analyze the Fano resonance can be of interest. Thus it allows one
to obtain relatively explicit formulas with respect to the features of the geometry. It could also
allow one to deal with singular perturbations of the problem (for example if one adds some small
non penetrable obstacles in the waveguide as in [165]). For computation of complex resonances
and numerical investigations of the Fano resonance phenomenon in waveguides, we refer the
reader to [214, 140, 220, 265, 273, 266]; for results concerning the existence of trapped modes asso-
ciated with eigenvalues embedded in the continuous spectrum, see e.g. [461, 224, 225, 207, 340, 375].

To illustrate more precisely the Fano resonance phenomenon, let us work on a 1D toy prob-
lem.

2.7.1 A 1D toy problem

Unperturbed case

x

y

Ω1

Ω2

Ω3O

Figure 2.33: A 1D geometry.
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Consider the geometry

Ω := Ω1 ∪ Ω2 ∪ Ω3 with Ω1 := (−∞; 0) × {0}, Ω2 := {0} × (0; 1), Ω3 := (0; 1) × {0}

(see Figure 2.33). For a function φ defined in Ω, set φj := φ|Ωj , j = 1, 2, 3. Working in suitable
coordinates, we can see the Ωj as 1D domains. Similarly to (2.42), we study the problem

−φ′′
j = k2φj in Ωj , j = 1, 2, 3, (2.43)

with the conditions
φ1(0) = φ2(0) = φ3(0),
φ′

1(0) = φ′
2(0) + φ′

3(0),
φ′

2(1) = φ′
3(1) = 0.

(2.44)

Thus at the junction point O, we impose continuity of the field and conservation of the flux (Kirch-
hoff law) and we work with Neumann boundary conditions at the ends of the ligaments. It can be
shown that this is a good model to describe the properties of the acoustic problem in the 2D domain
obtained by thickening the above 1D graph. We are interested in the scattering of the rightgoing
incident wave x 7→ eikx. We denote by φ the corresponding total field. For the simple problem con-
sidered here, the radiation condition boils down to assuming that φ writes as φ(x) = eikx +Re−ikx

in Ω1, where R ∈ C is the reflection coefficient. Using the two boundary conditions of (2.43)–(2.44),
we are led to look for a solution φ such that

φ1(x) = eikx +Re−ikx, φ2(y) = a cos(k(y − 1)), φ3(x) = b cos(k(x− 1)),

where a, b ∈ C. Writing the transmission conditions at the junction point O, we obtain that R, a,
b must solve the system

M(k)Φ = F with M(k) :=

 1 − cos k 0
0 cos k − cos k
i sin k sin k

 , Φ :=

 R
a
b

 , F :=

 −1
0
i

 . (2.45)

One finds
detM(k) = (2 sin k + i cos k) cos k.

Therefore this system (and so Problem (2.43)–(2.44) with the above mentioned radiation condition)
is uniquely solvable if and only if k ̸∈ (2N + 1)π/2. When k ∈ (2N + 1)π/2, the kernel of Problem
(2.43)–(2.44) coincides with span(φtr) where φtr is the trapped mode such that

φtr(x) =
0 in Ω1

sin(ky) in Ω2

− sin(kx) in Ω3.

On the other hand, for any k > 0, one can check that System (2.45) (and so Problem (2.43)–(2.44))
admits a solution because F ∈ (ker tM)⊥ (this can be verified by an explicit calculus). Moreover,
the coefficient R is always uniquely defined (even when k ∈ (2N + 1)π/2) and such that

R(k) =
cos(k) + 2i sin(k)
cos(k) − 2i sin(k) . (2.46)

The map k 7→ R(k) is π-periodic and |R(k)| = 1. The latter relation, which is due to conservation of
energy, guarantees that R(k) = eiθ(k) for some phase θ(k) ∈ R/(2πZ). In Figure 2.34, we represent
the map k 7→ θ(k) for k ∈ (0;π). We observe that it has a smooth behavior, also around the value
k = π/2 for which trapped modes exist for Problem (2.43)–(2.44). Thus we see that the scattering
is insensitive to the existence of trapped modes.
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Figure 2.34: Map k 7→ θ(k). The vertical black dotted line indicates the value k = π/2.

It is also interesting to give a spectral description of the properties of the problem. Denote by A
the unbounded operator of L2(Ω) such that

Aφ = −φ′′
j in Ωj , j = 1, 2, 3, (2.47)

with domain

D(A) = {φ ∈ L2(Ω) |φj ∈ H2(Ωj) for j = 1, 2, 3 and φ satisfies (2.44)}. (2.48)

Classically, see e.g. [54], one shows that A is a selfadjoint operator. Therefore its spectrum σ(A) is
real. One can prove that σ(A) coincides with [0; +∞). More precisely, we have σess(A) = [0; +∞)
where σess(A) denotes the essential spectrum of A. By definition, σess(A) corresponds to the set of
λ ∈ C for which there exists a so-called singular sequence, that is a sequence (u(m)) of functions of
D(A) such that ∥um∥L2(Ω) = 1, (u(m)) converges weakly to 0 in L2(Ω) and ((A− λ)u(m)) converges
strongly to 0 in L2(Ω). The fact that σess(A) = [0; +∞) is directly related to the existence of the
propagating modes e±ikx for all k > 0. On the other hand, the above calculations ensure that A
also has point spectrum corresponding to eigenvalues, i.e. values of λ such that ker (A−λId) ̸= {0}.
More precisely, one has σp(A) = {(2n+ 1)2π2/4, n ∈ N}. Let us emphasize that these eigenvalues
are embedded in the essential spectrum (see the illustration of Figure 2.35).

O

σess(A)
σp(A)

Figure 2.35: Spectrum of A in the complex plane.

Perturbed case

Now we consider the same problem in the perturbed geometry Ωε := Ω1 ∪ Ω2 ∪ Ωε
3 with Ωε

3 :=
(0; 1 + ε) × {0} and ε ∈ R small. We denote with a superscript ε all the above quantities. In Ωε,
the resolution of the previous scattering problem leads to solve the system

Mε(k)Φε = F with Mε(k) :=

 1 − cos k 0
0 cos k − cos(k(1 + ε))
i sin k sin(k(1 + ε))

 , Φε :=

 Rε

aε

bε

 . (2.49)
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The vector F is the same as in (2.45). We find

detMε(k) = sin(k(2 + ε)) + i cos k cos(k(1 + ε)).

Therefore we find that for ε ̸= 0 small, the determinant of Mε does not vanish for a given range of
k > 0. As a consequence, Problem (2.43)–(2.44) set in Ωε has a unique solution. One obtains

Rε(k) =
cos k cos(k(1 + ε)) + i sin(k(2 + ε))
cos k cos(k(1 + ε)) − i sin(k(2 + ε)) .

Again, we have |Rε(k)| = 1 (conservation of energy) so we can write Rε(k) = eiθε(k) for some
θε(k) ∈ R/(2πZ). Note that θ0 = θ where θ appears after (2.46). The map k 7→ θε(k) is displayed
in Figure 2.36 for several values of ε (see also the alternative representation in Figure 2.37). We
observe that for ε ̸= 0, the curve k 7→ θε(k) has a fast variation for k close to π/2. The variation
is even faster as ε ̸= 0 gets small. On the other hand, for ε = 0, as represented in Figure 2.34, the
curve k 7→ θ0(k) has a very smooth behavior. We emphasize that for (ε, k) = (0, π/2), as mentioned
above, trapped modes exist for Problem (2.43)–(2.44).
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Figure 2.36: Maps k 7→ θε(k) for several values of ε. The right picture is a zoom on the left
picture around k = π/2 (marked by the vertical black dotted line). The vertical colored dashed
lines indicate the values of k such that θε(k) = 0.
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Figure 2.37: Parametric curves k 7→ (ℜeRε(k),ℑmRε(k)) for k ∈ (0;π).
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In order to study the variations of the reflection coefficient with respect to the frequency and the
geometry, we define the map R : R2 → C such that

R(ε, k) =
cos(k) cos(k(1 + ε)) + i sin(k(2 + ε))
cos(k) cos(k(1 + ε)) − i sin(k(2 + ε)) . (2.50)

With such a notation, we have Rε(k) = R(ε, k) and R(k) = R(0, k). For all k ∈ (0;π), there
holds limε→0 R(ε, k) = R(0, k). Now assume that the frequency and the geometry are related by
some prescribed law in a neighborhood of the point (ε, k) = (0, π/2) corresponding to a setting
supporting trapped modes. For example, assume that

k = π/2 + εk′

for a given k′ ∈ R. Then for k′ ̸= −π/4, starting from expression (2.50), we find as ε → 0 the
expansion

R(ε, π/2 + εk′) = −1 + ε
( − 2ik′(π + 2k′)

π + 4k′

)
+O(ε2). (2.51)

Note that we have R(0, π/2) = −1.

For k′ = −π/4, the asymptotic behavior as ε tends to zero is more surprising. Indeed, for

k = π/2 − επ/4 + ε2µ

with µ ∈ R (we take k′ = −π/4 but allow for some freedom at higher order), we obtain

R(ε, π/2 − επ/4 + ε2µ) = g(µ) +O(ε) with g(µ) =
π2 + i(32µ− 4π)
π2 − i(32µ− 4π) . (2.52)

ε

k

π/2

ε0

Figure 2.38: Left: parabolic paths {(ε, π/2 − επ/4 + ε2µ), ε ∈ (−1; 1)} ⊂ R2 for several values of
µ. According to µ, the limit of the coefficient R(ε, π/2 − επ/4 + ε2µ) defined in (2.50) as ε → 0 is
different. Right: the colors indicate the phase of R(ε, k). This phase is valued in [0; 2π).

Classical results concerning the Möbius transform (see e.g. [271, Chap. 5]) guarantee that g is a
bijection between R and C (0, 1) \ {−1 + 0i} (C (0, 1) is the unit circle of the complex plane). Thus
for any z0 ∈ C (0, 1), we can find a path {γ(s), s ∈ (0; 1)} ⊂ R2 such that

lim
s→1

γ(s) = (0, π/2) and lim
s→1

R(γ(s)) = z0
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(see Figure 2.38 right). In other words, by tuning cleverly the frequency and the amplitude of the
perturbation, we can get any desired value for the reflection coefficient on the unit circle. Besides,
this proves that the map R(·, ·) : R2 → C is not continuous at (0, π/2). Finally, this shows also that
for ε0 ̸= 0 small fixed (see the vertical red dashed line in Figure 2.38 left), the curve k 7→ R(ε0, k)
must exhibit a rapid change. Indeed, µ varying in [−Cε−1

0 ;Cε−1
0 ] for some arbitrary C > 0 (which

is only a small change for k) leads to a large change for R(ε0, π/2 − ε0π/4 + ε2
0µ). This is exactly

what we observed in Figure 2.36.

Let us return to the spectral description of the properties of the problem. Denote by Aε the
analog of the operator A introduced in (2.47)–(2.48) in the perturbed geometry Ωε. Since we made
a perturbation in a bounded region, it can be shown that Aε has the same essential spectrum as
A, i.e. σess(Aε) = [0; +∞) (again this is directly due to the existence of the propagating modes
e±ikx for all k > 0). On the other hand, the above computations guarantee that for ε > 0 small,
Aε has no eigenvalue, i.e. σp(Aε) = ∅. This gives the picture of Figure 2.39 for σ(Aε). A natural
question then is: what happened to the eigenvalues of A when the geometry has been perturbed?
The answer is that they became so-called complex resonances. These are values of k2 ∈ C with
ℑmk < 0 such that there is a solution to

−φ′′
j = k2φj in Ωε

j , j = 1, 2, 3,

with the conditions (2.44), admitting the expansion φ1(x) = e−ikx in Ω1 (generalized outgoing
behavior). Note that such generalized eigenfunctions are exponentially growing as x → −∞ and
so do not belong to L2(Ωε). In the literature, they are often referred to as quasi-normal modes or
leaky modes. Observe that they cannot exist for ℑmk > 0 because they would be exponentially
decaying as x → −∞ and so would belong to L2(Ωε). But this is impossible because the operator
is selfadjoint and therefore cannot have eigenvalues in C \ R.

O

σess(Aε)
Complex resonances

Figure 2.39: Spectrum of Aε in the complex plane.

Let us stress that this conversion of eigenvalues into complex resonances when one perturbs the
geometry is crucially related to the fact that we are considering eigenvalues which are embedded in
the essential spectrum. In particular, it does not occur in bounded domains when no essential spec-
trum exists. Let us illustrate this with a concrete example. Denote by B the Neumann Laplacian
on the interval (0; 1) such that

D(B) = {φ ∈ H2(0; 1) | ∂xφ(0) = ∂xφ(1) = 0}
Bφ = −φ′′.

The operator B has only discrete spectrum (no essential spectrum), namely

σ(B) = {n2π2, n ∈ N}

and the corresponding eigenfunctions are the φn such that φn(x) = cos(nπx). Now if we denote by
Bε the same Neumann Laplacian in the perturbed geometry (0; 1 + ε), we find

σ(Bε) = {n2π2/(1 + ε)2, n ∈ N}

and the corresponding eigenfunctions are the φε
n such that φε

n(x) = cos(nπx/(1 + ε)). In other
words, the eigenvalues of B have been only slightly shifted on the real axis (see Figure 2.40), they
did not turn into complex resonances.
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O

σ(B)
σ(Bε)

Figure 2.40: Spectra of B and Bε in the complex plane.

On the other hand, not all geometric perturbations of Problem (2.47)–(2.48) convert embedded
eigenvalues into complex resonances. For example, if both Ω2, Ω3 are perturbed into Ωε

2 = {0} ×
(0; 1 + ε), Ωε

3 = (0; 1 + ε) × {0}, one can check that embedded eigenvalues remain embedded
eigenvalues for the perturbed problem. Somehow, we need to break the symmetry as in (2.49), to
create some coupling between the trapped modes and the scattering properties of the problem. In
that case, complex resonances located close to the real axis have a strong impact on the scattering.

2.7.2 Fano resonance in 2D waveguides

Let us come back to Problem (2.42) in 2D. We assume that Ω0 is such that the Neumann
Laplacian has a simple eigenvalue λ0 ∈ (0;π2) (geometric multiplicity equal to one). We perturb
the geometry from some smooth compactly supported profile function H with amplitude ε ≥ 0
as in Figure 2.32 right. We denote by Ωε the new waveguide and S(ε, λ), T (ε, λ), R±(ε, λ) the
scattering matrix/coefficients in the geometry Ωε at frequency λ. For short, we set S0 = S(0, λ0),
T 0 = T (0, λ0), R0

± = R±(0, λ0). Introduce u0 an eigenfunction associated with λ0 such that
∥u0∥L2(Ω) = 1. Decomposition in Fourier series guarantees that as |x| → +∞, we have the expansion

u0(x, y) = K±e
−

√
π2−λ0|x| cos(πy) + . . .

where K± ∈ C and the . . . correspond to terms which decay as O(e−
√

4π2−λ0|x|) as |x| → +∞. In
[166, Thm. 5.1], the following result is proved.

Theorem 2.7.1 Assume that (K+,K−) ̸= (0, 0). There is a quantity ℓ(H) ∈ R, which depends
linearly on the profile function H, such that when ε → 0,

S(ε, λ0 + ελ′) = S0 +O(ε) for λ′ ̸= ℓ(H), (2.53)

and, for any µ ∈ R,

S(ε, λ0 + εℓ(H) + ε2µ) = S0 +
τ⊤τ

iµ̃− |τ |2/2 +O(ε). (2.54)

In this expression τ = (a, b) ∈ C × C depends only on Ω and µ̃ = Aµ+B for some unessential real
constants A, B with A ̸= 0.

The justification of this result is more difficult than in 1D because one cannot perform explicit
calculations. It requires adapted tools (see [446, 445, 447, 3, 166]) that we will not present here.
However the interpretation of the result is completely similar to that of the 1D case. Observe
that (2.53) and (2.54) are respectively the analogues of (2.51) and (2.52). As explained above,
Theorem 2.7.1 shows that the mapping S(·, ·) is not continuous at (0, λ0) (setting where trapped
modes exist). Moreover for ε0 small fixed, it proves that the scattering matrix λ 7→ S(ε0, λ) exhibits
a quick change in a neighborhood of λ0 + ε0ℓ(H): this is the Fano resonance phenomenon. When
(K+,K−) = (0, 0) a faster Fano resonance phenomenon occurs.

2.7.3 Zero reflection and zero transmission

In the sequel, to simplify we denote by Sε(µ), T ε(µ), Rε
±(µ) the values of S, T , R± in Ωε at the

frequency λ = λ0 + εℓ(H) + ε2µ.
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When Ωε is symmetric with respect to the vertical axis, we can proceed as in §2.6.2 and decompose
the problem into two half-waveguide problems with Neumann/Dirichlet boundary conditions at
x = 0. Let us denote by Rε

N (µ)/Rε
D(µ) the corresponding reflection coefficients. Then from (2.33),

we have

Rε
+(µ) = Rε

−(µ) = Rε
N (µ) +Rε

D(µ)
2 and T ε(µ) = Rε

N (µ) −Rε
D(µ)

2 . (2.55)

To set ideas assume that the trapped modes associated with λ0 are even. In that case, (ε, λ) 7→
RD(ε, λ) is smooth at (0, λ0). As a consequence, for ε small, µ 7→ Rε

D(µ) does not vary much on the
unit circle C (0, 1) for µ ∈ (−ε−1/2; ε−1/2). On the other hand, by adapting the result of Theorem
2.7.1, we established that µ 7→ Rε

N (µ) runs once on C (0, 1) for µ ∈ (−ε−1/2; ε−1/2). From formulas
(2.55), this ensures that the curves µ 7→ T ε(µ), µ 7→ Rε(µ) for µ ∈ (−ε−1/2; ε−1/2), pass exactly
through zero for ε small enough. This provides examples of geometries where we have either zero
reflection or zero transmission. In Figure 2.41, we give an example of geometry supporting trapped
modes for Neumann problem (2.28) at a particular λ = λ0 ∈ (0;π2). Note that the waveguide is
symmetric with respect to the line of equation y = 1/2. Then we perturb the domain by slightly
shifting vertically the disk3. Then the symmetry is broken and from the analysis above, we know
that when we sweep in λ in a small neighborhood of λ0, there is one λ such that one observes zero
reflection (Figure 2.42) and one λ such that one gets zero transmission (Figure 2.43). Note that
the smaller ε, the more delicate the adjustment of λ.

0.5 + ε

1

Figure 2.41: Left: geometry of the half waveguide. Right: real part of a trapped mode for ε = 0
and k0 :=

√
λ0 ≈ 2.7403. The computation has been realized by using Perfectly Matched Layers.

Figure 2.42: ℜe uε (top) and ℜe (uε−w+) in a setting where Rε
± = 0 (ε = 0.05 and k =

√
λ = 2.751).

Figure 2.43: ℜe uε in a setting where T ε = 0 (ε = 0.05 and k =
√
λ = 2.75495).

When the domain Ωε is not symmetric with respect to the vertical axis, we cannot use the decom-
position with the two half-waveguide problems. In that case, for a fixed small ε > 0, in general
the curves µ 7→ Rε

±(µ) do not go through zero in the complex plane and we do not observe zero
3Observe that a horizontal shifting of the position of the disk would maintain the decoupling between symmetric

and skew-symmetric modes. As a consequence, the eigenvalue embedded in the continuous spectrum would remain
an eigenvalue embedded in the continuous spectrum and no Fano resonance phenomenon would be observed.
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reflection. However we have shown in [167] that µ 7→ T ε(µ) passes through zero. This surprising re-
sult, that echoes the one of §2.6.6, was intuited in [333] using a continuation idea from a symmetric
setting. In [167], we proved it rigorously using a different approach which does not require to start
from a symmetric setting. Let us give the main ingredients of the proof which shares similarities
with the one of §2.6.6.

Theorem 2.7.2 Assume that T 0 = T (0, λ0) ̸= 0. Then there is ε0 > 0 such that for all ε ∈ (0; ε0],
there is µ ∈ R such that T ε(µ) = 0.

Proof. Theorem 2.7.1 provides the estimate

|T ε(µ) − T asy(µ)| ≤ C ε (2.56)

with T asy(µ) = T 0 +
ab

iµ̃− (|a|2 + |b|2)/2.

For any compact set I ⊂ R, the constant C > 0 in (2.56) can be chosen independent of µ ∈ I. We
will prove first that the asymptotic term T asy(·) always passes through zero. Then, from that and
Estimate (2.56), we will deduce, due to the rigid structure of the scattering matrix, that T ε(·) also
passes through zero.
⋆ First, we study the set {T asy(µ), µ ∈ R}. Classical results concerning the Möbius transform
guarantee that {T asy(µ), µ ∈ R} coincides with C asy \ {T 0} where C asy is a circle passing through
T 0. Let us show that C asy also passes through zero. One finds that T asy(µ) = 0 for some µ ∈ R if
and only if there holds

|a|2 + |b|2

2 = ℜe
(
ab

T 0

)
. (2.57)

An intermediate calculus of [166] implies R0
+ a+ T 0 b = a and T 0 a+R0

− b = b. From this and the
unitarity of S0 which imposes R0

− = −R0
+T

0/T 0, we can obtain (2.57). Denote µ⋆ the value of µ
such that T asy(µ⋆) = 0 and for ε > 0, define the interval Iε = (µ⋆ −

√
ε;µ⋆ +

√
ε). From (2.56), for

ε > 0 small, we know that the curve {T ε(µ), µ ∈ Iε} passes close to zero. Now, using the unitary
structure of Sε(µ) as in §2.6.6, we show that this curve passes exactly through zero for ε small.
⋆ Assume by contradiction that for all ε > 0, µ 7→ T ε(µ) does not pass through zero in Iε. Since
Sε(µ) is unitary, there holds Rε(µ)T ε(µ) + T ε(µ) R̃ε(µ) = 0 and so

−Rε(µ)/R̃ε(µ) = T ε(µ)/T ε(µ) ∀µ ∈ Iε.

But if µ 7→ T ε(µ) does not pass through zero on Iε, one can verify that the point T ε(µ)/T ε(µ) =
e2iarg(T ε(µ)) must run rapidly on the unit circle for µ ∈ Iε as ε → 0. On the other hand, Rε(µ)/R̃ε(µ)
tends to a constant on Iε as ε → 0. This way we obtain a contradiction.

Remark 2.7.3 The fact that C asy passes through zero is quite mysterious. Without assumption of
symmetry, we do not have physical reason to explain this miracle.

We illustrate this result in Figure 2.44. First we find that trapped modes exist for ε = 0 and√
λ0 ≈ 1.2395 ∈ (0;π). Then we compute T (ε, λ) (×) and R(ε, λ) ( ) for

√
λ ∈ (1.2; 1.3) and

ε = 0.05. As predicted, we observe that λ 7→ T (ε, λ) passes through zero around λ0. Finally, we
display the real part of u+ in Ωε for ε = 0.05 and

√
λ = 1.2449, a configuration where T (ε, λ) ≈ 0.
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Figure 2.44: Zero transmission in a waveguide via the Fano resonance mechanism.

Finally, let us mention that everything presented here can be adapted in higher dimension, that
is for waveguides in Rd, d ≥ 3, with a bounded transverse section. Moreover we could also have
studied analogously problems with homogeneous Dirichlet boundary conditions.

2.7.4 Abnormal acoustic transmission in a waveguide with perforated screens
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Figure 2.45: Side view of the waveguide Ωε (left) and picture of the left perforated screen (right).

We studied a related topic with S.A. Nazarov in [168]. In this work, we considered the propaga-
tion of the piston mode (the plane wave) in an acoustic waveguide obstructed by two screens with
small holes (see Figure 2.45). In general, due to the features of the geometry, almost no energy
of the incident wave is transmitted through the structure. However, by tuning carefully the dis-
tance between the two screens, which form a resonator, one can get good transmission in energy. If
additionally the geometry is symmetric with respect to the vertical axis, we can reach zero reflection.

Let us mention that similar problems have been considered in [36, 209] but with only one
hole and with Dirichlet boundary conditions. In [209], the authors work with decompositions in
Fourier series which are hard to generalize. In [36], following [352], the authors use techniques
of construction of asymptotic expansions for boundary value problems in singularly perturbed
domains. We also adopt this approach. Unlike the above-mentioned publications, we employ a fine
tuning procedure of the geometric shape which allows us to reveal the zero reflection phenomenon.

In Figure 2.46, we work in a symmetric domain. There is one hole of width ε = 10−4 in the
screens. We display the field uε for two different values of L, namely for a generic one where, as
expected, T is almost zero and for some well-chosen L = L⋆ where R = 0.
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Figure 2.46: Top: ℜe uε for L = 0.5. Middle: ℜe uε for L = L⋆. Bottom: ℜe (uε −w+) for L = L⋆.

2.8 Playing with thin resonant ligaments

2.8.1 Cloaking of a given obstacle

Ω0

ε

ℓε

A

Ωε

Figure 2.47: Left: initial setting. Right: geometry with one thin outer resonator.

In Sections 2.4, 2.5, we presented approaches to construct invisible defects using perturbative
techniques. In Section 2.6, we explained how to create symmetric large invisible obstacles. During
the post-doc of J. Heleine, in the article [161] with S.A. Nazarov, we proposed a method to cloak any
given obstacle in an acoustic waveguide in monomode regime without this assumption of symmetry
of the geometry. More precisely, starting from a setting where T ̸= 1, we explain in [161] how to
perturb the initial geometry to obtain a new waveguide where T ≈ 1. Let us mention that we do
not work with ad hoc penetrable materials as in transformation optics. Additionally, we do not
add active sources in the system as people do in active cloaking [355, 463, 464, 404, 409, 145, 135].
What we realize is passive cloaking at infinity by perturbing the shape of the waveguide.

To proceed, we work with thin outer resonators, that we also call ligaments, of width ε > 0
small compared to the wavelength, as depicted in Figure 2.47 right. These ligaments are interesting
because they are almost 1D objects, which allows us to make explicit their influence on the fields
and so on the scattering coefficients. However in general, i.e. for most lengths, they produce only
perturbations of order ε which is not sufficient to compensate for the scattering due to the initial
object. But working around the resonance lengths (see (2.59)) of the resonators, we can get effects
of order one. This is a key aspect in our approach which makes it in particular different from the
technique presented in Section 2.4. Note that thin ligaments around resonance lengths have been
studied for example in [317, 86, 338, 339, 337] in a context close to ours, namely in the analysis of the
scattering of an incident wave by a periodic array of subwavelength slits. The core of our approach
is based on an asymptotic expansion of the scattering solutions with respect to ε as ε tends to zero.
This allows us to derive formulas for the scattering coefficients with a relatively explicit dependence
on the geometric features. To obtain the expansions, we apply techniques of matched asymptotic



92 Chapter 2. Propagation of waves in waveguides

expansions. For related methods, we refer the reader to [37, 234, 313, 369, 235, 372, 290, 32, 73].
We emphasize that an important feature of our study distinguishing it from the previous references
is that the lengths, and not only the widths, of the resonators depend on ε. This way of considering
the problem, used also in the results presented in §2.7.4, is an essential ingredient to reveal the
resonant phenomena. From this perspective, our work shares similarities with [275, 105, 106] (see
also references therein). On the other hand, in the asymptotic procedure we observe that when
ε tends to zero, everything happens as if punctual sources were located at the junction points
between the resonators and the main part of the waveguide. Therefore our approach somehow has
some connections with the works on active cloaking mentioned above.

Let us describe the general strategy. First, as usual in asymptotic analysis for singularly per-
turbed problems, we work with different ansatz depending on the region. More precisely, we
consider the outer expansions

uε
+(x, y) = u0(x, y) + . . . in Ω0

uε
+(x, y) = ε−1v−1(y) + v0(y) + . . . in the resonator

(2.58)

where Ω0 denotes the initial waveguide without the ligament and u0, v−1, v0 denote unknown
functions which are independent of ε. To begin with, suppose that the ligament has a length ℓ > 0
independent of ε. Considering the restriction of Problem (2.1) in Ωε to the thin resonator, when ε
tends to zero, we find that v−1 must solve the homogeneous 1D problem

(P1D)
∂2

yv + k2v = 0 in (1; 1 + ℓ)
v(1) = ∂yv(1 + ℓ) = 0.

An important message is that the features of (P1D) play a key role in the physical phenomena and
so in the asymptotic analysis. We denote by ℓres (resonance lengths), the values of ℓ, given by

ℓres := π(m+ 1/2)/k, m ∈ N, (2.59)

such that (P1D) admits a non zero solution. Note that the non zero functions solving (P1D)
coincide, up to a multiplicative constant, with sin(k(y − 1)).

Assume first that ℓ ̸= ℓres so that the only solution of (P1D) is zero. Then we set v−1 ≡ 0
in (2.58) and when ε → 0, we can show that

uε
±(x, y) = u± + o(1) in Ω0

uε
±(x, y) = u±(A) v0(y) + o(1) in the resonator

(2.60)

where u± stands for the scattering solution corresponding to an incident plane wave coming from
∓∞ and A = (xA, 1) is the attachment point of the ligament. Moreover in (2.60),

v0(y) = cos(k(y − 1)) + tan(kℓ) sin(k(y − 1))

(observe that we have ∂2
yv + k2v = 0 in (1; 1 + ℓ) as well as v0(1) = 1 and ∂yv0(1 + ℓ) = 0). From

this, we deduce that
Rε

± = R± + o(1), T ε = T + o(1),
where R±, T are the scattering coefficients in the geometry without the ligament. In that situ-
ation, we see that the resonator has no influence at order ε0, which is not interesting for our purpose.

Assume now that ℓ = ℓres. In that case, the asymptotic analysis is more involved. At the
end of the (long) procedure, we obtain, when ε → 0,

uε
+(x, y) = u+(x, y) + akγ(x, y) + o(1) in Ω0

uε
+(x, y) = ε−1a sin(k(y − 1)) +O(1) in the resonator

(2.61)
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where γ denotes the outgoing Green function such that

∆γ + k2γ = 0 in Ω
∂νγ = δA on ∂Ω.

Here δA is the Dirac delta distribution supported at A. Moreover in (2.61), a is such that

ak = −
u+(A)

Γ + π−1 ln |ε| + CΞ

where Γ and CΞ are some constants which depend only on the initial geometry Ω0. Observe that
in (2.61), the field blows up as O(ε−1) in the resonator, which is directly related to the fact that
there is a complex resonance close to the considered real k. From (2.61), we obtain

Rε
+ = R+ + iau+(A)/2 + o(1), T ε = T + iau−(A)/2 + o(1).

This time the thin resonator has an influence at order ε0. Let us make a small variant by assuming
that the length of the ligament is equal to ℓε = ℓres + εη, where η ∈ R is a parameter that we set as
we wish. In that situation the analysis is very similar to the previous case and when ε → 0, we find

uε
+(x, y) = u+(x, y) + a(η)kγ(x, y) + o(1) in Ω0

uε
+(x, y) = ε−1a(η) sin(k(y − 1)) +O(1) in the resonator

(2.62)

with
a(η)k = −

u+(A)
Γ + π−1 ln |ε| + CΞ + η

.

This gives
Rε

+ = Rasy
+ (η) + o(1), T ε = T asy(η) + o(1) (2.63)

with
Rasy

+ (η) := R+ + ia(η)u+(A)/2, T asy(η) := T + ia(η)u−(A)/2.

Thus, not only the resonator has an influence at order ε0, but additionally the latter depends on
the choice made for η. We get something similar to what has been shown in Section 2.7 (see in
particular Figure 2.38): for all η ∈ R, the resonator tends to the 1D segment (1; 1 + ℓres), but
depending on the choice of η, the limit of the corresponding scattering coefficients is not the same.
As a consequence, the scattering coefficients, considered as functions of the two variables (ε, ℓ), are
not continuous at the point (0, ℓres). Moreover, for ε0 fixed small, varying slightly ℓ around ℓres,
which corresponds for example to sweep η ∈ [−ε−1/2

0 ; ε−1/2
0 ], we obtain a large variation for Rε0

+ ,
T ε0 (again see the illustration of Figure 2.38). More precisely, working with the Möbius transform,
one shows that the sets

{Rasy
+ (η), η ∈ R}, {T asy(η), η ∈ R}

where R := R∪ {+∞} ∪ {−∞}, coincide with circles. We deduce that asymptotically, when ε → 0,
when perturbing the length of the ligament around ℓres, the quantities Rε

+, T ε run on circles.
Interestingly for our purpose, the features of these circles depend on A, the attachment point of
the ligament.

In view of achieving zero reflection, using the expansions of u±(A) far from the obstacle, we
establish the following statement:

Proposition 2.8.1 Assume that R+ ̸= 0 and T ̸= 0. There are some A = (xA, 1) such that there
exists η such that Rasy

+ (η) = 0. In that case, when ε → 0, we have Rε
+ = 0 + o(1).
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Remark 2.8.2 Note that we exclude the case R+ = 0 because in this situation we already have zero
reflection in the initial geometry and there is no need for adding a resonator. In the case T = 0, i.e.
|R+| = 1 due to conservation of energy, the most challenging situation, our approach does not work.
However, one possibility to get zero reflection is to add first one or several resonators to obtain a
transmission coefficient quite different from zero. And then to add another well-tuned resonator to
kill the reflection. Let us mention that this strategy is also interesting when T is small but non zero
because in this case achieving almost zero reflection with only one resonator is quite unstable.

Remark 2.8.3 It is important to emphasize that compared to what we presented in the previous
sections, we do not reach exactly Rε

+ = 0 but simply get Rasy
+ (η) = 0. In other words, there is a

residue due to the error in the expansion. This analysis encourages us to take ε as small as possible.
However when ε becomes small, the amplitude of the field in the resonator gets very high and the
tuning procedure of the features of the ligament is very sensitive. Thus one must find a compromise
between small reflection and robustness with respect to perturbations of the geometry.

In Figures 2.48–2.49, we consider the scattering of the right-going plane wave by a sound hard
obstacle (the fish). We have added a well-tuned ligament to obtain almost zero reflection. In Figure
2.49, we observe that by working with a smaller ε, as expected we can reduce the reflection.

Figure 2.48: Real parts of uε (left) and of uε −w+ (right). The length of the resonator is tuned to
get almost zero reflection. Here ε = 0.3.

Figure 2.49: Same quantities as in Figure 2.48 but with a thinner resonator. Here ε = 0.01.

Once almost zero reflection has been obtained, it remains to compensate for the phase shift (recall
that Rasy

+ (η) = 0 only implies |T asy
+ (η)| = 1). To proceed, one method consists in coupling the

previous waveguide with what we call a phase-shifter. This is a device where one has zero reflection
and any prescribed phase. We have shown that such phase shifters can be designed by working
with two well-tuned resonant ligaments added to the reference strip R × (0; 1). At the end, we
obtain T ε ≈ 1 with three well-tuned resonant ligaments.

On the other hand, by exploiting again the results of the asymptotic analysis (2.62), (2.63),
we have established that we can get T ε ≈ 1 with only two well-tuned ligaments. Let us assess
the degrees of freedom which are involved. We wish to control two complex coefficients, Rε, T ε,
and so four real parameters. The relation of conservation of energy imposes one constraint. As a
consequence, there are three real degrees of freedom. In our strategy here, we play with the two
lengths of the resonators and with the distance between them.

In Figures 2.50, 2.51, we cloak two different obstacles/defects by working with two resonant
ligaments. In each case, on the first line we display the field corresponding to the scattering of a
right-going plane wave without the resonators. The setting of Figure 2.51 is particularly challenging
because the initial transmission coefficient is very small. To restore a good transmission, we observe
that we have to excite strongly the resonances. Practically, this is probably a limitation because
we can imagine that dissipation will then become important.
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Figure 2.50: Real parts of u+ (top), uε (middle) and uε − w+ (bottom). The resonators are tuned
to get T ε ≈ 1. Here ε = 0.01.

Figure 2.51: Real parts of u+ (top), uε (middle) and uε − w+ (bottom). The resonators are tuned
to get T ε ≈ 1. Here ε = 0.05.

2.8.2 Energy distributor

These resonant ligaments offer a very effective way of acting on scattering of waves. We have
used them to design other devices that may be of interest for applications and which are not
directly related to invisibility.

First, in the article [169], with S.A. Nazarov, we adapted the approach presented above to
design acoustic energy distributors. More precisely, in [169] we consider a waveguide with three
unbounded channels Π0, Π1, Π2. In this setting, Π0 plays the role of input/output channel while
Π1, Π2 are only output channels (see Figure 2.52). Our goal was to find a geometry where the
energy of an incoming wave is almost completely transmitted and additionally we can control the
ratio of energy transmitted in the two other output channels. A device similar to the one that
we wish to create is the acoustic power divider [319, 15, 395, 223]. The difference is that in our
case, we want to be able to control the ratio of energy transmitted in the two output channels.
Such devices are interesting for applications not only in acoustics but also for example in optics
[423, 233] or in radio electronics [180] (see the literature concerning radio diplexers).
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To construct these particular waveguides, it has been proposed to work with so-called zero-index
materials or similar metamaterials, see for example [223] and the references therein. However, from
our understanding, these materials are still hard to handle in practice.
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Figure 2.52: Geometry of the waveguide Ωε.

In [169], we work in homogeneous waveguides Ωε with thin ligaments of width ε > 0 as illustrated
in Figure 2.52. In Ωε, Problem (2.1) admits a solution with the expansion

uε(x, y) =
eikx +Rεe−ikx + . . . in Π0

T ε
1 e

iky + . . . in Π1

T ε
2 e

iky + . . . in Π2,

where Rε, T ε
1 , T

ε
2 ∈ C and the dots stand for terms which are exponentially decaying at infinity. In

general, due to the geometric features, almost no energy passes through the ligaments and |Rε| ≈ 1,
T ε

1 ≈ 0, T ε
2 ≈ 0 (see the first line of Figure 2.53). Therefore it may seem a bit paradoxical to consider

such domains to achieve complete transmission. However working around the resonance lengths of
the ligaments as in §2.8.1, this can be realized. The strategy is similar to the one of §2.8.1. First we
compute asymptotic expansions of uε, and so of Rε, T ε

1 , T ε
2 , as ε tends to zero. In these expansions,

the features of the geometry appear quite explicitly. Then we exploit these representations to find
positions and lengths of the ligaments to cancel the first term in the asymptotics of Rε and to
control the ratio |T ε

1 /T
ε
2 |. In Figure 2.53 second line, we represent two geometries which have been

tuned to achieve almost zero reflection and to send energy either in the channel 1 or 2.
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Figure 2.53: First line: without particular tuning of the lengths of the ligaments, the energy of the
incoming wave is almost completely backscattered. Second line, left: setting where Rε ≈ 0, T ε

1 ≈ 0
and |T ε

2 | ≈ 1. Second line, right: setting where Rε ≈ 0, |T ε
1 | ≈ 1 and T ε

2 ≈ 0.

2.8.3 Mode converter
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Figure 2.54: Geometry of the waveguide Ωε with two thin ligaments.
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In [162], the third opus of the trilogy [161, 169, 162], with J. Heleine and S.A. Nazarov, we
exploit the above ideas to design mode converters which are classical devices in wave physics which
appear for example in optics [276, 144, 301, 343, 406] or in the field of microwaves [418, 251]. We
work with a wavenumber k > 0 such that two modes, say modes 1 and 2, can propagate in the
waveguide. When the mode 1 or the mode 2 is incoming in the structure, in general it produces a
reflection on the modes 1, 2 and a transmission on the modes 1, 2. The goal of [162] is to construct
waveguides which exhibit two main features at the given wavenumber. First, we want the reflection
coefficients to be null so that the energy of any incident field is completely transmitted. Secondly,
we wish the energy of the incident mode 1 to be transmitted only on the mode 2 and vice versa to
guarantee the mode conversion.

In order to obtain such devices, techniques of optimization have been considered for example
in [318, 347, 326, 328, 329, 327]. However, again, the functionals involved in the analysis are non
convex and unsatisfactory local minima exist. Moreover, these methods do not allow the user to
control the main features of the shape compared to the approach we propose.

To construct mode converters, we work in waveguides as in Figure 2.54 made of two trun-
cated channels connected by thin ligaments of width ε > 0. As in §2.8.2, in general almost no
energy passes through the ligaments (see Figure 2.55) and it might not seem relevant at first sight
to exploit them to get almost complete transmission. However by tuning correctly the positions
and lengths of the ligaments, we explain in [162] how to obtain the desired effect. In Figures
2.56, 2.57, 2.58, we represent examples of geometries which have been tuned to achieve mode con-
version. The two pictures represent the scattering of each of the two right-going propagating modes.

Let us mention that for this application, we need to control four reflection coefficients and
four transmission coefficients. However since the scattering matrix is unitary and symmetric, we
simply have to act on five complex coefficients. But still this problem is more challenging than
the ones of §2.8.1 and §2.8.2. In the approach, the symmetry with respect to the vertical axis
plays an important role. It allows us to decouple the action of the two ligaments. More precisely,
as in §2.6.2, we can decompose the problem into two half-waveguide problems with Dirichlet or
Neumann boundary conditions at the end of the truncated ligaments. Then one ligament is tuned
to be resonant for the first problem while the other is resonant for the second problem.

Figure 2.55: Real parts of uε
1 (top) and uε

2 (bottom) for ε = 0.01. Here the lengths of the ligaments
are not particularly selected to get mode conversion and we observe mainly a total reflection.
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Figure 2.56: Real parts of uε
1 (top) and uε

2 (bottom) for ε = 0.01. The lengths of the ligaments
have been tuned to get mode conversion.

Figure 2.57: Real parts of uε
1 (top) and uε

2 (bottom) for ε = 0.1. The lengths of the ligaments have
been tuned to get mode conversion.
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Figure 2.58: Real parts of uε
1 (top) and uε

2 (bottom). The lengths of the ligaments have been tuned
to get mode conversion. Note that in these simulations, unlike the ones of Figures 2.56–2.57, the
ligaments are attached to the upper wall.

2.8.4 Perfect dissipator
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Figure 2.59: Waveguide Ω with a dissipative inclusion.

In [163], again during the post-doctoral position of J. Heleine, with S.A. Nazarov and J. Taski-
nen, we were interested in the propagation of acoustic waves in a (half) waveguide which contains
a bounded penetrable inclusion made of a dissipative material as represented in Figure 2.59. More
precisely, here Ω is a domain which coincides with the half-strip (0; +∞)×(0; 1) outside of a bounded
region. To model the dissipative inclusion, introduce O a non empty open set with smooth bound-
ary such that O ⊂ Ω and b ∈ C ∞(O) a positive function that we extend by zero in Ω\O. Then we
consider the problem

∆uη + k2(1 + iη b
)
uη = 0 in Ω

∂νu
η = 0 on ∂Ω,

(2.64)

where η ≥ 0 is a scalar parameter. We fix k ∈ ((J − 1)π; Jπ) so that J modes w±
0 , . . . , w

±
J−1 (see

(2.2)) can propagate. Generally speaking, for an incident wave propagating in such a structure, a
part of the incoming energy is scattered at infinity while the other part is dissipated in the inclusion.
More precisely, we establish that the scattering matrix Sη ∈ CJ×J , which is symmetric for all η ≥ 0,
satisfies

SηSη⊤ + 2k2ηBη = I. (2.65)
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Here I is the identity matrix of CJ×J while Bη = (Bη
jk)0≤j,k≤J−1 is the positive definite Hermitian

matrix such that
Bη

jk =
�

O
b uη

j u
η
k dx, (2.66)

uη
j being the solution of (2.64) corresponding to the scattering of the mode w−

j coming from the right.
From (2.65), we deduce that Sη is unitary when η = 0, i.e. without dissipation, but not when η > 0.

The original motivation for this study comes from the design of perfect absorbers also known
as Coherent Perfect Absorbers (CPA) or time-reversed lasers [178, 344, 470]. These are particular
configurations where all the energy of the incident field is dissipated in the inclusion (Sη is the
null matrix). Numerical and experimental strategies to construct such perfect absorbers have been
proposed in the physical community, for example in [178, 354, 436, 288, 475] (see also references
therein).

In [163], our goal was to consider the mathematical properties of the corresponding problem.
In this work, first we prove that the scattering solutions are well-defined for Problem (2.64) and
establish identity (2.65). From (2.65), to get a perfect absorber, a natural idea might be to work
with a large value of η, that is with what one might think to be a very dissipative inclusion.
However we prove that this is a wrong intuition because when η tends to +∞, the dissipative
inclusion behaves like a sound soft obstacle. As a consequence, Sη converges to a unitary matrix
and not to the zero matrix.

More precisely in [163], we compute an asymptotic expansion of the scattering solutions uη
j

when η tends to zero (this is a rather direct result) and when η tends to +∞ (this is the first main
result of the paper). We obtain the following two statements:

Proposition 2.8.4 As η tends to zero, we have the expansion

Sη = S0 − k2ηB0S0 + S̃η.

Here B0 is the positive definite Hermitian matrix introduced in (2.66) with η = 0 and the remainder
S̃η is such that ∥S̃η;CJ×J∥ ≤ cη2.

Denote by S∞ the scattering matrix for the problem where we impose a Dirichlet condition on ∂O
and u∞

j the corresponding scattering solutions.

Proposition 2.8.5 As η tends to +∞, we have the expansion

Sη = S∞ − η−1/2 e
iπ/4

k
ES∞ + S̃η, (2.67)

where E is the positive definite Hermitian matrix such that

Ejk =
�

∂O
b−1/2 ∂nu

∞
j ∂nu∞

k ds

and the remainder S̃η is such that ∥S̃η;CJ×J∥ ≤ cη−3/4.

Remark 2.8.6 In the energy identity SηSη⊤ + 2k2ηBη = I (see (2.65)), one may think at first
glance that the term k2ηBη becomes large when η goes to +∞. However this is not true because
we can show that we have ∥Bη;CJ×J∥ ≤ cη−3/2. Note that this estimate is in agreement with the
expansion (2.67).
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Let us mention that when η goes to +∞, the field tends to zero inside the inclusion and becomes
localized at its boundary. In other words, a boundary layer phenomenon appears, this is the
so-called skin-effect. In order to capture it, it is necessary to work with an adapted structure
for the asymptotic expansion. Such problems have already been studied in the literature (see
[469, 367, 55]) and here we adapt existing techniques to our case. Very close to our topic, let us
mention the article [255] (see also the related works [256, 257, 39]). There the authors consider a
problem similar to ours but set in a bounded domain with an impedance boundary condition which
can be seen as a low order approximation of the Sommerfeld radiation condition in free space. They
propose and justify asymptotic models for highly dissipative inclusions. Their justifications mainly
rely on proofs by contradiction. We proceeded a bit differently by giving a direct demonstration of
the essential stability estimate necessary to establish Proposition 2.8.5.

In monomode regime, i.e. when k ∈ (0;π) so that J = 1 and only the modes

w±(x, y) = e±ikx

can propagate, the scattering matrix reduces to a scalar reflection coefficient that we still denote
by Sη ∈ C. In this case, identity (2.65) writes

|Sη|2 + 2k2η

�
O
b |uη|2 dx = 1 (2.68)

where uη is the solution of (2.64) admitting the expansion

uη = w− + Sηw+ + ũη, (2.69)

ũη being exponentially decaying at infinity. Relation (2.68) imposes that |Sη| ∈ [0; 1) for η > 0.
Moreover Propositions 2.8.4 and 2.8.5 guarantee that

lim
η→0+

|Sη| = lim
η→+∞

|Sη| = 1.

Thus, the continuous function η 7→ |Sη| has a global minimum at some η⋆ ∈ (0; +∞). If Sη⋆ = 0,
the device acts as a perfect absorber of the piston mode. However in general this minimum is not
zero.

The second main outcome of [163] is the justification of a method based on the perturbation
of the geometry of the waveguide to create 2D perfect absorbers in monomode regime, i.e. to
obtain Sη ≈ 0 in (2.68). More precisely, we show that for any given Ω, O and η > 0, we can add
a well designed (resonant) ligament so that in the new geometry Sη ≈ 0. The key idea of the
approach is to glue Ω to a well-designed waveguide for which the reflection coefficient coincides
with Sη. In the procedure, we exploit again the results of asymptotic analysis described in §2.8.1.

We end this part by illustrating some of the results above. In Figure 2.60, we display the
field uη for different values of η in a geometric setting where only one mode can propagate (J = 1).
We also present the solution u∞ of the problem with a Dirichlet boundary condition on the obstacle.
In accordance with the results leading to Proposition 2.8.5, we see that uη converges to u∞ as η
tends to +∞. Interestingly, we observe that this result seems to hold true also in the situation
where O is a rectangle (see the right column) though this case does not enter our analysis (in our
work O has to be smooth).

In Figure 2.61, we display the eigenvalues of Sη in the complex plane for different values of
η. Here the spectral parameter λ has been chosen such that five modes can propagate (Sη is of size
5 × 5). For η = 0, in this simple geometry we have S0 = I so that the five eigenvalues are equal to
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one. For η > 0, we observe that the modulus of the eigenvalues of Sη is smaller than one. This was
expected because for η > 0, Sη is no longer unitary, and more precisely this is in agreement with
identity (2.65). Finally, we see that when η tends to +∞, the eigenvalues of Sη converge to values
on the unit circle. Again, this corroborates the result of Proposition 2.8.5 which guarantees that
Sη tends to a unitary matrix.

Finally in Figure 2.62, we present two examples of situations (Ω and O are the same but η
is different) where we have added a resonant ligament whose position and length have been tuned
to get almost zero reflection, so that all the energy is dissipated in the inclusion.

Figure 2.60: Line 1-4: real part of uη (see (2.69)) for, respectively, η = 0, 10, 1000, 1010. Last line:
real part of u∞ (solution of the problem with a Dirichlet boundary condition on the obstacle). The
penetrable inclusion O is the disk which appears on the last line.
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Figure 2.61: Eigenvalues of Sη in the complex plane for η = 10−10, 10−1, 5, 1010 (from left to
right). Here the spectral parameter k = 4.8π ∈ (4π; 5π) has been chosen such that five modes can
propagate (Sη is of size 5 × 5). The black circle represents the unit circle.
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Figure 2.62: ℜe uη (first line) and ℜe (uη − w−) (second line) in two situations where Rη ≈ 0 (the
position and the length of the ligament have been precisely tuned to get this property). We take
η = 10 for the left pictures and η = 1000 for the right pictures. The dissipative inclusion is the disk
which appears in green on the top right simulation.

2.8.5 Concluding remarks

Let us make a few remarks to conclude this section.
i) What was done in 2D here could be adapted in 3D. The asymptotic expansion would be different,
in particular because the Green functions for the Laplace operator in 2D and in 3D have different
singularities, but the methodology would be the same (see [380, 379] for related works).
ii) On the contrary, the approaches proposed above are very specific to Neumann Boundary Con-
ditions (BCs) and cannot be adapted for Dirichlet BCs. Indeed, with Dirichlet BCs almost nothing
enters into the thin ligaments. Therefore, with Dirichlet BCs, it is necessary to use other resonators
with a non empty interior at the limit ε → 0.
iii) The question of working at higher wavenumber, so that several modes can propagate, remains
largely open. In this case, one has to control more scattering coefficients. A natural idea is to in-
crease the number of thin resonators to get more means of action. In this situation, the asymptotic
analysis can be adapted quite directly from what has been done above. But then we are led to work
on algebraic systems which seem at first glance hard to handle. In particular, coupling effects do
not facilitate the analysis.
iv) The strategies proposed above allow one to control the first term in the asymptotics of the
scattering coefficients as ε tends to zero. For example, for cloaking, we achieve T ε = 1 + o(1) as ε
tends to zero. A natural question for this application, at least from a theoretical point of view, is
“can we get T ε = 1 exactly?”. This may be doable by adapting some arguments presented in Section
2.4 (see [73]). Let us try to summarize the idea. By adding three non resonant thin ligaments, we
could be able to cancel the term at order ε to obtain T ε = 1 +O(ε2). To get T ε = 1, we need to kill
all the terms in the asymptotic and this is not simple because at order p ≥ 2, the dependence on
the geometric parameters of the thin ligaments becomes nonlinear. But we showed in Section 2.4
that one can perturb the length of the thin ligaments, with a perturbation determined by solving
a fixed point problem, which permits to tackle the problem of the non linearity, to achieve T ε = 1.
The context of the present paragraph however is a bit different from the one of Section 2.4 and the
complete justification of the scheme must be studied carefully. Results of Section 2.5 to prove the
invertibility of some differentials involved in the process may be useful.
v) The question of mimicking (see [135] in the context of thermal cloaking) the scattering properties
at infinity, that is, to perturb the geometry so that the scattering coefficients become approximately
equal to those of a given obstacle, may be studied with the tools presented above.
vi) Assume that a thin resonator has been tuned to be resonant at a certain wavenumber k1 ∈ (0;π).
Now if we work at k2 ̸= k1, in general the thin resonator will only perturb the field uε, and so the
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scattering coefficients, by a term of order ε. This is interesting because it allows us to decouple
the action of the thin resonators at order 1. As a consequence, for example by working with 2p
thin resonators, we can approximately cloak any obstacle at the discrete collection of wavenum-
bers {k1, k2, . . . , kp} ⊂ (0;π)p. Of course imposing invisibility for a continuum of wavenumbers is
another question, which may be impossible to solve, see the related works [451, 402, 362, 139, 403].

2.9 A spectral problem characterizing zero reflection

ui

us us++

Figure 2.63: Schematic picture of a reflectionless mode. The propagating wave (blue) is not reflected.
The backscattered field is purely evanescent (green).

In the works concerning invisibility that we have presented up to now, the wavenumber k > 0
was given and we were trying to find geometries where one has zero reflection or perfect transmis-
sion. In the article [74], with A.-S. Bonnet-Ben Dhia and V. Pagneux, we adopt a different point
of view. We assume that the geometry is fixed and we look for k such that there is an incident
field for which energy is completely transmitted through the waveguide. More precisely, inspired
by the results obtained in [272] on a 1D PT -symmetric problem, we show that such reflectionless
modes can be characterized as eigenfunctions of an original non-selfadjoint spectral problem. Our
approach is based on the following basic observation: if for an incident wave, the backscattered
field is evanescent, then the total field is ingoing in the input lead and outgoing in the output lead
(see Figure 2.63). To select ingoing waves on one side of the obstacle and outgoing waves on the
other side, we use complex scalings (or Perfectly Matched Layers) with imaginary parts of different
signs. We prove that the real eigenvalues of the obtained spectrum correspond either to trapped
modes [461, 224, 225, 207, 340, 375] (also called Bound States in the Continuum, BSCs or BICs,
in quantum mechanics [438, 359, 239, 278]) or to reflectionless modes. When the geometry has
certain symmetries, the new spectral problem enters the class of PT -symmetric problems (PT for
Parity-T ime, see Proposition 2.9.5 below).

In waveguides, complex resonances, for which corresponding “generalized” eigenfunctions are
known as leaky modes or quasi normal modes, play an important role and have been intensively
studied (see e.g. [4, 33, 448, 358, 18, 450, 481, 482, 360]). As we have seen in §2.7.2, for example
they are responsible for rapid variations of the scattering coefficients when they are located close
to the real axis. We emphasize that real eigenvalues and complex resonances are intrinsic and
universal objects that can be computed using different approaches. Among them, let us mention
methods based on complex scaling or Perfectly Matched Layers (PMLs) [50] or techniques relying
on Hardy space infinite elements [273, 274]. However complex resonances fail to provide useful
information on recurrent questions such as “how large is the backscattered energy?” or “is there
good transmission in the system?”. The new complex spectrum we define allows us to quantify
these aspects.

To make its description and the presentation of our method to compute it as simple as possi-
ble, we stick to a 2D problem in a waveguide with Neumann boundary conditions. We assume
that this waveguide contains a penetrable obstacle (Figure 2.64). Everything presented here can
be generalized to other types of obstacles, to other kinds of boundary conditions (Dirichlet, ...), to
higher dimension (3D) and to more complex geometries (one input lead/several output leads).
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2.9.1 Setting

−L L

γ = 5γ = 1

(a)

γ = 5γ = 1
x

y

−L L(b)

Figure 2.64: Symmetric (a) and non-symmetric (b) obstacles considered in the numerics below.

The waveguide coincides with the region Ω := {(x, y) ∈ R2 | 0 < y < 1} and we consider the problem

∆u+ k2γu = 0 in Ω
∂yu = 0 on y = 0 and y = 1.

(2.70)

We assume that γ is a positive and bounded function such that γ = 1 for |x| ≥ L where L > 0
is given. In other words, the obstacle is located in the region ΩL := {(x, y) ∈ Ω | |x| < L}. Pick
k ∈ (Nπ; (N + 1)π), with N ∈ N := {0, 1, . . . }. We use the same notation as in (2.2). Simply we
renormalize the modes and set

w±
n (x, y) =

e±iβnxφn(y)
(2|βn|)1/2 , βn :=

√
k2 − n2π2, φn(y) = 1 if n = 0√

2 cos(nπy) for n > 0. (2.71)

For n = 0, . . . , N , the wave w±
n propagates along the (Ox) axis from ∓∞ to ±∞. On the other

hand, for n > N , w±
n is exponentially growing at ∓∞ and exponentially decaying at ±∞. For

n = 0, . . . , N , we consider the scattering of the wave w+
n by the obstacle located in Ω. Problem

(2.70) admits a solution un = w+
n + us

n with the outgoing scattered field us
n written as

us
n =

+∞∑
p=0

s−
npw

−
p for x ≤ −L, us

n =
+∞∑
p=0

s+
npw

+
p for x ≥ L, (2.72)

with (s±
np) ∈ CN. The solution un is uniquely defined if and only if Trapped Modes (TMs) do

not exist at the wavenumber k. We remind the reader that trapped modes are non zero functions
u ∈ L2(Ω) satisfying (2.70). We denote by Kt the set of k2 such that TMs exist at the wavenumber
k. On the other hand, the scattering coefficients s±

np in (2.72) are always uniquely defined, including
for k2 ∈ Kt. In the following, we will be particularly interested in the features of the reflection
matrix (whose size, determined by the number of propagating modes, depends on k)

R(k) := (s−
np)0≤n,p≤N ∈ CN+1×N+1. (2.73)

Definition 2.9.1 The wavenumber k ∈ (0; +∞) \ {Nπ} is said reflectionless if kerR(k) ̸= {0}.

Let us explain this definition. In general, by linearity, for a right-going incident field

ui =
N∑

n=0
anw

+
n , (an)N

n=0 ∈ CN+1, (2.74)

Problem (2.70) admits a solution u such that u = ui + us with

us =
+∞∑
p=0

b±
p w

±
p for ± x ≥ L and b±

p =
N∑

n=0
ans

±
np ∈ C. (2.75)

The above definition says that, if k is reflectionless, then there are (an)N
n=0 ∈ CN+1 \ {0} such that

the b−
p in (2.75) satisfy b−

p = 0, p = 0, . . . , N . In other words, the scattered field is exponentially
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decaying for x ≤ −L. Finally notice that the corresponding total field u = ui + us decomposes as

u =
N∑

n=0
anw

+
n + ũ for x ≤ −L

u =
N∑

n=0
tnw

+
n + ũ for x ≥ L

(2.76)

where tn = an + b+
n and where ũ decays exponentially for ±x ≥ L. In other words, the total field

is ingoing for x ≤ −L and outgoing for x ≥ L.

In the following, we call Reflectionless Modes (RMs) the functions u satisfying (2.70) and admitting
expansion (2.76). We denote by Kr the set of k2 such that the wavenumber k is reflectionless. Our
objective is to explain how to determine directly the set Kr and the corresponding RMs by solving
a linear eigenvalue problem, instead of computing the reflection matrix for all values of k.

2.9.2 Classical complex scaling

As a first step, we remind briefly how to use a complex scaling to compute trapped modes.
Define the unbounded operator A of L2(Ω) such that

Au = −
1
γ

∆u

with domain
D(A) = {u ∈ H1(Ω) | ∆u ∈ L2(Ω) and ∂yu = 0 on ∂Ω}.

It is known that the Neumann Laplacian A is a selfadjoint operator when L2(Ω) is endowed with the
inner product (γ ·, ·)L2(Ω). The spectrum of A, denoted σ(A), coincides with [0; +∞). More precisely,
we have σess(A) = [0; +∞) where σess(A) denotes the essential spectrum of A. By definition, σess(A)
corresponds to the set of λ ∈ C for which there exists a so-called singular sequence (u(m)), that is
an orthonormal sequence (u(m)) ∈ L2(Ω)N such that ((A−λ)u(m)) converges to 0 in L2(Ω). Besides,
σ(A) may contain eigenvalues (at most a sequence accumulating at +∞) corresponding to TMs. In
order to reveal these eigenvalues which are embedded in σess(A), one can use a complex change of
variables. For 0 < θ < π/2, set η = eiθ and define the function Iθ : R → C such that

Iθ(x) =
−L+ (x+ L) η for x ≤ −L
x for |x| < L
+L+ (x− L) η for x ≥ L.

(2.77)

For the sake of simplicity, we will use abusively the same notation Iθ for the following map: {Ω →
C × (0; 1), (x, y) 7→ (Iθ(x), y)}. Note that with this definition, the left inverse I−1

θ of Iθ, acting
from Iθ(Ω) to Ω, is equal to I−θ. One can easily check that for all n ≥ 0, w+

n ◦ Iθ is exponentially
decaying for x ≥ L, while w−

n ◦ Iθ is exponentially decaying for x ≤ −L. Note that here we have
extended the definition of the modes w±

n (see (2.71)) to complex x. As a consequence, defining from
expansion (2.75) the function vθ = us ◦ Iθ, one has vθ = us for |x| < L and vθ ∈ L2(Ω) (which is in
general not true for us). Moreover vθ satisfies the following equation in Ω:

αθ
∂

∂x

(
αθ
∂vθ

∂x

)
+ ∂2vθ

∂y2 + k2γvθ = k2(1 − γ)ui (2.78)

with αθ(x) = 1 for |x| < L and αθ(x) = η−1 = η for ±x ≥ L. In particular, for a TM, vθ solves
(2.78) with ui = 0. This leads us to consider the unbounded operator Aθ of L2(Ω) such that

Aθvθ = −
1
γ

(
αθ

∂

∂x

(
αθ
∂vθ

∂x

)
+ ∂2vθ

∂y2

)
(2.79)
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with domain
D(Aθ) = {v ∈ H1(Ω) |Aθv ∈ L2(Ω) and ∂yv = 0 on ∂Ω}.

Since αθ is complex valued, the operator Aθ is not selfadjoint. For non-selfadjoint operators, several
definitions exist for the essential spectrum which are in general not equivalent (see more details in
[218]). We shall say that λ belongs to σess(Aθ) if Aθ − λId is not a Fredholm operator. We recall
below the main spectral properties of Aθ [449]:

Theorem 2.9.2 i) There holds

σess(Aθ) =
⋃

n∈N, t≥0
{n2π2 + te−2iθ}. (2.80)

ii) The spectrum of Aθ satisfies σ(Aθ) ⊂ R−
θ with

R−
θ := {z ∈ C | − 2θ ≤ arg(z) ≤ 0}.

iii) σ(Aθ) \ σess(Aθ) is discrete and contains only eigenvalues of finite multiplicity.
iv) Assume that k2 ∈ σ(Aθ) \ σess(Aθ). Then k2 is real if and only if k2 ∈ Kt. Moreover if vθ is
an eigenfunction associated to k2 such that ℑmk2 < 0, then vθ ◦ I−θ is a solution of the original
problem (2.70) whose amplitude is exponentially growing at +∞ or at −∞.

The interesting point is that now TMs correspond to isolated eigenvalues of Aθ, and as such, they
can be computed numerically as illustrated below. Note that the elements k2 of σ(Aθ) \ σess(Aθ)
such that ℑmk2 < 0, if they exist, correspond to complex resonances (quasi normal modes). Let us
point out that the complex scaling is just a technique to reveal them. Indeed complex resonances
are intrinsic objects defined as the poles of the meromorphic extension from {z ∈ C | ℑmz > 0} to
{z ∈ C | ℑmz ≤ 0} of the operator valued map z 7→ (∆ + zγ)−1 considered in adapted weighted
spaces. For more details, we refer the reader to [18].

2.9.3 Conjugated complex scaling

Now, we show that replacing the classical complex scaling by an unusual conjugated complex
scaling, and proceeding as in the previous section, we can define a new complex spectrum which
contains the reflectionless values k2 ∈ Kr we are interested in. We define the map Jθ : Ω → C×(0; 1)
using the following complex change of variables

Jθ(x) =
−L+ (x+ L) η for x ≤ −L
x for |x| < L
+L+ (x− L) η for x ≥ L,

(2.81)

with again η = eiθ (0 < θ < π/2). Note the important difference in the definitions of Jθ and Iθ for
x ≤ −L: η has been replaced by the conjugated parameter η to select the ingoing modes instead
of the outgoing ones in accordance with (2.76). Now, if u is a RM associated to k2 ∈ Kr (again
we extend the definition of the modes w±

n to complex x), setting wθ = u ◦ Jθ, one has wθ = u
for |x| < L and wθ ∈ L2(Ω) (which is not the case for u). The function wθ satisfies the following
equation in Ω:

βθ
∂

∂x

(
βθ
∂wθ

∂x

)
+ ∂2wθ

∂y2 + k2γwθ = 0 (2.82)

with βθ(x) = 1 for |x| < L, βθ(x) = η for x ≤ −L and βθ(x) = η for x ≥ L. This leads us to define
the unbounded operator Bθ of L2(Ω) such that

Bθwθ = −
1
γ

(
βθ

∂

∂x

(
βθ
∂wθ

∂x

)
+ ∂2wθ

∂y2

)
(2.83)
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with domain
D(Bθ) = {w ∈ H1(Ω) |Bθw ∈ L2(Ω) and ∂yw = 0 on ∂Ω}.

As Aθ, the operator Bθ is not selfadjoint. Its spectral properties are summarized in the following
theorem.

Theorem 2.9.3 i) There holds

σess(Bθ) =
⋃

n∈N, t≥0
{n2π2 + te−2iθ, n2π2 + te+2iθ}. (2.84)

ii) The spectrum of Bθ satisfies σ(Bθ) ⊂ Rθ with

Rθ := {z ∈ C | − 2θ ≤ arg(z) ≤ 2θ}. (2.85)

iii) Assume that k2 ∈ σ(Bθ) \σess(Bθ). Then k2 is real if and only if k2 ∈ Kt ∪ Kr. Moreover if wθ

is an eigenfunction associated to k2 such that ±ℑmk2 < 0, then wθ ◦ J−θ is a solution of (2.70)
whose amplitude is exponentially growing at ±∞ and exponentially decaying at ∓∞.

The important result is that isolated real eigenvalues of Bθ correspond precisely to TMs and RMs.
The following proposition provides a criterion to determine whether an eigenfunction associated to
a real eigenvalue of Bθ is a TM or a RM.

Proposition 2.9.4 Assume that (k2, wθ) ∈ R×L2(Ω) is an eigenpair of Bθ such that k ∈ (Nπ; (N+
1)π), N ∈ N. Set

ρ(wθ) =
N∑

n=0

∣∣∣ � 1

0
wθ(−L, y)φn(y) dy

∣∣∣2 (2.86)

where φn is defined in (2.71). If ρ(wθ) = 0 then wθ ◦ J−θ is a TM (k2 ∈ Kt). If ρ(wθ) > 0 then
wθ ◦ J−θ is a RM (k2 ∈ Kr). In this case, the incident field ui defined in (2.74) with

an =
� 1

0
wθ(−L, y)φn(y) dy, n = 0, . . . , N,

yields a scattered field which decays exponentially for x ≤ −L.

The following proposition ensures that Bθ satisfies the celebrated PT -symmetry property when the
obstacle is symmetric with respect to the (Oy) axis. This guarantees in particular the stability of
simple real eigenvalues, with respect to perturbations of the obstacle satisfying the same symmetry
constraint.

Proposition 2.9.5 Assume that γ satisfies γ(x, y) = γ(−x, y) for all (x, y) ∈ Ω. Define the
operators P, T such that Pφ(x, y) = φ(−x, y), T φ(x, y) = φ(x, y) for φ ∈ L2(Ω). Then one has

PT Bθ = BθPT ,

i.e. Bθ is PT -symmetric. This implies σ(Bθ) = σ(Bθ) (if λ is an eigenvalue of Bθ, λ as well).

The proof is direct by observing that the βθ defined after (2.82) satisfies βθ(−x, y) = βθ(x, y).

Finally let us mention a specific difficulty which appears in the spectral analysis of Bθ. While
Theorem 2.9.2 guarantees that σ(Aθ) \ σess(Aθ) is discrete, we do not write such a statement for
the operator Bθ in Theorem 2.9.3. A major difference between both operators is that C \ σess(Aθ)
is connected whereas C \ σess(Bθ) has a countably infinite number of connected components. As a
consequence, to prove that σ(Bθ) \ σess(Bθ) is discrete using the analytic Fredholm theorem, it is
necessary to find one λ such that Bθ − λ is invertible in each of the components of C \ σess(Bθ). In
general, in the presence of an obstacle, such a λ probably exists (proofs for certain classes of γ can
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be obtained working as in [72]). But for this problem, we can have surprising perturbation results.
Thus, if there is no obstacle (γ ≡ 1 in Ω), then there holds σ(Bθ) = Rθ (see (2.85)): all connected
components of C \ σess(Bθ), except the one containing the complex half-plane ℜe λ < 0, are filled
with eigenvalues. To show this result, observe that for k2 ∈ σ(Bθ) \ σess(Bθ), the function u ◦ Jθ,
with u(x, y) = eikx, is a non-zero element of kerBθ. Notice that this pathological property is also
true when Ω contains a family of sound hard cracks (homogeneous Neumann boundary condition)
parallel to the (Ox) axis (see the illustration of Figure 2.65).

2θ

2θ

0 ℜe k2

ℑm k2

Figure 2.65: Left: waveguide with horizontal cracks. Right: the spectrum of the corresponding Bθ

fills the whole sector delimited by σess(Bθ). Here the blue lines represent σess(Bθ).

2.9.4 Numerical experiments

Classical complex scaling: classical complex resonance modes

We first compute the spectrum of the operator Aθ defined in (2.79) with a classical complex scaling
(complex resonance spectrum). For the numerical experiments, we truncate the computational
domain at some distance of the obstacle and use finite elements. This corresponds to the so-called
Perfectly Matched Layers (PMLs) method. We refer the reader to [292] for the numerical analysis of
the error due to truncation of the waveguide and discretization. The setting is as follows. We take γ
such that γ = 5 in O = (−1; 1)×(0.25; 0.75) and γ = 1 in Ω\O (see Figure 2.64 (a)). In the definition
of the maps Iθ, αθ (see (2.77), (2.78)), we take θ = π/4 (so that η = eiπ/4) and L = 1. In practice,
we use a P2 finite element method in the bounded domain Ω12 := {(x, y) ∈ Ω | − 12 < x < 12} with
Dirichlet boundary condition at x = ±12 (a Neumann condition would work as well). This leads
us to solve the spectral problem

Find (λ, uh) ∈ C × Vh \ {0} such that for all vh ∈ Vh,�
Ω12

αθ∂xu
h∂xv

h + α−1
θ ∂yu

h∂yv
h dxdy = λ

�
Ω12

γα−1
θ uhvh dxdy,

(2.87)

where,

Vh :=
{
v ∈ H1(Ω12) such that v|τ ∈ P2(τ) for all τ ∈ Th and v = 0 at x = ±12

}
. (2.88)

Note that to obtain (2.87), we exploited that αθ depends only on x. In Figure 2.66 and below,
we display the square root of the spectrum (k instead of k2). The vertical marks on the real axis
correspond to the thresholds (0, π, 2π, ...). In accordance with Theorem 2.9.2, we observe that√
σ(Aθ) is located in the region

√
R−

θ = {z ∈ C | − θ ≤ arg(z) ≤ 0}. Moreover, the discretization
of the essential spectrum σess(Aθ) defined in (2.80) and forming branches starting at the threshold
points appears clearly. Note that a simple calculation shows that

√
{n2π2 + te−2iθ, t ≥ 0} is a

half-line for n = 0 and a piece of hyperbola for n ≥ 1. This is precisely what we get. Eigenvalues
located on the real axis correspond to trapped modes (k2 ∈ Kt). In the chosen setting, which is
symmetric with respect to the axis R×{0.5}, one can prove that trapped modes exist [225]. On the
other hand, the eigenvalues in the complex plane which are not the discretization of the essential
spectrum correspond to complex resonances.
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Figure 2.66: Classical complex resonances in the complex k plane corresponding to the spectrum
of Aθ for a symmetric obstacle (Figure 2.64 (a)). The trapped modes are in red, the dashed lines
represent the essential spectrum of Aθ (see (2.80)). The picture on the right is a zoom-in of that
on the left.

Conjugated complex scaling: reflectionless modes

Now we compute the spectrum of the operator Bθ defined in (2.83) with a conjugated complex
scaling. To proceed, we solve the variational spectral problem

Find (λ, uh) ∈ C × Vh \ {0} such that for all vh ∈ Vh,�
Ω12

βθ∂xu
h∂xv

h + β−1
θ ∂yu

h∂yv
h dxdy = λ

�
Ω12

γβ−1
θ uhvh dxdy,

with the same Vh as in (2.88). Note that compared to (2.87), αθ has been replaced by βθ (both
functions are piecewise constant). First, we use exactly the same symmetric setting (see Figure
2.64 (a)) as in the previous paragraph.
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Figure 2.67: Reflectionless eigenvalues in the complex k plane corresponding to the spectrum of Bθ

for a symmetric obstacle (Figure 2.64 (a)). The trapped modes in red are the same as in Figure
2.66. The reflectionless modes are in green and the dashed lines represent the essential spectrum of
Bθ (see (2.84)). The picture on the right is a zoom-in of that on the left.

In Figure 2.67, we display the square root of the spectrum
√
σ(Bθ). Since γ satisfies

γ(x, y) = γ(−x, y), according to Proposition 2.9.5 we know that Bθ is PT -symmetric and that
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therefore its spectrum is stable by conjugation (σ(Bθ) = σ(Bθ)). This is indeed what we obtain.
Note that the mesh has been constructed so that PT -symmetry is preserved at the discrete level.
PT -symmetry is an interesting property in our case because it guarantees that eigenvalues located
close to the real axis which are isolated (no other eigenvalue in a vicinity) are real. Therefore,
according to Theorem 2.9.3, they correspond to trapped modes or to reflectionless modes. Remark
that, for the same geometry, the spectrum of Bθ (Figure 2.67) contains more elements on the real
axis than the spectrum of Aθ (Figure 2.66): the additional elements (green points in Figure 2.67)
correspond to reflectionless modes.

In Figure 2.68 top, we represent the real part of eigenfunctions associated with seven real eigenval-
ues of Bθ. To obtain these pictures, we take L = 4 in the definition of Jθ in (2.81) and we display
only the restrictions of the eigenfunctions to ΩL = {(x, y) ∈ Ω | − L < x < L}. We recognize two
trapped modes (images 3 and 5). The other modes are reflectionless modes. In the bottom of Figure
2.68, we provide the value of the indicator function ρ defined in (2.86) for the seven eigenmodes. We
have to mention that eigenmodes are normalized so that their L2 norm is equal to one. The indica-
tor function ρ offers a clear criterion to distinguish between trapped modes and reflectionless modes.

k 0.9 1.8 2.4 2.6 2.8 3.3 3.9

ρ(wθ) 0.14 0.14 8.0 10−10 0.14 4.3 10−9 0.14 0.14

Figure 2.68: Top: real part of eigenmodes associated with real eigenvalues of Bθ from Figure 2.67.
Bottom: value of k and of the indicator function ρ for each of these 7 eigenmodes. The 3rd and the
5th eigenmodes are trapped modes, the five others are reflectionless modes.

In order to inspect the scattering coefficient, we remark that for reflectionless modes associated
with wavenumbers k smaller than π, the incident field ui in (2.74) decomposes only on the piston
mode w+

0 (x, y) = eikx/
√

2k (monomode regime). In this case the reflection matrix R(k) in (2.73)
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is nothing but the usual reflection coefficient. In Figure 2.69, we thus display the modulus of this
coefficient R(k) with respect to k ∈ (0.1; 3.1). As expected, we observe that R vanishes for the
values of k obtained in Figure 2.68 solving the spectral problem for Bθ. Of course obtaining the
curve k 7→ |R(k)| is relatively costly and it is precisely what we want to avoid by computing the
reflectionless k as eigenvalues. Here it is simply a way to check our results.
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Figure 2.69: Curve k 7→ |R(k)| (modulus of the reflection coefficient) for k ∈ (0.1; 3.1). The green
and red dots represent respectively the reflectionless modes and the trapped modes computed in
Figure 2.67. We indeed observe that R(k) vanishes for reflectionless k.

In Figure 2.70, we represent the modulus of reflectionless mode eigenfunctions of Bθ associated
with one real eigenvalue and two complex conjugated eigenvalues. We observe, and this is true
in general, a symmetry with respect to the (Oy) axis for modes corresponding to real eigenvalues
which disappears for complex ones. This is the so-called broken symmetry phenomenon which is
well-known for PT -symmetric operators (see e.g. the review [47]).

Figure 2.70: Modulus of eigenfunctions of Bθ associated to the eigenvalues k ≈ 5.31 (top), k ≈
5.29 − 0.13i (middle) and k ≈ 5.29 + 0.13i (bottom) obtained in Figure 2.67. The symmetry
x → −x for real k (due to PT -symmetry) disappears for complex k.

Finally in Figure 2.71, we display the square root of the spectrum of Bθ for a coefficient γ which is
not symmetric in x nor in y. More precisely, we take γ such that γ = 5 in O = (−1; 0]× (0.25; 0.5)∪
[0; 1) × (0.25; 0.75) and γ = 1 in Ω \ O (see Figure 2.64 (b)). We observe that the spectrum is
no longer stable by conjugation (σ(Bθ) ̸= σ(Bθ)) since the operator Bθ is not PT -symmetric, and
there is no “help” for the eigenvalues to be real. However, a closer look shows the presence of
eigenvalues close to the real axis, in particular for k ≈ 1.0 + 0.13i, k ≈ 1.9 + 0.005i, k ≈ 2.5 + 0.02i,
k ≈ 2.8 + 0.08i and k ≈ 3.0 − 0.008i. In Figure 2.72, we represent k 7→ |R(k)| for k ∈ (0.1; 3.1),
that is when there is only one propagating mode in the leads. It is interesting to note that the



114 Chapter 2. Propagation of waves in waveguides

above computed complex reflectionless modes (located close to the real axis) have an influence on
this curve. More precisely, k 7→ |R(k)| attains minima for k ∈ (0.1; 3.1) close to the real part of
these complex reflectionless modes. Therefore complex reflectionless modes also have significance
for scattering at real frequencies.
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Figure 2.71: Spectrum of Bθ in the complex k plane for a non symmetric obstacle (Figure 2.64 (b)).
The dashed lines represent the essential spectrum of Bθ (see (2.84)). The spectrum is not stable by
conjugation. The picture on the right is a zoom-in of that on the left.
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Figure 2.72: Curve k 7→ |R(k)| (modulus of the reflection coefficient) for k ∈ (0.1; 3.1) and a non
symmetric obstacle. The blue dots and the vertical dashed lines correspond to the real parts of the
eigenvalues of Bθ located close to the real axis computed in Figure 2.71. We observe that |R(k)| is
minimal for these particular k.

2.9.5 Concluding remarks

It is often desirable to determine frequencies for which a wave can be completely transmitted
through a structure, a task usually leading to the tedious work of evaluating the scattering coef-
ficients for each frequency. The study of [74] shows that reflectionless frequencies can be directly
computed as the eigenvalues of a non-selfadjoint operator Bθ (see (2.83)) with conjugated complex
scalings enforcing ingoing behavior in the incident lead and outgoing behavior in the other lead.
The reflectionless spectrum of this operator Bθ provides a complementary information to the one
contained in the classical complex resonance spectrum associated with leaky modes which decom-
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pose only on outgoing waves (see the operator Aθ in (2.79)). Note that eigenvalues corresponding
to trapped modes belong to both the reflectionless spectrum and to the classical complex resonance
spectrum because trapped modes do not excite propagating waves. Let us make a few additional
comments and highlight future directions as well as open questions.

in/out

in/outin/out

Figure 2.73: For this waveguide, one can impose ingoing or outgoing behaviors in each of the N = 3
leads so that there are 23 − 2 = 6 reflectionless spectra.

i) In this work, we investigated scattering problems in waveguides with N = 2 leads for which two
reflectionless spectra exist: one associated with right-going incident waves and another correspond-
ing to left-going incident waves. The more general case with N (N ≥ 2) leads can be considered
as well (see Figure 2.73). Among the total of 2N different spectra with an ingoing or an outgoing
complex scaling in each lead, two spectra correspond to eigenmodes which decompose on waves
which are all outgoing or all ingoing. As a consequence, there are 2N − 2 reflectionless spectra.
ii) We have seen that the non-selfadjoint operator Bθ is PT -symmetric when the structure has
mirror symmetry. Interestingly, a direct calculus shows that in the very simple case of a 1D
transmission problem through a slab of constant index, reflectionless frequencies are all real. This
gives an example of a non-selfadjoint PT -symmetric operator with only real eigenvalues.
iii) Above we computed reflectionless modes in waveguides containing penetrable obstacles. We
can work completely similarly with perturbations of the geometry. In Figure 2.74, we give two
examples of reflectionless modes in such structures. Note that in each case, Bθ is PT -symmetric
due to symmetry of the geometry.

There are many open questions with this work. Here are just a few of them (see also Section 2.12).
iv) First, it would be nice to obtain criteria on the index material/geometry ensuring that the
spectrum of Bθ is discrete outside of σess(Bθ). In 1D, we have been able to prove rather general
results. In higher dimension this is quite open.
v) On the other hand, could we show that Bθ has always real eigenvalues corresponding to reflec-
tionless modes, at least for PT -symmetric problems?
vi) The question of the approximation of the spectrum of Bθ is a field of research in itself, the
reason being that Bθ is a non selfadjoint operator. Indeed, the theory of perturbations of non
selfadjoint operators is not well developed and many phenomena can occur. Here it is easy to see
in the situation where the waveguide contains only (Neumann) horizontal cracks. In that case
we explained before Figure 2.65 that σ(Bθ) fills a whole sector. However when we truncate the
domain at some distance L, we can show that the corresponding spectrum is discrete. This seems
particularly pathological. But even when σ(Bθ) \ σess(Bθ) is discrete, proving that the spectrum
of the problem in the truncated waveguide converges to the one of Bθ when L tends to +∞ is a
challenging task. Additionally, it would be interesting to prove that spurious eigenvalues, which
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Figure 2.74: Examples of reflectionless modes in waveguides with sound hard walls (Neumann).

would converge to some non physical values, do not exist. In practice, we not only truncate the
domain but also approximate the problem by working in finite dimension with finite elements.
This is also an approximation which has to be studied. In this context, it seems that the notion
of pseudo-spectrum, see e.g. [459], which has been developed to understand the properties of
non normal operators, may provide useful information. This is a direction that we are currently
investigating.

We end this chapter concerning wave propagation in waveguides by two studies which are not
related to invisibility questions.

2.10 Wave propagation in unbounded strips for thin plate models

In the article [101], with L. Bourgeois and S. Fliss, we studied the propagation of elastic waves
in time-harmonic regime in waveguides which are unbounded in one direction and bounded in the
two other (transverse) directions. Assuming that the waveguide is thin in one of these transverse
directions, this leads us to consider a Kirchhoff-Love plate model in a locally perturbed 2D strip.
The corresponding problem writes

∆2u− k4u = f in Ω
u = Cu = 0 on ∂Ω \ ∂O

Mu = Nu = 0 on ∂O
u satisfies (RC)

(2.89)

Let us describe this system. Here Ω := R × (0; 1) \ O where O is a C 1,1 bounded domain such that
O ⊂ R × (0; 1). From a physical point of view, the first line of (2.89) comes from the equation of
motion of the strip

D∆2u+ ρh
∂2u

∂t2
= p

in time-harmonic regime. Here, we have D = Eh3/12(1 − ν2), where E is the Young’s modulus,
ν ∈ [0; 1) is the Poisson’s ratio and h is the thickness of the strip. Moreover, ρ refers to the density
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per unit of volume and p corresponds to the pressure applied to the strip. Hence the wavenumber
k is defined by k4 = ρhω2/D and the volume source f by p/D.

In the third equation of (2.89), M and N are the boundary differential operators defined by

Mu = ν∆u+ (1 − ν)M0u, Nu = − ∂

∂n
∆u− (1 − ν) ∂

∂s
N0u, (2.90)

where n = (nx, ny) is the outward unit normal to ∂Ω and s = (−ny, nx). Above, we use the notation

∂

∂n
:= nx

∂

∂x
+ ny

∂

∂y
,

∂

∂s
:= −ny

∂

∂x
+ nx

∂

∂y
.

Moreover, in (2.90), the operators M0 and N0 are respectively defined by

M0u = ∂2u

∂x2n
2
x + 2 ∂2u

∂x∂y
nxny + ∂2u

∂y2n
2
y, N0u = ∂2u

∂x∂y
(n2

x − n2
y) −

(
∂2u

∂x2 − ∂2u

∂y2

)
nxny.

The boundary condition Mu = 0 and Nu = 0 on ∂O correspond to a free obstacle, that is a hole.
Concerning the boundary conditions on ∂Ω, i.e. the second equation of (2.89), we considered the
following two cases:
i) C = M , which leads to impose u = Mu = 0 on ∂Ω. This models a simply supported strip.
ii) C = ∂n, which leads to impose u = ∂nu = 0 on ∂Ω. This models a clamped strip.

Finally in (2.89), (RC) stands for the radiation conditions which have to be specified and which
differ whether we consider the simply supported or the clamped case. The goal of [101] was to
study the well-posedness of Problem (2.89). We proposed two angles of attack, depending on the
boundary condition. In the case of the simply supported strip, we benefit from the factorization of
the transverse underlying differential operator to decompose any scattering solution in terms of the
modes of the waveguide. Then we prescribe the radiation conditions with the help of these modes
and introduce Dirichlet-to-Neumann operators – based on these radiation conditions – in order to
reduce the analysis to the one of a problem set in a bounded domain. Such strategy also offers
a method to compute the solution numerically. However this technique is not applicable to the
case of a clamped strip because we are not able to prove that the eigenfunctions of the transverse
operator form a Hilbert basis of the corresponding space (as in §1.3.2). For this problem, we
obtain the result of modal decomposition needed to express the radiation conditions at infinity
using the Kondratiev approach [312] (see also [353, 382, 314, 315]). As already said, it consists in
applying the Fourier transform in the unbounded direction. Then working in weighted Sobolev
spaces and using the residue theorem, we get our decomposition. In a second step, in order to
impose radiation conditions, we integrate them to the functional space in which we look for the
solution. To proceed, we work with spaces with detached asymptotics introduced in [381] (see also
the reviews [374, 371]). Finally we show that the corresponding scattering problem with radiation
conditions is well-posed in the Fredholm sense. We also prove that the solutions are the physical
(outgoing) solutions in the sense of the limiting absorption principle. Let us emphasize that the
methodology we follow to study the clamped problem can be used also to deal with the simply
supported problem and provides completely similar results.

The goal of [101] was first to investigate problems of thin plates in unbounded strips but also
to show that when the result of Hilbert basis in the transverse section is not available, we can
still use an alternative route. By presenting successively the two methods, our hope was to help
the reader to get familiar with the second approach which may be less known and which requires
a slightly longer analysis. For application of the technique to other situations, one may consult
[386, 69, 378, 65, 384]. In [368, 387], periodic problems are also considered. Let us mention that



118 Chapter 2. Propagation of waves in waveguides

some analysis of modal solutions in a strip for various boundary conditions have already been
conducted (see for example [400, 279]). But a rigorous existence and uniqueness analysis of the
scattering problem, whatever the boundary conditions, was missing.

We worked with a hole in the waveguide. We could also have considered other types of per-
turbations (change of material, local perturbation of the geometry,...). On the other hand, our
article does not address the question of uniqueness of the solution. Can one find conditions on
the geometry and on the wavenumber k so that trapped modes are absent? Can one show the
existence of settings where trapped modes exist? These are interesting questions to study. A
natural direction after this analysis would be to investigate how to approximate the solutions. For
the simply supported case, the fact that we know explicitly the Dirichlet-to-Neumann operator
allows one to adapt the methods used to deal with the Helmholtz problem. In the clamped case,
another approach must be found. Could the technique of Perfectly Matched Layers be used and
justified?

2.11 Spectrum of the Dirichlet Laplacian in quasi 1D periodic
waveguides

Recently I have started to study periodic waveguides. In [171], with S.A. Nazarov, we were
interested in the lower part of the spectrum σ(Aε) of the Dirichlet Laplacian Aε in a thin waveguide
Πε obtained by repeating periodically a pattern, itself constructed by scaling an inner field geometry
Ω by a small factor ε > 0. The Floquet-Bloch theory ensures that σ(Aε) has a band-gap structure.
Due to the Dirichlet boundary conditions, the bands all move to +∞ as O(ε−2) when ε → 0+.
Concerning their widths, the results depend on the dimension of the so-called space of almost
standing waves in Ω that we denote by X†. Generically, i.e. for most Ω, there holds X† = {0}
and the lower part of σ(Aε) is very sparse, made of bands of length at most O(ε) as ε → 0+. For
certain Ω however, we have dim X† = 1 and then there are bands of length O(1) which allow for
wave propagation in Πε. In [171], we study the behavior of the spectral bands when perturbing
Ω around a particular Ω⋆ where dim X† = 1. We show a breathing phenomenon of σ(Aε): when
inflating Ω around Ω⋆, the spectral bands rapidly expand before shrinking. In the process, a band
dives below the normalized threshold, stops breathing and becomes extremely short as Ω continues
to inflate.

2.11.1 Setting of the problem

1Ω
1

εωε

Πε

Figure 2.75: Geometries of Ω (top left), ωε (top right) and Πε (bottom).

Let Ω ⊂ R2 be a waveguide which coincides with the strip R× (−1/2; 1/2) outside of a bounded
region (Figure 2.75 top left). For ε > 0, we consider the unit cell

ωε := {z = (x, y) ∈ R2 | z/ε ∈ Ω and |x| < 1/2}
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and set ∂ωε
± := {±1/2} × (−ε/2; ε/2). Finally we define the periodic waveguide

Πε := {z ∈ R2 | (x−m, y) ∈ ωε ∪ ∂ωε
+, m ∈ Z}.

We assume that Ω, ωε and Πε are connected with Lipschitz boundaries. In Πε, we consider the
spectral problem for the Dirichlet Laplacian

−∆uε = λε uε in Πε

uε = 0 on ∂Πε.
(2.91)

We denote by Aε the unbounded selfadjoint operator of L2(Πε), with domain D(Aε) ⊂ H1
0(Πε) :=

{φ ∈ H1(Πε) |φ = 0 on ∂Πε}, associated with (2.91). Since the geometry is periodic, the Floquet-
Bloch theory ensures that the spectrum of Aε has a band/gap structure:

σ(Aε) =
⋃

p∈N∗:={1,2,... }
Υε

p (2.92)

where the Υε
p are compact segments. Our goal is to study the behavior of σ(Aε) as ε → 0+.

2.11.2 Near field problem and first result

The analysis developed in particular in [243] shows that the asymptotic behavior of the Υε
p with

respect to ε depends on the features of the Dirichlet Laplacian AΩ in Ω. Its continuous spectrum
occupies the ray [π2; +∞). To set ideas, we assume that AΩ has exactly N• ∈ N := {0, 1, 2, . . . }
eigenvalues (counted with multiplicity) in its discrete spectrum, that we denote by

0 < µ1 < µ2 ≤ µ3 ≤ · · · ≤ µN• < π2. (2.93)

Of particular importance in the study are the features of the inner field problem with a spectral
parameter coinciding with the bottom of the continuous spectrum of AΩ:

∆W + π2W = 0 in Ω
W = 0 on ∂Ω. (2.94)

To simplify the exposition, assume that the only solution of (2.94) in L2(Ω), i.e. which decays at
infinity, is the null function.

Definition 2.11.1 Let X† denote the space of almost standing waves in Ω defined as the set of
bounded solutions of (2.94).

Using techniques of dimension reduction on the spectral problem depending on the Floquet param-
eter obtained when applying the Floquet-Bloch transform to (2.91), we show the statement:

Theorem 2.11.2 For p ∈ N∗, let Υε
p = [aε

p−; aε
p+], with aε

p− ≤ aε
p+, be the spectral band in (2.92).

There are some constants cp− < cp+, Cp, βp, εp > 0 and δp > 1 such that we have

For p = 1, . . . , N• :
|aε

p± − (ε−2µp + ε−2e−βp/εcp±)| ≤ Cp e
−δpβp/ε;

For p = N• +m, m ∈ N∗ :
i) if X† = {0}, |aε

p± − (ε−2π2 +m2π2 + εcp±)| ≤ Cp ε
δp ;

ii) if dim X† = 1, |aε
p± − (ε−2π2 + cp±)| ≤ Cp ε

δp ;

iii) if dim X† = 2, |aε
p± − (ε−2π2 + (m− 1)2π2 + εcp±)| ≤ Cp ε

δp .

Each estimate above is valid for all ε ∈ (0; εp] and the µp are the ones introduced in (2.93).



120 Chapter 2. Propagation of waves in waveguides

Let us comment on these results. First, as already mentioned, when ε → 0+, the whole spectrum
of Aε goes to +∞ as ε−2. Besides, the first N• spectral bands of Aε become extremely short, in
O(e−c/ε) for some c > 0 which depends on the band. Concerning the next spectral bands Υε

p,
p = N• + m with m ∈ N∗, the behavior depends on the dimension of X†. When the latter is zero
(the generic case) or two (cases i) or iii)), the spectral bands are of length O(ε). Moreover, between
Υε

p and Υε
p+1, there is a gap, that is, a segment of spectral parameters λε such that waves cannot

propagate, whose length tends to (2m + 1)π2 (resp. (2m − 1)π2) in case i) (resp. iii)). In other
words, for these two cases, the propagation of waves in the thin lattice Πε is hampered and occurs
only for very narrow (closed) intervals of frequencies. When the dimension of X† is one (case ii)),
the situation is very different. Indeed, asymptotically the spectral band Υε

p is of length cp+ − cp−,
with in general cp+ > cp−. As a consequence, waves can propagate in Πε for much larger intervals
of frequencies than in cases i) and iii).

2.11.3 Breathing of the spectral bands

Now assume that the inner field geometry Ω = Ω(H) depends smoothly on a parameter H.
We denote by X†(H) the corresponding space of almost standing waves. Consider some H⋆ such
that dim X†(H⋆) = 1 (see [171, Prop. 7.1] for the proof of existence of such geometries) and work
with H = H⋆ + ερ, ρ ∈ R. Let Υρ,ε

p stand for the spectral bands of the operator Aε defined in the
Πε constructed from Ω(H⋆ + ερ). Computing an asymptotic expansion of the Υρ,ε

p as ε → 0+, we
get results depending on the parameter ρ. By varying ρ ∈ R, this provides a model describing the
transition of σ(Aε) when inflating the inner field geometry around Ω(H⋆). With this model, we
proved that the spectral bands above the normalized threshold ε−2π2 first expand and then shrink
(see [171, Thm. 6.1]). This is what we call the breathing phenomenon of the spectrum of Aε. In
the process, in σ(Aε) a band dives below ε−2π2, stops breathing and becomes extremely short as
the inner field geometry continues to inflate.

In Figure 2.76 we illustrate this phenomenon with some numerics on a particular case. The
inner field geometry Ω(H), with a step of height H, is the one appearing at the top right. We
shrink Ω(H) by a factor ε = 0.05 to create a thin periodic waveguide. Then we compute the
spectrum of (2.91) with a finite element method. To proceed, we exploit the Floquet-Bloch theory
which ensures that

σ(Aε) =
⋃

p∈N∗

⋃
η∈[0;2π)

Λε
p(η)

where the Λε
p(η) are the eigenvalues of a spectral problem set in the unit cell with quasi-periodic

boundary conditions depending on the Floquet parameter η ∈ [0; 2π). In Figure 2.76 we display
the spectrum σ(Aε) for H varying in [1.5; 3.5]. On the other hand, by solving a problem in Ω(H)
with adapted transparent conditions (see [170, §6.2] for more details), we can compute the so-called
threshold scattering matrix and identify the values of H = H⋆ such that dim X†(H⋆) = 1. The
latter are marked by vertical dashed lines in Figure 2.76. In accordance with the above theory, we
indeed observe a rapid expansion of the spectral bands around these particular H⋆. In the process,
as expected, a very thin band (in magenta) dives below the normal threshold π2/ε2 (the horizontal
red dashed line).

Finally, let us mention that in [170, 175], we showed results concerning the features of AΩ,
the Dirichlet Laplacian in Ω, for 3D geometries Ω such as the one of Figure 2.77 right. In partic-
ular, we identified the number of eigenvalues below the continuous spectrum and studied in detail
the dimension of X†. As we have seen above, this is important to understand the properties of the
spectrum of the Dirichlet Laplacian in the corresponding thin periodic waveguide (see Figure 2.77
left). The proofs in [170, 175] rely on classical arguments of spectral theory such as the max-min
principle. The main originality lies rather in the delicate use of the features of the geometry.
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Figure 2.76: Spectrum of Aε with respect to H ∈ [1.5; 3.5]. The horizontal red dashed line corre-
sponds to ε−2π2. The vertical dashed lines mark the values of H⋆ such that dim X†(H⋆) = 1.

Figure 2.77: Left: unbounded periodic cubic lattice made of thin bars of width ε with square cross-
sections. Right: geometry Ω of the near field problem at the junction regions.

2.12 Future directions and open questions

Over the preceding paragraphs, we already presented open problems and future possible direc-
tions. We discuss here additional questions which would be interesting to consider.
i) Invisibility has been obtained for well-chosen geometries/wavenumbers. In practice, it is impor-
tant to have some robustness with respect to the parameters of the problem, in particular to k. As
already mentioned, it is in general impossible to have invisibility for a continuum of k. But can we
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get small reflection for an interval of k? How to proceed?
ii) Invisibility has been studied in time-harmonic regime. What can be said for time dependent
problems? How does it relate to questions of identifiability in control theory?
iii) The whole theme of invisibility above has been developed for simple scalar problems, mainly for
the Helmholtz equation with Dirichlet/Neumann boundary conditions. In the PhD of A. Parigaux,
we are currently investigating closed waveguide problems for Maxwell’s equations, in particular
how to write transparent conditions to truncate the domains for numerics. This is not a direct
adaptation of the existing techniques to deal with the Helmholtz equation and the literature is little
developed. But we are making progress and now we have a method to compute the corresponding
fields, even in the difficult case where the permittivity and the permeability vary in the transverse
section (while being constant in the longitudinal direction). From this work, it would be interesting
to study if our techniques to exhibit situations of invisibility could be adapted to electromagnetism.
It would also be worth investigating the plate model described in Section 2.10.
iv) Some of the techniques presented in the first sections rely on the perturbation of a setting where
there exist embedded eigenvalues in the continuous spectrum. It is well-known how to create such
geometries for the Helmholtz problem, in particular by using min-max arguments and by playing
with symmetries. In electromagnetism or for plate problems, these ideas do not work directly and
the theory must be developed.
v) In sections 2.7 and 2.8, we played with complex resonances to obtain interesting scattering prop-
erties. This has been done in closed waveguides here. It is not clear if this could be adapted in open
waveguides or in free space where one can also create resonators giving birth to complex resonances
located very close to the real axis.
vi) In Section 2.9, we defined a new spectrum of reflectionless modes. As we observed in 1D in some
study not presented here, trying to obtain a spectrum of perfect invisibility, i.e., without phase shift
for the transmitted field, is not very relevant because this happens only in rare circumstances. How-
ever the zero transmission phenomenon, the fact that an incident field is completely backscattered
in energy, seems to be much more common (see in particular the two results of robustness of §2.6.6
and Theorem 2.7.2). It is easy to define this spectrum in an abstract way but for the moment, we
fail to find a method, for example using modified Perfectly Matched Layers, to compute efficiently
the frequencies such that one has zero transmission for particular incident fields.
vii) In Section 2.11, we studied the spectrum of the Dirichlet Laplacian in quasi 1D periodic waveg-
uides. For Neumann boundary conditions, it is well-known that the picture is completely different.
In particular, the right transmission conditions to impose at the junction points of the 1D model
are Kirchhoff conditions (continuity of the field and continuity of the flux). It is not clear what hap-
pens for Maxwell’s equations which somehow mix problems with Dirichlet and Neumann boundary
conditions.
viii) For frequencies in the spectral bands, waves can propagate in periodic waveguides. Therefore,
we can study scattering problems in such structures. Can we create local defects of the periodicity
such that we have zero reflection, perfect transmission or zero transmission? During the summer
of 2025, with Z. Moitier, we started to consider these questions in 1D by supervising the Ensta 2A
internship of T. Creuset. Besides, in the literature, some works appear (see e.g. [199]) concerning
topologically invisible defects. It would be interesting to study in more detail the mathematical
aspects of these techniques.



CHAPTER THREE

TOPICS RELATED TO INVERSE
PROBLEMS

As mentioned in the introduction, I have started to get interested in inverse problems during my
PhD when A.-S. Bonnet-Ben Dhia noticed that there is a close relation between the transmission
problems with sign-changing coefficients presented in Chapter 1 and the so-called Interior Trans-
mission Problem (ITP) which appears in the justification of certain imaging methods in inverse
scattering. Then I continued to learn about this field of research during my post-doc and after.
Retrospectively, I would not pretend to have worked directly on inverse problems. However I have
been involved in topics appearing in the analysis or justification of methods developed in the theory
of inverse problems.

3.1 Study of the Interior Transmission Problem

Let us start by presenting this ITP. Consider a reference medium, occupying say Rd, d = 2, 3,
and presenting a defect (penetrable inclusion) localized in some bounded domain Ω. This reference
medium can be the human body, a cable, the sea, ... and the perturbation, a clot, a crack, a
submarine. Generating incident plane waves and measuring the resulting far field pattern of the
scattered fields (the only available information far from Ω) at a given frequency, one can try to
reconstruct the features of the defect in the reference medium. In particular, the classical inverse
scattering problem is to determine the support of the inclusion. In view of this aim, many methods
have been developed [426, 119], as for example, the Linear Sampling Method (LSM) [188, 194].
Without modifications and a priori knowledge, the LSM only works at frequencies which are not
Transmission Eigenvalues (TEs), the latter being defined, roughly speaking, as the frequencies
such that there is an incident field whose scattered field by the defect vanishes outside of Ω. The
Interior Transmission Problem (ITP) precisely characterizes these frequencies that one should
avoid. This, and the fact that nice questions of spectral theory appear in its study, explains why
the interior transmission eigenvalue problem has been so intensively investigated for 40 years now
(see [303, 190, 437] and the review paper [123]).

The terminology “ITP” actually covers a family of spectral problems. Let us formulate the
ITP in a particular situation which is relevant in acoustics or in electromagnetism (note that the
ITP appears in other contexts, for example in elasticity, see [42, 252, 44]). Consider a penetrable
inclusion located in some bounded domain Ω of Rd, d = 2, 3. Introduce some coefficients A, n,
valued respectively in Cd×d, R, such that A − Id, n − 1 are supported in Ω. Assume that the
propagation of waves is governed by the equation

div (A∇u) + k2nu = 0 in Rd

123
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where k > 0 is the wavenumber. We consider the scattering of an incident field ui solving

∆ui + k2ui = 0 in Rd

by the inclusion. Classically, we impose that the scattered field us := u− ui satisfies the radiation
condition

lim
r→+∞

r
d−1

2

(
∂us

∂r
− ikus

)
= 0

where r := |x|. Now, let us write what happens when ui does not scatter. Assume that Rd \ Ω is
connected and that its boundary ∂Ω is Lipschitz continuous. In Ω, we have div (A∇u) + k2nu = 0
and ∆ui + k2ui = 0. The total field satisfies the transmission conditions

[u]|∂Ω = [ν ·A∇u]|∂Ω = 0

where [·]|∂Ω stands for the jump on ∂Ω. Since us = 0 in Rd \ Ω (we look for an incident field which
does not scatter), we deduce that we have

u = ui and ν ·A∇u = ν · ∇ui on ∂Ω.

Here ν stands for the outward unit normal vector to ∂Ω. To avoid writing the index i, we denote
by w the restriction of the incident field to Ω. The pair (u,w) then solves the ITP

Find (u,w) such that
div (A∇u) + k2nu = 0 in Ω
∆w + k2w = 0 in Ω
u− w = 0 on ∂Ω
ν ·A∇u− ν · ∇w = 0 on ∂Ω.

(3.1)

Let us emphasize that in this problem the two functions u, w are defined in the same domain Ω
while the transmission conditions are written on the whole boundary of the domain.

The first studies of (3.1) focused on the case where the inclusion is characterized by one sin-
gle parameter: A ̸= Id, n = 1 or A = Id, n ̸= 1. The scalar problem has been studied in
[190, 437, 192, 193] and its corresponding vectorial version in [254, 126, 121]. The situation with
both A ̸= Id and n ̸= 1 has been investigated later in [120, 305, 128]. However we start by present-
ing this case because it is the one where the connection with sign-changing problems appears most
clearly.

3.1.1 A first T-coercivity approach for the ITP

Assume additionally that A ∈ L∞(Ω,Cd×d) is such that A(x) is hermitian for almost all x ∈ Ω,
that n ∈ L∞(Ω,R) and that these two parameters satisfy

A− := inf
x∈Ω

inf
ξ∈Cd, |ξ|=1

ξ ·A(x)ξ > 0; A+ := sup
x∈Ω

sup
ξ∈Cd, |ξ|=1

ξ ·A(x)ξ < ∞;

n− := inf
x∈Ω

n(x) > 0; n+ := sup
x∈Ω

n(x) < ∞.
(3.2)

When A ̸= Id, as we will understand below, it is natural to look for solutions of (3.1) which are in
X := {(u,w) ∈ H1(Ω) × H1(Ω) |u− w ∈ H1

0(Ω)}, which leads to consider the problem

Find (u,w) ∈ X such that
div (A∇u) + k2nu = 0 in Ω
∆w + k2w = 0 in Ω
ν ·A∇u− ν · ∇w = 0 on ∂Ω.

(3.3)
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Definition 3.1.1 Values of k ∈ C for which Problem (3.3) admits non zero solutions (u,w) are
called transmission eigenvalues.

Classically, one shows that the pair (u,w) satisfies (3.3) if and only if (u,w) solves

Find (u,w) ∈ X such that, for all (u′, w′) ∈ X,
ak((u,w), (u′, w′)) := (A∇u,∇u′)Ω − (∇w,∇w′)Ω − k2 ((nu, u′)Ω − (w,w′)Ω) = 0.

(3.4)

Here (·, ·)Ω stands for the inner product of L2(Ω) or (L2(Ω))d according to the case. With the Riesz
representation theorem, define the operator Ak : X → X such that

(Ak(u,w), (u′, w′))H1(Ω)×H1(Ω) = ak((u,w), (u′, w′)), ∀(u,w), (u′, w′) ∈ X. (3.5)

Note that ak(·, ·) is not coercive in X nor of the form “coercive+compact”, like the form appearing
in (1.3) in Chapter 1. In the article [71], with A.-S. Bonnet-Ben Dhia and H. Haddar, we explained
how to work with the T-coercivity to study (3.4). In particular, we obtained criteria involving only
the values of A, n in a neighborhood of ∂Ω to ensure that the set of transmission eigenvalues is
discrete. Let us explain how we proceeded.

Again, the starting point of the T-coercivity is to observe that when T is an isomorphism of
X, the pair (u,w) ∈ X satisfies

ak((u,w), (u′, w′)) = 0, ∀(u′, w′) ∈ X

if and only if it solves
aT

k((u,w), (u′, w′)) = 0, ∀(u′, w′) ∈ X,

where
aT

k((u,w), (u′, w′)) := ak((u,w), T(u′, w′)).

Then we have to find some T such that aT
k(·, ·) is coercive or of the form “coercive+compact”.

The main difference with what was done in Chapter 1 is that here u and w are defined in the
same domain. Therefore we do not need to work with the transfer operators based on geometrical
constructions (see e.g. the R± in (1.15)).

Case A ≤ A⋆Id < Id in Ω

To set ideas, consider the case where A+ < 1 and n+ < 1 in (3.2). Define T such that

T(u,w) := (u− 2w,−w). (3.6)

Note that T is indeed an isomorphism because we have T ◦ T = Id. Using Young’s inequality, one
finds for k = iκ with κ > 0, for α, β > 0 and for all (u,w) ∈ X,

|aT
k((u,w), (u,w))|

=
∣∣(A∇u,∇u)Ω + (∇w,∇w)Ω − 2(A∇u,∇w)Ω + κ2 ((nu, u)Ω + (w,w)Ω − 2(nu,w)Ω)

∣∣
≥ (A∇u,∇u)Ω + (∇w,∇w)Ω + κ2 ((nu, u)Ω + (w,w)Ω) − 2 |(A∇u,∇w)Ω| − 2κ2 |(nu,w)Ω|

≥ (1 − α)(A∇u,∇u)Ω + (1 − α−1A+)(∇w,∇w)Ω + κ2 ((1 − β)(nu, u)Ω + (1 − β−1n+)(w,w)Ω
)
.

By choosing α and β such that A+ < α < 1 and n+ < β < 1, this estimate proves that aT
k is

coercive in X. From the Lax-Milgram theorem, and since T is an isomorphism of X, we deduce that
Ak is an isomorphism of X for k = iκ with κ > 0. But since the embedding of X in L2(Ω) × L2(Ω)
is compact, for all k ∈ C, Ak − Ai is a compact operator. Consequently, the analytic Fredholm
theorem guarantees that when A+ < 1 and n+ < 1, the set of transmission eigenvalues is discrete
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and countable in C.

From this first result, we explained in [71] how to weaken the assumptions made on A and n
to ensure discreteness of transmission eigenvalues. In Chapter 1, we mentioned that the transmis-
sion problem between a positive material and a negative one is well-posed in the Fredholm sense
as soon as the contrast is larger or smaller than −1 in a neighborhood of a C 1 interface. For the
ITP, the boundary ∂Ω plays the role of the interface. Quite naturally we established in [71] that
the ITP is well-posed in the Fredholm sense when A is larger or smaller than the identity, in the
sense of hermitian matrices, in a neighborhood of ∂Ω. Moreover, since u, w are defined in the same
domain, this is true for boundaries ∂Ω which have only Lipschitz regularity. Below we present the
main results proved in [71].

Case A ≤ A⋆Id < Id in a neighborhood of ∂Ω

Assume that there is a neighborhood V of ∂Ω, i.e. an open set of Rd such that ∂Ω ⊂ V, and a
constant A⋆ such that, in the sense of hermitian matrices, A ≤ A⋆Id < Id a.e. in Ω∩V. By working
with an ad hoc cut-off function in the definition of T in (3.6), we established in [71] the following
result.

Lemma 3.1.2 Assume that A ≤ A⋆Id < Id and n ≤ n⋆ < 1 a.e. in Ω ∩ V. Then there exists
k = iκ, with κ ∈ R, such that the operator Ak : X → X is an isomorphism.

Remark 3.1.3 In this lemma, we do not make any assumption concerning the sign of A− Id and
n− 1 in Ω\V.

Consider κ0 ∈ R such that Aiκ0 : X → X is an isomorphism. Since Ak − Aiκ0 is a compact operator
of X for all k ∈ C, by using the analytic Fredholm theorem, we obtain the following statement.

Theorem 3.1.4 Assume that A ≤ A⋆Id < Id and n ≤ n⋆ < 1 a.e. in Ω ∩ V. Then the set of
transmission eigenvalues is discrete in C.

From Lemma 3.1.2, we also deduce in a straightforward way the following proposition.

Proposition 3.1.5 Assume only that A ≤ A⋆Id < Id a.e. in Ω ∩ V. Then for all k ∈ C, the
operator Ak : X → X is Fredholm of index zero.

Now, let us state a result of localization of the transmission eigenvalues (see an illustration with
Figure 3.1).

Theorem 3.1.6 Assume that A ≤ A⋆Id < Id and n ≤ n⋆ < 1 a.e. in Ω ∩ V. There exist two
positive constants ρ and δ such that if k ∈ C satisfies |k| > ρ and |ℜe k| < δ |ℑmk|, then k is not a
transmission eigenvalue.

With a stronger assumption on A, we can weaken the condition on n. By taking u′ = w′ = 1 in
(3.4), we remark first that transmission eigenfunction (u,w) satisfy k2 �

Ω nu−w dx = 0. This leads
us to introduce the space Y := {(u,w) ∈ X |

�
Ω nu−w dx = 0}. Now assume that

�
Ω n− 1 dx ̸= 0.

By proceeding by contradiction, one proves the existence of a constant CP > 0 (which depends on
Ω and also on n through Y) such that

∥u∥2
Ω + ∥w∥2

Ω ≤ CP (∥∇u∥2
Ω + ∥∇w∥2

Ω), ∀(u,w) ∈ Y. (3.7)

Moreover, one can verify that k ̸= 0 is a transmission eigenvalue if and only if there exists a non
zero pair (u,w) ∈ Y such that ak((u,w), (u′, w′)) = 0 for all (u′, w′) ∈ Y.
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ρ

ℜe λ = δℑmλ

ℜe λ = −δℑmλ

ℜe λ

ℑmλ

Figure 3.1: Localization of transmission eigenvalues in the complex plane when A ≤ A⋆Id < Id and
n ≤ n⋆ < 1 a.e. in Ω ∩ V.

Theorem 3.1.7 Assume that
�

Ω n − 1 dx ̸= 0 and A+ < 1. Then the set of transmission
eigenvalues is discrete and countable in C. Besides, if k ∈ C∗ satisfies the estimate |k|2 <
(A−(1−

√
A+))/(CP max(n+, 1) (1+√

n+)), with CP defined in (3.7), then k is not a transmission
eigenvalue.

Let us mention that one has similar results when A is larger than the identity in a neighborhood
of ∂Ω (see [71]). Note that this tool of the T-coercivity was new in the study of the ITP and this
result of discreteness of transmission eigenvalues under local assumption on A, n in a neighborhood
of ∂Ω was not known. Since then, other approaches have been proposed in [321, 393] leading to
refined criteria on A, n ensuring discreteness of transmission eigenvalues.

In a subsequent work [150], I adapted the technique to deal with Maxwell’s equations. We
will not present these results here.

3.1.2 Interior transmission problem with strongly oscillating singularities

In the article [65], with A.-S. Bonnet-Ben Dhia, we consider Problem (3.3) in situations where
A − Id changes sign on ∂Ω, cases which had not been studied before. In a first step, under some
assumptions on the parameters, we extended the variational approach of the T-coercivity to prove
that the transmission eigenvalues form at most a discrete set. In the process, we also provide
localization results similar to the ones of Theorem 3.1.6.

Then, we studied what happens when these assumptions are not satisfied. The main result is
that oscillating singularities similar to the ones met in §1.3 can exist. In this case, the operator Ak

defined in (3.5) in the H1 framework is not of Fredholm type.

To simplify the presentation of the approach, let us work on a model problem.

Setting of the model problem

Denote by (r, θ) the polar coordinates centered at the origin O and for ϑ ∈ (0;π), define the sets

Ω1 := {(r cos θ, r sin θ) | 0 < r < 1, 0 < θ < ϑ};
Ω2 := {(r cos θ, r sin θ) | 0 < r < 1, ϑ < θ < π};
Ω := {(r cos θ, r sin θ) | 0 < r < 1, 0 < θ < π};
Γ := {(r cos θ, r sin θ) | r = 1, 0 < θ < π};
Π := {(r cos θ, r sin θ) | 0 < r < 1, θ = ϑ};
Σ := (−1; 1) × {0};
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Σ

Γ

Π

ϑ

Ω1
0<A1<1

Ω2
A2>1

O

Figure 3.2: Geometry of the domain Ω.

(see Figure 3.2). In particular, the boundary of Ω satisfies ∂Ω = Γ ∪ Σ. We introduce the function
A : Ω → R such that A = A1 in Ω1 and A = A2 in Ω2. Here 0 < A1 < 1 and A2 > 1 are two
constants. Our objective here is to understand the properties of the following problem

Find (u,w) ∈ H1(Ω) × H1(Ω) such that
div (A∇u) = f in Ω
∆w = g in Ω
u− w = 0 on Σ, u = 0 on Γ
ν ·A∇u− ν · ∇w = 0 on Σ, w = 0 on Γ.

(3.8)

In (3.8), ν denotes the unit outward normal vector to ∂Ω. Moreover, f and g are two source terms
which belong to some functional spaces which will be specified later. Compared to (3.3), in (3.8)
the transmission conditions are written only on the part Σ of the boundary. Moreover we work at
k = 0 to consider only the principal part of the associated operator.

Define the space XΣ := {(u,w) ∈ H1
Γ(Ω) × H1

Γ(Ω) |u − w = 0 on Σ} where H1
Γ(Ω) := {φ ∈

H1(Ω) |φ = 0 on Γ}. In the sequel, we will also use the space H1
Γ(Ω2) = {φ|Ω2 |φ ∈ H1

Γ(Ω)}.
Denote by b(·, ·) the sesquilinear form associated with (3.8) such that

b((u,w), (u′, w′)) := (A∇u,∇u′)Ω − (∇w,∇w′)Ω

and consider the variational problem

Find (u,w) ∈ XΣ such that, for all (u′, w′) ∈ XΣ,

b((u,w), (u′, w′)) = F ((u′, w′)),

where F is a continuous antilinear form in XΣ. With the Riesz representation theorem, we define
the operator B : XΣ → XΣ such that, for all (u,w), (u′, w′) ∈ XΣ,

(B(u,w), (u′, w′))H1(Ω)×H1(Ω) = b((u,w), (u′, w′)). (3.9)

Again, the study of B is not simple because b(·, ·) is not coercive in XΣ nor of the form “coer-
cive+compact”.

Analysis via the T-coercivity approach

In this paragraph, we explain how to study the operator B using the variational approach of the
T-coercivity. However, since we have neither A > 1 nor A < 1 on Σ, the computations presented in
§3.1.1 fail. We must work with a different isomorphism T : XΣ → XΣ. If φ is a measurable function
on Ω, we denote φ1 := φ|Ω1 , φ2 := φ|Ω2 . Set

T(u,w) = (u′, w′), with (u′, w′) = (u1 − 2w1 + 2R2w2,−w1 + 2R2u2) on Ω1
(u2,−w2 + 2u2) on Ω2.

(3.10)
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In this definition, R2 is the operator such that, on Ω1, (R2φ2)(r, θ) = φ2(r, ϑ−π
ϑ θ + π) for φ2 ∈

H1
Γ(Ω2). First, notice that R2φ2 = φ2 on Π for all φ2 ∈ H1

Γ(Ω2). As a consequence, one can check
that u′ ∈ H1

Γ(Ω) and w′ ∈ H1
Γ(Ω). Then, one can verify that u′ − w′ ∈ H1

0(Ω) so that the operator
T defined in (3.10) is indeed valued in XΣ. Finally, noticing that T2 is equal to the identity of XΣ,
we deduce that T is an isomorphism. For all (u,w) ∈ XΣ, we find

b((u,w), T(u,w)) = (A∇u,∇u)Ω + (∇w,∇w)Ω

+2(A1∇u1,∇(−w1 +R2w2))Ω1 − 2(∇w1,∇(R2u2))Ω1 − 2(∇w2,∇u2)Ω2 .

Let us introduce α, β, γ, η four strictly positive parameters. Using Young’s inequality and setting

∥R2∥ := sup
φ2∈H1

Γ(Ω2), ∥∇φ2∥Ω2 =1
∥∇(R2φ2)∥Ω1 ,

we can write

|2(A1∇u1,∇(−w1 +R2w2))Ω1 |
≤ A1(α+ β)(∇u1,∇u1)Ω1 +A1α

−1(∇w1,∇w1)Ω1 +A1β
−1∥R2∥2(∇w2,∇w2)Ω2 ,

|2(∇w1,∇(R2u2))Ω1 | ≤ γ(∇w1,∇w1)Ω1 + γ−1∥R2∥2(∇u2,∇u2)Ω2 ,

|2(∇w2,∇u2)Ω2 | ≤ η(∇w2,∇w2)Ω2 + η−1(∇u2,∇u2)Ω2 .

We deduce

b((u,w), T(u,w)) ≥ A1(1 − α− β)(∇u1,∇u1)Ω1 + (A2 − γ−1∥R2∥2 − η−1)(∇u2,∇u2)Ω2

+(1 − α−1A1 − γ)(∇w1,∇w1)Ω1 + (1 −A1β
−1∥R2∥2 − η)(∇w2,∇w2)Ω2 .

In [66], we obtained ∥R2∥2 = Υϑ where

Υϑ := max
(π − ϑ

ϑ
,

ϑ

π − ϑ

)
. (3.11)

Notice that there holds Υϑ ≥ 1 with Υϑ = 1 if and only if ϑ = π/2. Exploiting this result, we
proved in [65] the following proposition.

Proposition 3.1.8 Assume that A1, A2 satisfy

A1 <
1

1 + Υϑ
and A2 >

1 + Υϑ

1 −A1(1 + Υϑ) , (3.12)

where Υϑ appears in (3.11). Then the operator B : XΣ → XΣ defined in (3.9) is an isomorphism.

Remark 3.1.9 Thus, when A1 < min(ϑ/π, (π − ϑ)/π), B is an isomorphism for A2 large enough.

Now, the question we propose to investigate is the following. Are the conditions of Proposition 3.1.8
necessary? In other words, what happens for the operator B when A does not meet the assumptions
(3.12)? To answer this question, we have to compute the singularities of the problem. To facilitate
the calculus, we will work not directly on the simplified interior transmission problem (3.8) but on
an equivalent formulation. This equivalent problem is obtained from (3.8) by unfolding the domain
Ω. First we explain this unfolding procedure. Then we compute the singularities in the unfolded
domain.
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The unfolding procedure

Σ

Γ

Π

ϑ

Ω1
0<A1<1

Ω2
A2>1

OO

⇔

∂ω

ϑ

ω1
0<σ1<1

ω2
σ2>1

ω3
σ3=−1

OO

Figure 3.3: Initial domain Ω and unfolded domain ω.

Define the sets
ω1 := {(r cos θ, r sin θ) | 0 < r < 1, 0 < θ < ϑ};
ω2 := {(r cos θ, r sin θ) | 0 < r < 1, ϑ < θ < π};
ω3 := {(r cos θ, r sin θ) | 0 < r < 1, π < θ < 2π};
ω := {(r cos θ, r sin θ) | 0 < r < 1, 0 ≤ θ < 2π};

(see Figure 3.3 right). Let σ denote the function such that σ(θ) = σ1 for θ ∈ (0;ϑ), σ(θ) = σ2 for
θ ∈ (ϑ;π) and σ(θ) = σ3 = −1 for θ ∈ (π; 2π). Here 0 < σ1 < 1 and σ2 > 1 are two constants.
Now, we consider the problem

Find v ∈ H1
0(ω) such that

div (σ∇v) = h in ω,
(3.13)

where H1
0(ω) := {φ ∈ H1(ω) |φ = 0 on ∂ω}. Problem (3.13) can be seen as a transmission problem

between a positive composite material filling the region ω1 ∪ ω2 and a negative material in ω3.
Let us assume that the source terms in (3.8) and (3.13) are such that f ∈ L2(Ω), g ∈ L2(Ω)
and h ∈ L2(ω). Moreover, let us assume that h satisfies h(x, y) = f(x, y) a.e. in ω1 ∪ ω2 and
h(x, y) = −g(x,−y) a.e. in ω3.

⋆ Consider (u,w) a solution, if it exists, of the simplified interior transmission problem (3.8).
Then define the function v such that v = u on ω1 ∪ω2 and v(x, y) = w(x,−y) a.e. on ω3. It is easy
to check that v solves the transmission problem with a sign-changing coefficient (3.13) for σ1 = A1
and σ2 = A2.

⋆ Conversely, if v satisfies the transmission problem with a sign-changing coefficient (3.13),
define the functions u and w such that u = v in Ω, w(x, y) = v(x,−y) a.e. in Ω. Then, one can
check that the pair (u,w) is a solution of the simplified interior transmission problem (3.8) for
A1 = σ1 and A2 = σ2.

The variational problem associated with (3.13) writes

Find v ∈ H1
0(ω) such that, for all v′ ∈ H1

0(ω),
(σ∇v,∇v′)ω = ℓ(v′),

(3.14)

where ℓ(·) is an antilinear continuous form in H1
0(ω). The main difficulty in the investigation of the

properties of (3.14) comes from the triple point O: at this point, the solutions can be very singular.
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Description of singularities

Let us look for functions of the form s(r, θ) = κ(r)ϕ(θ) (with separated variables in polar coordi-
nates) which satisfy

div (σ∇s) = r−2
(
σϕ(r∂r)2κ+ κ(∂θσ∂θ)ϕ

)
= 0.

The above equation has been obtained by noticing that σ depends only on θ. Then we find that κ,
ϕ must satisfy

(r∂r)2κ = λ2 κ on (0; +∞) and (∂θσ∂θ)ϕ = −λ2 σϕ on T := R/(2πZ),

for some constant λ ∈ C. For λ = 0, one gets κ(r) = A ln r + B whereas for λ ̸= 0, one obtains
κ(r) = Arλ + B r−λ, A, B being two constants. On the other hand, one finds that (λ, ϕ) must be
an eigenpair of the spectral problem

Find (λ, ϕ) ∈ C × H1(T) \ {0} such that
∂

∂θ

(
σ
∂

∂θ
ϕ
)

= −λ2 σϕ on T.
(3.15)

The study of this problem leads us to consider the symbol L such that for all λ ∈ C,

L (λ) : H1(T) −→ H1(T)∗

ϕ 7−→ ∂θ(σ∂θϕ) + λ2 σϕ.

We say that λ ∈ C is an eigenvalue of L when there exists a non trivial ϕ ∈ H1(T) such that
L (λ)ϕ = 0. We denote by Λ the set of the eigenvalues of L . This set is also called the set
of singular exponents associated with O. As for the interior transmission eigenvalue problem, the
study of (3.15) is not standard because the sign-changing parameter σ appears both in the principal
and in the compact part of the equation. However, now it is only a 1D problem. Proceeding as in
[153, Lem. 4.9], we can prove the

Proposition 3.1.10 Assume that σ1 ̸= 1 and σ2 ̸= 1. Then, the set Λ is discrete. Moreover, there
exist two positive constants ρ and δ such that if λ ∈ C satisfies |λ| > ρ and |ℜe λ| < δ |ℑmλ|, then
λ is not a singular exponent.

Generally speaking, we can decompose the solutions of the source term problem (3.14) as the sum
of a finite number of singularities and a regular term. The computations of the beginning of this
paragraph show that for λ ̸= 0, the singularities are of the form

(r, θ) 7→ rλϕ(θ), (3.16)

where (λ, ϕ) corresponds to an eigenpair of problem (3.15). Therefore, the regularity of the solutions
of problem (3.14) only depends on the set Λ. For our study, we are particularly interested in the
set Λ ∩ Ri \ {0}, the reason being that for λ ∈ Ri \ {0}, as seen in §1.3, the singularity (3.16) is
strongly oscillating and responsible for the loss of Fredholmness in the H1 framework.

Explicit computation of the singularities in the case ϑ = π/2

In [65], we were able to compute explicitly the set Λ in the particular case

ϑ = π/2.

We simply present the results here. Define the region

R := R1 ∪ R2 ∪ R3 ∪ R4,
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with R1 = {(σ1, σ2) ∈ R∗
+ × R∗

+ |σ1 > 1 and σ2 < 2 − σ1}

R2 = {(σ1, σ2) ∈ R∗
+ × R∗

+ |σ1 > 1 and σ1
2σ1 − 1 < σ2 < 1}

R3 = {(σ1, σ2) ∈ R∗
+ × R∗

+ |σ2 > 1 and σ1 < 2 − σ2}

R4 = {(σ1, σ2) ∈ R∗
+ × R∗

+ |σ2 > 1 and σ2
2σ2 − 1 < σ1 < 1}

(see the representation of Figure 3.4).

1/2

1/2

1

1
σ1

σ2

R1

R2

R3

R4

Figure 3.4: Representation of the set R = R1 ∪ R2 ∪ R3 ∪ R4 in orange. For (σ1, σ2) ∈ R, strongly
oscillating singularities exist for Problem (3.13).

We established the following statement.

Proposition 3.1.11
For (σ1, σ2) ∈ R∗

+ × R∗
+ \ R, one has Λ ∩ Ri = {0}.

For (σ1, σ2) ∈ R, one has Λ ∩ Ri = {0,±iη} for some real number η > 0.

2 4 6

+iη−iη

−2−4−6
ℜe λ

ℑmλ

Figure 3.5: Set Λ for (σ1, σ2) = (1/4, 2) ∈ R∗
+ × R∗

+ \ R.

2 4 6

+iη

−iη

−2−4−6
ℜe λ

ℑmλ

Figure 3.6: Set Λ for (σ1, σ2) = (4, 2) ∈ R∗
+ × R∗

+ \ R.
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2 4 6
+iη

−iη

−2−4−6 ℜe λ

ℑmλ

Figure 3.7: Set Λ for (σ1, σ2) = (3/4, 2) ∈ R. Notice the two non trivial singular exponents on Ri.

Next steps of the analysis

When (σ1, σ2) ∈ R, strongly oscillating singularities exist for Problem (3.13). As a consequence,
the associated operator is not Fredholm in H1

0(ω). Using the equivalence schematized in Figure
3.3, we deduce that the operator B : XΣ → XΣ defined in (3.9) is not of Fredholm type when
(A1, A2) ∈ R (and ϑ = π/2). Above we focused our attention on Problem (3.8) to underline the
connection existing with Problem (3.13) with a sign-changing coefficient. The results are similar
for the true ITP (3.3). In the article [65], we then explained how to take into account the strongly
oscillating singularities in the functional framework to obtain a Fredholm operator. The approach
is the same as the one presented in §1.3.2 and we will not detail it. Let us emphasize that exhibiting
a framework where Fredholmness holds is the first step to apply the analytic Fredholm theorem
and prove that the set of TEs is discrete. To complete the proof, it is necessary to exhibit at least
one k which is not a TE. However for now, we have not been able to obtain this result.

With A.-S. Bonnet-Ben Dhia and F. Monteghetti, we are currently continuing the study. Working
with Perfectly Matched Layers (PMLs) as in §1.3.3, Florian has written a code based on a finite
element method to compute in a robust way the spectrum of TEs. It is important to emphasize
that if we do not use the PMLs, the computed eigenvalues do not converge as the mesh is refined.
Therefore it is crucial to take into account the oscillating singularities to avoid spurious eigenvalues.
The eigenfunctions we obtain in this setting may have singular behaviors which are not expected for
the solutions of the direct problem (note that the composite material filling Ω is a classical positive
material). We are investigating what happens for the LSM, the initial reconstruction technique, at
these frequencies.

3.1.3 A bilaplacian with a sign changing coefficient

In §3.1.1, we considered cases where A − Id is positive or negative in a neighborhood of ∂Ω.
Then in §3.1.2, we investigated situations where A− Id changes sign on ∂Ω. In the article [151], I
studied the properties of (3.3) when A = Id. Then the ITP writes

∆u+ k2nu = 0 in Ω
∆w + k2w = 0 in Ω
u− w = 0 on ∂Ω
ν · ∇u− ν · ∇w = 0 on ∂Ω.

(3.17)

According to the analysis presented in §3.1.2, this situation is similar to the case of a contrast equal
to −1 for the transmission problem with a sign-changing coefficient. In that case, the corresponding
operator is not of Fredholm type in the H1 framework (see Theorem 1.2.4). This is the reason why
people have considered a different setting. For Problem (3.17), one usually adopts the following
definition for the transmission eigenvalues.

Definition 3.1.12 The k ∈ C for which (3.17) admits non zero solutions (u,w) ∈ L2(Ω) × L2(Ω)
such that u− w ∈ H2

0(Ω) are called interior transmission eigenvalues.
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Here and below H2
0(Ω) denotes the closure of C ∞

0 (Ω) for the H2-norm. Note that in Definition
3.1.12, the fields are only in L2(Ω) but their difference is smooth. Now, following [437], we rewrite
(3.17) as a fourth order equation. Consider (u,w) an eigenpair of (3.17). Define v := u−w. Notice
that v is nothing else than the scattered field inside the inclusion. It satisfies the relation

∆v + k2nv = −k2(n− 1)w in Ω. (3.18)

Assume that n : Ω → R is an element of L∞(Ω) such that n > 0 and n ̸= 1 in Ω. Assume also
that (n− 1)−1 belongs to L∞(Ω)1. Dividing on each side of (3.18) by n− 1 and using the equation
∆w + k2w = 0, we obtain, in the sense of distributions,

(∆ + k2)
(

1
n− 1 (∆v + k2nv)

)
= 0 in Ω.

We deduce that if the pair (u,w) satisfies (3.17) then v = u− w solves the problem

Find v ∈ H2
0(Ω) such that�

Ω

1
n− 1 (∆v + k2nv)(∆v′ + k2v′) dx = 0, ∀v′ ∈ H2

0(Ω).
(3.19)

Conversely, one shows (see [437, Lem. 3.1] for the details) that if v is a solution of (3.19) then the
pair (u,w) := ((n − 1)−1 (∆v + k2nv) − k2v, (n − 1)−1 (∆v + k2nv)) satisfies Problem (3.17). In
H2

0(Ω), for k ∈ C, we define the sesquilinear form ak(·, ·) such that

ak(v, v′) = ((n− 1)−1(∆v + k2nv), (∆v′ + k2v′))Ω, ∀v, v′ ∈ H2
0(Ω).

With the Riesz representation theorem, let us introduce the bounded operator Ak : H2
0(Ω) → H2

0(Ω)
associated with ak such that

(Akv, v
′)H2

0(Ω) = ak(v, v′), ∀v, v′ ∈ H2
0(Ω). (3.20)

Above (·, ·)H2
0(Ω) stands for the inner product of H2

0(Ω) such that

(φ,φ′)H2
0(Ω) = (∆φ,∆φ′)Ω, ∀φ,φ′ ∈ H2

0(Ω).

Observe that contrary to (3.4), (3.19) is not linear in k2 but quadratic. Assume that there exists
k0 ∈ C such that Ak0 is an isomorphism of H2

0(Ω). For all k ∈ C, it is easy to see that Ak − Ak0

is a compact operator of H2
0(Ω). With the analytic Fredholm theorem, we deduce, since Ak0 is

injective, that Ak is an isomorphism of H2
0(Ω) for all k ∈ C\S , where S is a discrete or empty set

of C. In other words, to prove that the set of transmission eigenvalues is discrete, it is sufficient to
establish that there exists k0 ∈ C such that Ak0 is an isomorphism of H2

0(Ω).

When n ≥ C > 1 in Ω for some constant C, the bilinear form a0(·, ·) is coercive in H2
0(Ω).

This allows one to prove that A0 is an isomorphism of H2
0(Ω), and as a consequence, that the set of

transmission eigenvalues is discrete or empty. The case 0 < C1 ≤ n ≤ C2 < 1, where C1, C2 are some
constants, is similar because −a0(·, ·) is coercive in H2

0(Ω). These results have been known since
[437]. When n− 1 changes sign in Ω, the form ak(·, ·) is no longer coercive nor “coercive+compact”
in H2

0(Ω). Is the set of transmission eigenvalues still discrete in this case? And before that,
what are the properties of Ak in such configurations? This was the motivation of the study [151]
that we summarize now. Let us emphasize that this does not correspond to a particular exotic
configuration. Indeed, one meets this problem simply when considering the scattering of waves
by an inclusion made of two different materials: one with an index n > 1, the other such that n < 1.

1For the study of the Interior Transmission Eigenvalue Problem when n is smooth, one may consult [322, 435].
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Let us focus on the principal part of Ak, the part which contains the derivatives of highest
order. To simplify the notation, set σ := (n− 1)−1 ∈ L∞(Ω). We assume that σ is real valued. Our
goal is to investigate the features of the following problem

(P)
Find v ∈ H2

0(Ω) such that
(σ∆v,∆v′)Ω = ℓ(v′), ∀v′ ∈ H2

0(Ω),

where ℓ(·) is a continuous antilinear form in H2
0(Ω). Let us introduce the sesquilinear form b(·, ·)

such that
b(v, v′) = (σ∆v,∆v′)Ω, ∀v, v′ ∈ H2

0(Ω)
and the continuous operator B : H2

0(Ω) → H2
0(Ω) defined by

(Bv, v′)H2
0(Ω) = b(v, v′), ∀v, v′ ∈ H2

0(Ω). (3.21)

The goal of [151] was also to compare the features of the operators div (σ∇·) : H1
0(Ω) → H−1(Ω)

and ∆(σ∆·) : H2
0(Ω) → H−2(Ω). Has the change of sign of σ the same consequences in each case?

Bilaplacian with mixed boundary conditions

Before investigating the properties of the operator B, let us study the problem obtained by replacing
in (P) the boundary condition “ν · ∇v = 0 on ∂Ω” by the condition “σ∆v = 0 on ∂Ω”. Thus,
consider the problem with mixed boundary conditions

Find v ∈ H1
0(Ω) ∩ H2(Ω) such that

∆(σ∆v) = f in Ω
σ∆v = 0 on ∂Ω.

(3.22)

Problem (3.22) is equivalent to the following variational formulation

(P̃)
Find v ∈ H1

0(Ω) ∩ H2(Ω) such that
(σ∆v,∆v′)Ω = ⟨f, v′⟩Ω , ∀v′ ∈ H1

0(Ω) ∩ H2(Ω).

With these mixed boundary conditions, one can solve (P̃) in two steps. Assume that f belongs
to H−1(Ω). There exists a unique p ∈ H1

0(Ω) satisfying −(∇p,∇p′)Ω = ⟨f, p′⟩Ω for all p′ ∈ H1
0(Ω).

Let v ∈ H1
0(Ω) be the function such that ∆v = σ−1p ∈ L2(Ω). If the domain Ω is of class C 2 ([236,

Thm. 8.12]) or convex ([249, Thm. 3.2.1.2]), we know that v belongs to H2(Ω). Moreover, there
holds, for all v′ ∈ H1

0(Ω) ∩ H2(Ω),

(σ∆v,∆v′)Ω = (p,∆v′)Ω = −(∇p,∇v′)Ω =
〈
f, v′〉

Ω .

We deduce that v is a solution of (P̃). Notice that, to obtain this result, the only assumptions for
σ are σ ∈ L∞(Ω) and σ−1 ∈ L∞(Ω). Thus, σ can change sign. Let us refine the study of (P̃).

With the Lax-Milgram theorem, we can show that the sesquilinear form (v, v′) 7→ (v, v′)H2
0(Ω) =

(∆v,∆v′)Ω is an inner product in H1
0(Ω) ∩ H2(Ω). Moreover, if Ω is of class C 2 or convex, in

H1
0(Ω) ∩ H2(Ω), the map v 7→ ∥∆v∥L2(Ω) defines a norm which is equivalent to the H2-norm.

Therefore, H1
0(Ω) ∩ H2(Ω) endowed with the inner product (·, ·)H2

0(Ω) is a Hilbert space. Let us
introduce the sesquilinear form b̃(·, ·) such that

b̃(v, v′) = (σ∆v,∆v′)Ω, ∀v, v′ ∈ H1
0(Ω) ∩ H2(Ω),

and the continuous operator B̃ : H1
0(Ω) ∩ H2(Ω) → H1

0(Ω) ∩ H2(Ω), defined by

(B̃v, v′)H2
0(Ω) = b̃(v, v′), ∀v, v′ ∈ H1

0(Ω) ∩ H2(Ω). (3.23)
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Theorem 3.1.13 Assume that the domain Ω ⊂ Rd, d ≥ 1, is of class C 2 or convex. For all
σ ∈ L∞(Ω) such that σ−1 ∈ L∞(Ω), the operator B̃ : H1

0(Ω) ∩ H2(Ω) → H1
0(Ω) ∩ H2(Ω) defined in

(3.23) is an isomorphism.

Proof. To establish this result, let us work again with the T-coercivity. Introduce the operator
T : H1

0(Ω) ∩ H2(Ω) → H1
0(Ω) ∩ H2(Ω) such that, for all v ∈ H1

0(Ω) ∩ H2(Ω), Tv is defined as the
unique solution of the problem “find Tv ∈ H1

0(Ω) satisfying ∆(Tv) = σ−1∆v”. Notice that since Ω is
assumed to be of class C 2 or convex, Tv is indeed an element of H2(Ω). For all v, v′ ∈ H1

0(Ω)∩H2(Ω),
we can write

(B̃(Tv), v′)H2
0(Ω) = (σ∆(Tv),∆v′)Ω = (∆v,∆v′)Ω.

Therefore, the operator B̃ ◦ T is equal to the identity of H1
0(Ω) ∩ H2(Ω). Since B̃ is selfadjoint, we

deduce that B̃ is an isomorphism with B̃−1 = T.

The operator B̃ defined in (3.23) is an isomorphism of H1
0(Ω) ∩ H2(Ω) when σ ∈ L∞(Ω) satisfies

σ−1 ∈ L∞(Ω) and when Ω is such that ∆ : H1
0(Ω) ∩ H2(Ω) → L2(Ω) is an isomorphism. But what

if this last assumption on Ω is not met? What happens for example if Ω is a 2D domain with
reentrant corners? It is proved in [151, §2.2] that in this case, B̃ is not always an isomorphism.
According to the values of the parameter σ, a kernel and a cokernel, both of finite dimension, can
appear.

Bilaplacian with Dirichlet boundary condition

Let us come back to the study of the operator B : H2
0(Ω) → H2

0(Ω) introduced in (3.21).

Configurations where σ has a constant sign on the boundary

In this paragraph, Ω is a domain of Rd, with d ≥ 1. We prove that B is Fredholm of index zero when
σ has a constant sign in a neighborhood of ∂Ω. More precisely, consider the following assumption:

(Hσ)
σ ∈ L∞(Ω) is such that σ−1 ∈ L∞(Ω). Moreover, there holds σ ≥ C1 > 0 a.e. in Ω\O
or σ ≤ C2 < 0 a.e. in Ω\O, where C1, C2 are constants and O is an open set such that
O ⊂ Ω.

∂ΩΩ\O

O

Figure 3.8: σ is assumed to be uniformly positive or uniformly negative in the region Ω\O.

Let us emphasize that in (Hσ), there is no assumption concerning the sign of σ in O. To prove
that B is a Fredholm operator of index zero, we build a right parametrix for B, i.e. we build a
bounded operator T such that B ◦ T = I + K where I : H2

0(Ω) → H2
0(Ω) is an isomorphism and

K : H2
0(Ω) → H2

0(Ω) is a compact operator.

Theorem 3.1.14 Assume that σ satisfies condition (Hσ). Then the operator B : H2
0(Ω) → H2

0(Ω)
such that (Bv, v′)H2

0(Ω) = (σ∆v,∆v′)Ω for all v, v′ ∈ H2
0(Ω), is Fredholm of index zero.

Remark 3.1.15 Adapting the approach presented below, we can prove that for all m ∈ N∗ :=
{1, 2, 3, . . . } the operator ∆m(σ∆m·) : H2m

0 (Ω) → H−2m(Ω) is Fredholm of index zero when σ
satisfies condition (Hσ). Here, H2m

0 (Ω) denotes the closure of C ∞
0 (Ω) for the H2m-norm.
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Proof. Let us give the proof in the case where σ ≥ C1 > 0 in a neighborhood of the boundary ∂Ω.
The configuration where σ ≤ C2 < 0 in a neighborhood of ∂Ω can be deduced easily by working
with the operator −B. Let us introduce ζ ∈ C ∞

0 (Ω, [0; 1]) a cut-off function equal to 1 in O. Notice
that 1 − ζ is an element of C ∞(Ω, [0; 1]) which is equal to 1 in a neighborhood of ∂Ω. Now, let
us consider v an element of H2

0(Ω). The function (1 − ζ)v belongs to H2
0(Ω) and, by definition, we

have, for all v′ ∈ H2
0(Ω),

(σ∆((1 − ζ)v),∆v′)Ω = b((1 − ζ)v, v′) = (B((1 − ζ)v), v′)H2
0(Ω).

This allows us to write, expanding ∆((1 − ζ)v),

((1 − ζ)σ∆v,∆v′)Ω = (B((1 − ζ)v), v′)H2
0(Ω) + (σ(2∇v · ∇ζ + v∆ζ),∆v′)Ω.

On the support of ζ, we must proceed differently because we allow σ to change sign. Let us
denote by ψ the unique element of H1

0(Ω) such that ∆ψ = σ−1∆v ∈ L2(Ω). Classical re-
sults of interior regularity indicate that, for all χ ∈ C ∞

0 (Ω), χψ ∈ H2
0(Ω) with the estimate

∥χψ∥H2
0(Ω) ≤ C∥σ−1∆v∥L2(Ω) ≤ C∥v∥H2

0(Ω). In particular, the function ζψ belongs to H2
0(Ω) and

depends continuously on v. Since (σ∆(ζψ),∆v′)Ω = (B(ζψ), v′)H2
0(Ω), we obtain, expanding ∆(ζψ),

(ζ∆v,∆v′)Ω = (σζ∆ψ,∆v′)Ω = (B(ζψ), v′)H2
0(Ω) − (σ(2∇ψ · ∇ζ + ψ∆ζ),∆v′)Ω.

Let us define the operator T : H2
0(Ω) → H2

0(Ω) such that Tv = ζψ+ (1 − ζ)v for all v ∈ H2
0(Ω). With

the Riesz representation, we introduce the operators I : H2
0(Ω) → H2

0(Ω) and K : H2
0(Ω) → H2

0(Ω)
such that, for all (v, v′) ∈ H2

0(Ω) × H2
0(Ω),

(Iv, v′)H2
0(Ω) = ((ζ + (1 − ζ)σ)∆v,∆v′)Ω

(Kv, v′)H2
0(Ω) = (σ(2∇(ψ − v) · ∇ζ + (ψ − v)∆ζ),∆v′)Ω.

With these definitions, we have the relation B◦T = I+K. One checks easily that I : H2
0(Ω) → H2

0(Ω)
is an isomorphism because the sesquilinear form (v, v′) 7→ ((ζ + (1 − ζ)σ)∆v,∆v′)Ω is coercive in
H2

0(Ω). On the other hand, classical arguments guarantee that K : H2
0(Ω) → H2

0(Ω) is a compact
operator. Therefore, the operator T constitutes a right parametrix for B. Since B is selfadjoint, we
deduce that it is a Fredholm operator of index zero.

Recall that we denoted Ak the operator associated with the original interior transmission problem
(see the definition in (3.20)). For all k ∈ C, Ak − B is a compact operator. Since the index of an
operator is stable under compact perturbations, we have the

Corollary 3.1.16 Assume that σ satisfies condition (Hσ). Then, for all k ∈ C, the operator Ak

defined in (3.20) is Fredholm of index zero.

In a quite surprising way, this result indicates that Fredholmness for the operator ∆(σ∆·) :
H2

0(Ω) → H−2(Ω) does not depend on the changes of sign of σ which occur inside the domain Ω. As
we have seen in §1.2, this property is not true for the operator div (σ∇·) : H1

0(Ω) → H−1(Ω). On the
other hand, Corollary 3.1.16 is not sufficient to guarantee that the set of transmission eigenvalues
is discrete when σ satisfies (Hσ). To obtain such a result with the analytic Fredholm theorem, one
has to exhibit one k such that Ak is injective. This is not simple due to the expression of Ak but
this has been established in [457, 306].

Fredholm property can be lost when σ changes sign on the boundary

Finally in [151], I studied configurations as described in Figure 3.9 where σ = n − 1 changes sign
on ∂Ω and proved that Fredholm property can be lost in certain situations. More precisely, during
the Ensta 2A internship of J. Firozaly, we proved that singularities of the form

s(r, θ) = r1+iηφ(θ), with η ∈ R, (3.24)
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Ω2
σ2 < 0

Ω1
σ1 > 0

O

O′

ϑ

O

Figure 3.9: Example of configuration where σ changes sign on ∂Ω.

can exist for the operator B in configurations as described in Figure 3.9, depending on σ1, σ2 and
the angle ϑ. Here (r, θ) are the polar coordinates associated with O. In that case, similarly to
Theorem 1.2.6 for the operator div (σ∇·) : H1

0(Ω) → H−1(Ω) in §1.2, we established that the range
of B : H2

0(Ω) → H2
0(Ω) is not closed which shows that B is not of Fredholm type. By working as in

§1.3, we could take into account certain of the singularities (3.24) to obtain an operator which is of
Fredholm type. This has not been done in [151].

3.1.4 Concluding remarks concerning the analysis of the ITP

Above we studied the ITP in various frameworks. A noteworthy point of that problem is that
depending on the assumptions made on the physical coefficients of the inclusion that one wishes to
identify, different tools and approaches must be used. Let us mention that we have this flexibility
in the framework because Herglotz waves, i.e. generalized combinations of plane waves, which are
the waves we assume that the observer can produce, are dense in different functional frameworks.
In the setting involving strongly oscillating singularities, we explained how to obtain Fredholm
operators. However, to prove discreteness of TEs, one must find one k where the operator is
injective. This is not simple and for the moment this remains an open question when A − Id
changes sign on ∂Ω as well as in the case where A = Id and n− 1 changes sign on ∂Ω. Besides, we
focused our attention on results of discreteness of TEs. As we will see below, TEs can also be used
to obtain information on the material index of the inclusion. For this reason, people have proved
results of existence of real TEs in certain situations (see e.g. [412, 127, 125]). However the cases
where A− Id or n− 1 change sign on the boundary have not been studied.

Let us come back to an inaccuracy we made in order to simplify the presentation. At the
beginning of this section, we first introduced TEs as frequencies k > 0 such that there is an
incident field whose scattered field vanishes outside of the inclusion. Then we explained that they
correspond to values of k > 0 such that there is a non zero pair (u,w) which solves the ITP (3.1).
In general these two notions do not coincide. More precisely, in the literature, the k > 0 such that
there is an incident field, defined in Rd, which does not scatter, are usually called non-scattering
frequencies. The k > 0 such that the ITP admits a non zero solution are the TEs. A non-scattering
frequency is always a TE but the converse is often false. Actually, it is easy to see that a TE is
a non-scattering frequency if and only if the corresponding w can be extended as a solution to
the homogeneous Helmholtz equation in Rd. It has been established that certain scatterers with
non-smooth geometries (with corners in 2D or conical tips/edges in 3D) have an infinite number
of TEs while their spectrum of non-scattering frequencies is empty [56, 411, 221, 222]. In the
recent article [160] with H. Haddar, H. Li and J. Xiao, we gave examples of defects, including some
domains with corners or cusps, for which there exist non-scattering frequencies, which finally seems
a rather rare phenomenon. Adapting an example proposed by J. Eckmann and C. Pillet in [216],



3.2. Invisibility in free space with a finite number of measurements 139

we also gave situations where the incident non-scattering fields can be extended in a neighborhood
of the inhomogeneity but not in the whole space.

3.2 Invisibility in free space with a finite number of measurements

We mentioned that the Linear Sampling Method (LSM) can be used to recover the support
of a defect embedded in a homogeneous background if the frequency is not a Transmission Eigen-
value (TE), i.e. if the only solution of the ITP (3.1) is zero. This theory supposes that we
can produce incident plane waves in all directions θi ∈ Sd−1 and measure the far field pattern
of the associated scattered fields for all θs ∈ Sd−1, where Sd−1 denotes the unit sphere in Rd.
However, this is not quite realistic. Some works have been devoted to the study of the LSM in
partial aperture (see [117] and [186, 187, 191] for the corresponding numerical experiments), that
is when the observer knows only the restriction of the far field operator on a non empty open
set of Sd−1. Thanks to the analytic dependence with respect to the wavenumber, the theory can
be developed as in the case of full aperture. But again, this is not completely satisfactory for
applications because in practice, one cannot access this continuum of information. Very often, for
example in the numerical implementation of the LSM, one can produce incident plane waves and
measure the far field pattern of the associated scattered fields only in a finite set of directions.
It is this setting that we decided to investigate in [72] with A.-S. Bonnet-Ben Dhia and S.A. Nazarov.

We assume that the propagation of acoustic waves in time harmonic regime in the reference
medium Rd, d = 2, 3, is governed by the Helmholtz equation ∆u + k2u = 0. Again, the localized
perturbation in the reference medium occupies the bounded open set Ω ⊂ Rd with Lipschitz
boundary ∂Ω. To represent the physical properties of the penetrable inclusion Ω, we introduce
A ∈ L∞(Rd,Rd×d) and n ∈ L∞(Rd,R), two parameters such that A = Id and n = 1 in Rd \ Ω. We
assume that A(x) is symmetric for all x ∈ Ω, such that A(x)ζ ·ζ ≥ C|ζ|2 for all x ∈ Rd, ζ ∈ Rd and
that n satisfies n(x) ≥ C for all x ∈ Rd, for some constant C > 0. The scattering of the incident
plane wave ui := eikθi·x, of direction of propagation θi ∈ Sd−1, by Ω, is described by the problem

Find u such that
−div (A∇u) = k2nu in Rd,

u = ui + us in Rd,

lim
r→+∞

r
d−1

2

(
∂us

∂r
− ikus

)
= 0.

(3.25)

It is known that for all k > 0, Problem (3.25) has a unique solution in H1
loc(Rd), the Sobolev space of

measurable functions whose H1-norm is finite on each bounded subset of Rd. We denote by us(·,θi)
the associated scattered field. Using Green’s representation formula and computing explicitly the
asymptotic behavior of the Green’s function for the Helmholtz equation far from Ω, one proves (see
[189, Thm. 2.6]) the expansion

us(x,θi) = eikrr− d−1
2
(
u∞

s (θs,θi) +O(1/r)
)
, (3.26)

as r → +∞, uniformly in θs ∈ Sd−1. Here θs is the direction of observation. The function
u∞

s (·,θi) : Sd−1 → C, is called the far field pattern associated with ui := eikθi·x. In other words, at
infinity, us(·,θi) behaves at the first order like a cylindrical wave in 2D or like a spherical wave in
3D. The far field pattern is given by the following integral representation

u∞
s (θs,θi) := cd⟨∂νu

+
s (·,θi), e−ikθs·x⟩∂Ω − cd⟨∂ν(e−ikθs·x), us(·,θi)⟩∂Ω. (3.27)

In this expression, ⟨·, ·⟩∂Ω stands for the duality pairing (without complex conjugation) between
H−1/2(∂Ω) and H1/2(∂Ω). On the other hand, ν denotes the unit normal vector to ∂Ω oriented
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toward the interior of Ω and ∂νu
+
s (·,θi) refers to the normal trace of us(·,θi)|Rd\Ω. Finally, the

constant cd is such that c2 = eiπ/4/
√

8πk and c3 = 1/(4π). In particular when A = Id in Rd, we
deduce from (3.27) that

u∞
s (θs,θi) = cd k

2
�

Ω
(n− 1)(us(·,θi) + eikθi·x) e−ikθs·x dx. (3.28)

We assume that one has a finite set of emitters and receivers located at the same positions so that
we can produce incident plane waves in some given directions θ1, . . . ,θN ∈ Sd−1 and measure the
far field pattern of the resulting scattered field only in the directions −θ1, . . . ,−θN (backscattering
directions). This corresponds to knowing all elements of the relative scattering matrix M (k) ∈
CN×N such that

Mmn(k) = u∞
s (−θm,θn).

In this context, we shall say that k > 0 is a non-scattering wavenumber if M (k) is not injective,
equivalently, if there is a non trivial incident field, combination of the plane waves of directions of
propagation θ1, . . . ,θN , such that the far field pattern of the associated scattered field vanishes in
the directions −θ1, . . . ,−θN . Let us emphasize that in this case, unlike in the continuous setting,
the scattered field has no reason to be identically null outside of the defect.

3.2.1 Discreteness of non-scattering wavenumbers

In the first part of [72], by working with energy identities and by exploiting the meromorphic
dependence of M (·) with respect to k, we provided criteria on the physical parameters of the inclu-
sion to guarantee that the non-scattering wavenumbers, defined by means of the relative scattering
matrix, form a discrete set. One of the results we proved is as follows.

Assumption 3.2.1 There is a neighborhood of ∂Ω, denoted V, such that Id − A is nonnegative
definite in Ω∩V. Moreover, there exists a constant C such that there holds 0 < C ≤ 1−n in Ω∩V.

Assumption 3.2.2 There is a neighborhood of ∂Ω, denoted V, such that A − Id is nonnegative
definite in Ω∩V. Moreover, there exists a constant C such that there holds 0 < C ≤ n−1 in Ω∩V.

Proposition 3.2.3 Assume that A and n satisfy Assumption 3.2.1 or Assumption 3.2.2. Then the
set of non-scattering wavenumbers for Problem (3.25) is either empty or discrete.

3.2.2 Construction of non-scattering inclusions

In the second part of [72], imposing A = Id in Rd, for a given k > 0 and a given domain Ω, we
adapted the method presented in §2.2 to construct, both theoretically and numerically, inclusions
supported in Ω for which the corresponding relative scattering matrix M (k) vanishes. The main
result is as follows.

Proposition 3.2.4 Let k > 0 be a given wavenumber and Ω refer to a given Lipschitz domain.
Consider θ1, . . . ,θN , N vectors of Sd−1 such that the N(N + 1)/2 elements of the family {θn′ +
θm′}1≤m′≤n′≤N are all non null and all different. There exists an infinite family of parameters n,
with n − 1 supported in Ω, such that the relative scattering matrix M (k) associated with (3.25)
(for A = Id) satisfies M (k) = 0N×N . As a consequence, for such inclusions, for any incident
field combination of the plane waves eikθ1·x, . . . , eikθN ·x, the far field pattern of the scattered field
vanishes in the directions −θ1, . . . ,−θN .

Remark 3.2.5 In dimension two, the assumptions of this proposition can be slightly simplified.
Indeed, we can see that if θ1, . . . ,θN denote N vectors of S1, then the elements of the family
{θn′ + θm′}1≤m′≤n′≤N are all different as soon as they are all non null.
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In Figures 3.10–3.12, we give an example of defect which produces zero far field patterns in three
directions when enlightened from the left.

Let us underline that here we consider only non dissipative isotropic inclusions, the result be-
ing simpler to establish for dissipative or anisotropic inclusions. This indicates in particular that
the data of the relative scattering matrix does not uniquely determine the defect. Note that in the
continuous setting, this construction is impossible. Indeed, the knowledge of the far field operator
on Sd−1 × Sd−1 uniquely determines the parameter of the inclusion (see [189, Thm. 10.5] and the
references therein: [363, 458] in 3D, [107, 285] in 2D).

Figure 3.10: Example of parameter n which produces zero far field patterns in the directions
corresponding to the angles 90◦, 180◦, 225◦ and for an incident direction at 0◦. The domain
represented here is B8, the ball of radius 8, and the defect Ω is located in B1.

Figure 3.11: Restriction of the coefficient n of Figure 3.10 to Ω. Here we have been able to construct
n such that n|Ω ∈ C ∞(Ω). The domain represented here is B1.



142 Chapter 3. Topics related to inverse problems

Figure 3.12: Absolute value of the scattered field in logarithmic scale associated with an incident
plane wave of incident angle 0◦. As desired, we see that it is very small far from Ω in the directions
corresponding to the angles 90◦, 180◦ and 225◦. The domain represented here is equal to B8.

3.2.3 The case of the scattering direction coinciding with the incident direction

In the statement of Proposition 3.2.4, we assume that θs ̸= θi. When θs = θi (see Figure
3.13), the approach we proposed cannot be implemented. To cope with this problem, one could
consider a complex valued parameter n or an anisotropic material characterized by some matrix
valued coefficient A. But imagine that we want to use non dissipative isotropic materials with
A = Id only. For a given wavenumber k > 0, can we find a real valued parameter n for the inclusion
Ω such that the far field pattern associated with the incident plane wave ui := eikθi·x, vanishes in
the direction θi? In the sequel, we shall assume there is only one scattering direction (N = 1).

Ω
Incident direction θi Scattering direction θs = θi

Figure 3.13: Scattering problem with θs = θi.

According to (3.28), we know that the far field pattern in the direction θs of the scattered field
solution of the problem

−∆u = k2nu in Rd,
u = ui + us in Rd,

lim
r→+∞

r
d−1

2

(
∂us

∂r
− ikus

)
= 0,

(3.29)

is given by
u∞

s (θs,θi) = cd k
2
�

Ω
(n− 1)u e−ikθs·x dx.
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When θs = θi, we find, using the relation −∆us − k2nus = k2 (n− 1)ui,

u∞
s (θi,θi) = cd k

2
�

Ω
(n− 1) (ui + us)ui dx

= cd k
2
�

Ω
(n− 1) |ui|2 dx− cd

�
Ω
us ∆us + k2nus dx

= cd k
2
�

Ω
(n− 1) |ui|2 dx+ cd

�
Ω

|∇us|2 − k2n|us|2 dx+ cd ⟨∂νus, us⟩Γ.

(3.30)

Let us work on the last term of the right-hand side of the previous equation as in the proof of [189,
Thm. 2.5]. We take R large enough such that Ω is contained in the ball BR := {x ∈ Rd

∣∣ |x| < R}
and apply Green formula in BR \ Ω to obtain

⟨∂νus, us⟩Γ = −⟨∂νus, us⟩∂BR
+
�

BR\Ω
|∇us|2 − k2|us|2 dx.

On ∂BR, ν refers to the unit outward normal to BR. But us satisfies the radiation condition of
(3.29) and admits the decomposition (3.26). Therefore, there holds

ℑm ⟨∂νus, us⟩Γ = k

�
Sd−1

|u∞
s (θ,θi)|2 dθ. (3.31)

Using (3.31) in (3.30), we conclude

ℑm (c−1
d u∞

s (θi,θi)) = k

�
Sd−1

|u∞
s (θ,θi)|2 dθ.

According to Rellich’s lemma, this proves what is called the optical theorem in the literature and
which was originally discovered independently by W. Sellmeier and Lord Rayleigh in 1871.

Proposition 3.2.6 Let us refer to the scattered field, defined by Problem (3.29), associated with
the incident plane wave ui = eikθi·x. Then the far field pattern of us vanishes in the direction θi if
and only if there holds us = 0 in Rd \ Ω.

This shows that it is much more complicated to impose far field invisibility in the direction θi

than in other directions. In particular, if k > 0 and n are such that the far field pattern of us

vanishes in the direction θi, according to Proposition 3.2.6, we must have us = u − ui = 0 and
∂νus = ∂ν(u− ui) = 0 on Γ. This implies that the pair (u, ui) = (ui + us, ui) satisfies

∆u+ k2nu = 0 in Ω,
∆ui + k2ui = 0 in Ω,
u− ui = 0 on Γ,
∂ν(u− ui) = 0 on Γ.

(3.32)

This is nothing but a transmission eigenvalue problem with a strong hypothesis on ui. Compared to
the classical transmission eigenvalue problem where the restriction of the incident field to Ω belongs
to L2(Ω), here we additionally impose ui = eikθi·x. As a consequence, for a given n which satisfies
0 < c ≤ n ≤ C < 1 in a neighborhood of Γ or 1 < c ≤ n in a neighborhood of Γ, we know according
to [457] that the set of wavenumbers for which (3.32) has a non trivial solution is either empty or
discrete. However, we cannot use the results of existence of transmission eigenvalues (see [412, 125])
to conclude the existence of non trivial solutions to (3.32) because here, we impose a very restrictive
condition for ui. More interesting for our configuration are the results of [56, 411, 221, 222]. In these
articles, situations where the support of n−1 has corners or edges are considered. In this context, the
authors provide sufficient criteria on n which ensure that all non trivial incident Herglotz functions
(i.e. all non trivial generalized combinations of plane waves), for all wavenumbers k > 0, produce
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non trivial scattered field. For such coefficients n, the only solution of (3.32) is zero. For more
general n, for example such that the support of n− 1 is smooth, even assuming ui = eikθi·x, we do
not know any result showing that (3.32) has only the trivial solution. Nevertheless, in any case,
and this is the important message of this discussion, it seems particularly delicate to impose far
field invisibility in the direction θi.

3.3 ITP and artificial background

We mentioned that the Linear Sampling Method (LSM) fails at frequencies coinciding with
Transmission Eigenvalues (TEs) which, we remind the reader, are defined as the eigenvalues of the
Interior Transmission Problem (ITP). This is the reason why substantial efforts have been made
to prove discreteness of the set of TEs. On the other hand, from the work [122], it has been proved
that TEs can be determined from measured data and then can be exploited to get additional
properties of the defect. Roughly speaking, the idea is to work in two steps. First, one recovers the
support of the defect by applying the LSM at a frequency which is not a TE. Then one uses the
spectrum of TEs to obtain information on the material constituting the inclusion (below we shall
assume that this material is characterized by an index n). Since [122], the determination of TEs
from measured data has been improved using the framework of the Generalized Linear Sampling
Method (GLSM) in which exact knowledge of the support is no longer needed [29, 123] (see also
[307] for a different approach).

Although mathematically appealing, relying on transmission eigenvalues to determine quanti-
tative features on n is difficult. The reason is twofold. First, information is lost in complex
eigenvalues, which generically exist and cannot be measured in practice. Second, it is difficult to
establish sharp estimates for real TEs with respect to n due to the complexity of the ITP.

In [24], with L. Audibert and H. Haddar, we explained how to work with another far field operator
F ab corresponding to an artificial background (reference medium) for which the associated TEs
have a more direct connection with n. Put differently, working with F ab, our goal is to simplify
the solution of the inverse spectral problem consisting in determining n from the knowledge of real
positive TEs. Important in the analysis is the fact that F ab is given by the formula F ab = F − F̃
where F̃ can be obtained via a rather direct numerical computation. Therefore, in practice F ab

can also be considered as a data. We will see that our approach does not require a priori knowledge
of the exact support of the inhomogeneity. It is sufficient to know that the defect in the reference
medium is located in a given bounded region.

Close to our study are the articles [237, 124, 23]. In the first one, the authors reformulate
the ITP as an eigenvalue problem for the material coefficient. In the second and third ones, it is
explained how to identify n from the knowledge of F (k) − F̃ (k, γ) at a single wavenumber k and
for a range of γ. Here F (k) − F̃ (k, γ) can be seen as the far field operator corresponding to a
background depending on an artificial parameter γ. In comparison with our approach, this method
is interesting because it requires knowing F at a single wavenumber (F̃ (k, γ) can be computed
numerically). However, the relation between associated TEs and n is a bit more complex than in
our case.

3.3.1 Setting

Again, the localized perturbation in the reference medium is modeled by some bounded domain
Ω ⊂ Rd and a real valued refractive index n ∈ L∞(Rd). We assume that n = 1 in Rd \ Ω. The
scattering of the incident plane wave ui(·,θi) := eikθi·x of direction of propagation θi ∈ Sd−1 by Ω



3.3. ITP and artificial background 145

is described by the problem
Find u = ui + us such that
∆u+ k2nu = 0 in Rd,

lim
r→+∞

r
d−1

2

(
∂us

∂r
− ikus

)
= 0,

(3.33)

with ui = ui(·,θi). As in (3.26), the scattered field us(·,θi) has the expansion

us(x,θi) = eikrr− d−1
2
(
u∞

s (θs,θi) +O(1/r)
)
,

as r → +∞, uniformly in θs ∈ Sd−1. The function u∞
s (·,θi) : Sd−1 → C, is called the far

field pattern associated with ui(·,θi). From the far field pattern, we define the far field operator
F : L2(Sd−1) → L2(Sd−1) such that

(Fg)(θs) =
�
Sd−1

g(θi)u∞
s (θs,θi) ds(θi). (3.34)

The function Fg corresponds to the far field pattern for the scattered field in (3.33) with ui =
ui(g) :=

�
Sd−1 g(θi)eikθi·x ds(θi) (Herglotz wave function). Define the operator H : L2(Sd−1) →

L2(Ω) such that Hg = ui(g)|Ω and the space Hinc(Ω) := {v ∈ L2(Ω); ∆v + k2v = 0 in Ω}. It is
known that Hinc(Ω) is nothing but the closure of the range of the operator H in L2(Ω). Observing
that ∆us + k2nus = k2(1 −n)ui(g) (in particular us depends only on the values of ui(g)|Ω), we can
factorize F as F = GH where the operator G : Hinc(Ω) → L2(Sd−1) is the extension by continuity
of the mapping ui(g)|Ω 7→ u∞

s . The real transmission eigenvalues coincide with the values of k ∈ R
for which G is not injective. In such a case, there is a (generalized) incident wave v ∈ Hinc(Ω) such
that the associated far field is zero and therefore, by Rellich’s Lemma, the scattered field us is zero
outside of Ω. As already seen, this leads to the equivalent definition of TEs as the values of k ∈ R
for which the problem

∆us + k2nus = k2(1 − n)v in Ω
∆v + k2v = 0 in Ω (3.35)

admits a non trivial solution (us, v) ∈ H2
0(Ω) × L2(Ω). One of the main troubles with TEs is that

their link with the index of refraction n is not explicit nor easily accessible. Some monotonicity
results have been obtained in [125] but only for some of the TEs. We hereafter explain how by
modifying the far field operator, one can obtain new transmission eigenvalue problems for which it
is easier to get information on n.

3.3.2 Transmission eigenvalues with a Zero-Index Material background

Assume that one has a priori knowledge of a Lipschitz domain Ωb such that Ω ⊂ Ωb. We
emphasize that we do not require to know exactly the support Ω of the defect in the reference
medium. Consider the scattering problem

Find ũ = ui + ũs such that
∆ũ+ k2ρ ũ = 0 in Rd,

lim
r→+∞

r
d−1

2

(
∂ũs

∂r
− ikũs

)
= 0

(3.36)

where ρ is the function such that ρ = 0 in Ωb and ρ = 1 in Rd \Ωb. This artificial medium is referred
to as Zero-Index Material (ZIM) because we choose ρ = 0 inside Ωb. This choice greatly simplifies the
structure of the associated interior transmission problem as we shall see. For ui = ui(·,θi) = eikθi·x

with θi ∈ Sd−1, as for (3.33), this problem admits a unique solution in H1
loc(Rd). We denote

by ũs(·,θi) the associated scattered field and ũ∞
s (·,θi) : Sd−1 → C the corresponding far field
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pattern. From the far field pattern, we define the far field operator F̃ : L2(Sd−1) → L2(Sd−1)
such that (F̃ g)(θs) =

�
Sd−1 g(θi) ũ∞

s (θs,θi) ds(θi). Finally we define the artificial far field operator
F ab : L2(Sd−1) → L2(Sd−1) as

F ab := F − F̃ . (3.37)
From a practical point of view, notice that F is given by the measurements while F̃ has to be
computed, which is achievable because Problem (3.36) does not involve n (and Ωb is known).
Therefore, we can consider F ab as a data for the inverse problem of determining n. Let us denote

uab
i (g) :=

�
Sd−1

g(θi)ũ(·,θi) ds(θi) (3.38)

for given g ∈ L2(Sd−1) where ũ(·,θi) is the solution of (3.36) for ui = ui(·,θi) := eikθi·x. Define
the operator Hab : L2(Sd−1) → L2(Ωb) such that Habg = uab

i (g)|Ωb
. Set also H̃inc(Ωb) := {v ∈

L2(Ωb); ∆v = 0 in Ωb}. Observing that ∆(us − ũs) + k2n(us − ũs) = k2(ρ − n)uab
i (g), we can

factorize F ab as F ab = GabHab where the operator Gab : H̃inc(Ωb) → L2(Sd−1) is the extension by
continuity of the mapping uab

i (g)|Ωb
7→ u∞

s −ũ∞
s . Similarly as above, we now define the transmission

eigenvalues as the values of k for which the operator Gab is not injective. Denoting w := us − ũs,
this is now equivalent, due to Rellich’s Lemma, to define the transmission eigenvalues as the values
of k for which the problem

∆w + k2nw = −k2nv in Ωb

∆v = 0 in Ωb
(3.39)

admits a non trivial solution (w, v) ∈ H2
0(Ωb) × L2(Ωb). We observe that k = 0 is an eigenvalue of

infinite multiplicity of (3.39). Now we consider the case k ̸= 0. Then we find that (3.39) admits a
non trivial solution if and only if there is w ̸≡ 0 such that (∆ + k2n)(n−1∆w) = 0 in Ωb, that is, if
and only if (w, k) is a solution of the problem

Find (w, k) ∈ H2
0(Ωb) \ {0} × R such that

∆(n−1∆w) = −k2∆w in Ωb.
(3.40)

In contrast to Problem (3.35) which is quadratic in k2, one ends up here with a well-known linear
eigenvalue problem similar to the so-called plate buckling eigenvalue problem. We can use classical
results concerning linear self-adjoint compact operators to show that the spectrum of (3.40) is made
of real positive isolated eigenvalues (no more complex eigenvalues) of finite multiplicity 0 < λ1 ≤
λ2 ≤ · · · ≤ λp ≤ . . . such that limp→+∞ λp = +∞. Moreover, we have the simple min-max formulas

λp = min
Ep∈Ep

max
w∈Ep\{0}

(n−1∆w,∆w)L2(Ωb)
∥∇w∥2

L2(Ωb)
. (3.41)

Here Ep denotes the sets of subspaces Ep of H2
0(Ωb) of dimension p. Observe that the charac-

terisation of the spectrum of Problem (3.39) is much simpler than the one of Problem (3.35).
Moreover, it holds under very general assumptions for n: we just require that n|Ωb

∈ L∞(Ωb) with
ess infΩ n > 0. In particular, n can be equal to one inside Ωb (thus, as already mentioned, we do not
need to know exactly the support Ω of the defect in the reference medium) and n − 1 can change
sign on the boundary. In comparison, the analysis of the spectrum of (3.35) in such situations is
much more complex and the functional framework must be adapted according to the values of n
as seen in §3.1.3. The second advantage of considering Problem (3.39) instead of Problem (3.35) is
that the spectrum of (3.39) is entirely real.

Now we provide a Theorem which justifies a method to identify eigenvalues of the modified
ITP from the knowledge of F̃ . To state the result, we need to introduce some notation. Set
F̃♯ := |F̃ + F̃ ∗| + |F̃ − F̃ ∗|, where F̃ ∗ is the adjoint of F̃ , and define for α > 0, g, ϕ ∈ L2(Sd−1), the
functional

Jα(g, ϕ) := α(F̃♯g, g)L2(Sd−1) + ∥F abg − ϕ∥2
L2(Sd−1).
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Notice that in the penalty term, we use the operator F̃♯ and not F ab
♯ defined similarly as F̃♯. The

reason is that we do not know if g 7→ (F ab
♯ g, g)L2(Sd−1) is equivalent to ∥ui(g)∥2

L2(Ωb). We then
consider for z ∈ Rd a function gα

z ∈ L2(Sd−1) such that

Jα(gα
z , ϕ

∞
z ) ≤ α+ inf

g∈L2(Sd−1)
Jα(g, ϕ∞

z )

where ϕ∞
z (θs) := eikθs·z is the far field associated with a point source at the point z.

Theorem 3.3.1 Assume that the far field operator F ab has dense range. Then k2 is an eigenvalue
of (3.40) if and only if the set of points z for which (F̃♯g

α
z , g

α
z )L2(Sd−1) is bounded as α → 0 is

nowhere dense in Ωb.

This theorem guarantees that peaks in the curve

k 7→ I(k, n) :=
�

Ω0⊂Ωb

(F̃♯g
α
z , g

α
z )L2(Sd−1) dz (3.42)

for small values of α correspond to k2 which are eigenvalues of (3.40). Therefore, from the knowl-
edge of F ab for real k ∈ (0; +∞), we can identify all the spectrum of (3.40).

Formula (3.41) is interesting because it guarantees that the λp have monotone dependence with
respect to n. If we denote by λ̂p(n̂) the p−th eigenvalue of Problem (3.40) with n replaced by n̂,
then we have λp(n) ≤ λ̂p(n̂) if n ≥ n̂. This estimate can be useful to derive qualitative information
from a reference situation: for a given setting where the λp(n) are known, if n is changed into n̂,
one can have an idea of the nature of the perturbation. From (3.41), we can also write

ess inf
Ωb

n ≤ λp(1)/λp(n) and ess sup
Ωb

n ≥ λp(1)/λp(n).

Note that the λp(1) can be explicitly computed with a numerical code because they do not depend
on n and Ωb is known. In particular, when n is constant and Ωb = Ω, we have the formula

n = λp(1)/λp(n). (3.43)

Thus, in this case, from the knowledge of the far field operator F ab on an interval of wavenumbers
k containing an eigenvalue of Problem (3.40), we can identify the value of n.

Let us discuss other possibilities to determine simple spectral signatures associated with the
index of refraction by modifying the background.

3.3.3 A modified background with a non penetrable obstacle

First, we consider a background with a non penetrable obstacle Ωb such that Ω ⊂ Ωb. On
∂Ωb, we prescribe the boundary condition B(ũ) = 0 where B is a given boundary operator. The
construction is similar to above where (3.36) is replaced by

∆ũ+ k2ũ = 0 in Rd \ Ωb

B(ũ) = 0 on ∂Ωb.
(3.44)

We investigate here only the cases B(ũ) = ũ and B(ũ) = ∂ũ/∂ν+γũ which respectively correspond
to Dirichlet and Robin scattering problems, with γ ∈ R being a fixed impedance parameter. The
normal unit vector ν to ∂Ωb is chosen directed to the exterior of Ωb. We redefine respectively F ab,
uab

i (g) as in (3.37), (3.38) from ũ introduced in (3.44). Then by adapting the definition of F̃♯ in
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(3.42), we showed that by modifying the data F by some computed quantities, one can access the
eigenvalues of the cavity problem

∆w + k2nw = 0 in Ωb

B(w) = 0 on ∂Ωb.
(3.45)

For this problem, we obtain similar conclusions as in the previous section on the determination
of n from TEs. Let us emphasize that one can combine the information provided by the different
spectra to determine n.

3.3.4 Other choices of artificial backgrounds

For the artificial background in (3.36), we are not obliged to choose ρ such that ρ = 0 in Ωb

and ρ = 1 in Rd \ Ωb. Consider an arbitrary real valued ρ ∈ L∞(Rd) such that ρ − 1 is compactly
supported. Let Ωb be a domain such that supp(n− ρ) ⊂ Ωb. For such a ρ, setting w := u− v, the
corresponding transmission eigenvalue problem reads

∆w + k2nw = k2(ρ− n)v in Ωb

∆v + k2ρv = 0 in Ωb

with (w, v) ∈ H2
0(Ωb) × L2(Ωb). And if ρ is such that n− ρ ̸= 0 in Ωb, this leads to the problem

Find (w, k2) ∈ H2
0(Ωb) \ {0} × C such that

(∆ + k2ρ)
( 1
n− ρ

(∆w + k2nw)
)

= 0 in Ωb.
(3.46)

All the game with these artificial backgrounds consists in choosing ρ such that TEs of (3.46) give
interesting or simply usable information on n. One can also vary the boundary condition in the
case discussed in Section 3.3.3 by varying the Robin parameter γ. A natural question then would
be to ask whether these spectra provide unique determination of the refractive index.

When n is complex valued, the spectra of Problems (3.40) and (3.45) are complex. In partic-
ular when n is constant with a non-zero imaginary part, real eigenvalues do not exist. In that case,
we cannot identify transmission eigenvalues from the knowledge of F ab for real k and therefore
we cannot retrieve information on n. We do not know if one can find a well-chosen artificial
background such that the knowledge of the corresponding F ab for k ∈ (0; +∞) would allow one to
get information on complex valued n.

3.3.5 Numerical illustrations

We provide here a simple numerical example showing how the algorithm of determining constant
n using the ZIM background would work. The inclusion Ω is a kite shape as depicted in Figure
3.14. First, we generate the far field matrices for 200 incident directions θi and 200 observation
directions θs by solving Problem (3.33). This is done for a range of wavenumbers k. Thus we obtain
a discretization of the far field operator F defined in (3.34) which in practice would be given by
measurements. We consider two cases: n = n1 = 2 in Ω and n = n2 = 4 in Ω. Then we choose
Ωb = Ω and we build a discretization of the artificial far field operator F ab introduced in (3.37).
This allows us to compute the indicator function I(k, n) defined in (3.42) with Ω0 = Ω. In Figure
3.14, we display the curve k 7→ I(k, n1) for k ∈ (3.5; 7). On the other hand, using the FreeFem++
software, we solve the eigenvalue Problem (3.40) for n = n1 in Ω. We observe that the square roots
of the eigenvalues of (3.40), marked by dashed lines on Figure 3.14, correspond to the k for which
k 7→ I(k, n1) has some peaks. This is coherent with the result of Theorem 3.3.1. Therefore, from
the measurements, we can assess the λp(n) in (3.43). Computing λp(1) (solving (3.40) with n = 1),
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we can recover n when n is constant using Formula (3.43). In Figure 3.14, we also display the curve
k 7→ I(k/

√
2, n2) for k ∈ (3.5; 7). We see that the peaks of this curve coincide with the ones of

k 7→ I(k, n1). This is in accordance with the theory which guarantees that n2/n1 = λp(n1)/λp(n2)
for all p ≥ 0. Numerically |n2/n1 − λp(n1)/λp(n2)| is of order 10−2.
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Figure 3.14: Curves k 7→ I(k, n1) and k 7→ I(k/
√

2, n2) for k ∈ (3.5; 7). The vertical dashed lines
correspond to the eigenvalues of Problem (3.40) computed with n = n1 in Ω (the quantities we
want to retrieve in practice). The kite shaped domain represents the inclusion Ω.

3.4 Inside-outside duality with artificial background

We continue our study of the problem consisting in retrieving information on the material index
n of a penetrable inclusion embedded in a reference medium from far field data associated with
incident plane waves. As mentioned above, (classical) Transmission Eigenvalues (TEs) can be used
as qualitative spectral signatures of n. The first step consists in identifying TEs from far field
data known for a range of frequencies. To proceed, two main approaches exist. The first class of
methods exploit the failure of sampling methods at these special frequencies to reconstruct them
[122, 22, 29]. They require some a priori knowledge on the inclusion location and size. Another
class of methods exploit the inside-outside duality revealed in [212, 216, 211, 217] that relates TEs
to spectral properties of the far field operator. These methods have been introduced to identify TEs
in [307] and further developed in many subsequent works [323, 332, 330, 287, 331, 422, 421, 309]
both theoretically and numerically. These approaches only use the far field data and do not need
a priori knowledge on the shape or location of the inclusion. Let us describe the main idea.

Consider the same scattering problem as in (3.33), say in R3 (d = 3). Let F : L2(S2) → L2(S2)
denote the far field operator introduced in (3.34). From F , define the scattering operator
S : L2(S2) → L2(S2) such that

S := Id + ik

2πF.

It is known that S is unitary (SS∗ = S∗S = Id) and that F is compact. Therefore, for all k > 0,
the eigenvalues of S are located on the unit circle and only accumulate at 1. Now, if the material
index n in (3.33) satisfies n − 1 ≥ c > 0 in Ω, one can show that the eigenvalues of S accumulate
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at 1 only in the upper half complex plane {z ∈ C | ℑmz > 0} (see the illustration of Figure 3.15).
As a consequence, if we denote by eiδj , with

2π ≥ δ1 ≥ δ2 ≥ · · · ≥ δj ≥ · · · > 0,

the eigenvalues of S, then there holds limj→+∞ δj = 0+.

eiδ3

eiδ2

eiδ⋆

0 1

Figure 3.15: Eigenvalues of S in a situation where n− 1 ≥ c > 0 in Ω.

The phase δ1 plays a particular role in the analysis and we set δ⋆ := δ1. Moreover, note that the
phase of the eigenvalues of S depends on k. The main result of [307] can be summarized as follows:
under certain additional assumptions on n, the number k0 > 0 is a TE if and only if there holds

lim
k↗k0

δ⋆(k) = 2π,

see Figure 3.16 (the notation k ↗ k0 means that k tends to k0 by increasing values).

eiδ⋆(k)

0 1

Figure 3.16: Illustration of the behavior of k 7→ eiδ⋆(k) when k ↗ k0 where k0 is a TE. Here we
consider a situation where n− 1 ≥ c > 0 in Ω.

There exists a similar statement in the case where 1 − n ≥ c > 0 in Ω. In that case, eigenvalues
of S accumulate at 1 in the lower half complex plane and under additional assumption on n, one
shows that k0 > 0 is a TE if and only if an eigenvalue of S converges to 1 with a positive phase as
k ↘ k0. Let us emphasize that the mathematical justification of these results only applies to some
simplified asymptotic configurations of the material properties, namely small perturbation of large
enough or small enough constants.

On the other hand, as said above, one of the main troubles with classical TEs is that their
link with the index of refraction is not explicit nor easily accessible. This is why in the previous
section, we explained how to work with artificial backgrounds for which the associated TEs have a
more direct connection with the material index of the inclusion (see [124, 23, 185, 24]).

In the article [25], with L. Audibert and H. Haddar, our goal was to show how to develop
and justify the inside-outside duality for identifying TEs associated with artificial backgrounds.
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We investigated cases where the modification of the background consists in introducing an artificial
inhomogeneity with index nb that contains the targeted inclusion. As in (3.37), we first defined
a relative far field operator as the difference between the far field operator from data and the
far field operator associated with the background. Scaling this difference with the adjoint of the
scattering matrix for the artificial background, we obtained an operator that admits a symmetric
factorisation in terms of Herglotz wave operators (see [365, 248, 320, 247]). The spectrum of this
operator was then exploited to identify TEs. In the case when nb is constant, one is faced with
the same difficulties as for classical TEs (nb = 1, see [307]) for the theoretical justification. To
overcome this problem, we exploited that the artificial background is a numerical tool that can be
adapted at wish and proposed to use some nb scaling like ρ/k2 where ρ is an arbitrary constant and
where k is the wavenumber. For this particular choice, we have been able to obtain a necessary and
sufficient condition for the identification of TEs from the behavior of the phases of the eigenvalues
of the modified far field operator. The main property that made this result possible to prove is that
with this scaling, the space of generalized incident waves is independent from the wavenumber k.
In addition to this characterization, we also showed that one can recover the generalized incident
wave which does not scatter. This result holds for any continuous dependence of nb with respect
to k and may be useful for the inverse spectral problem consisting in determining n from the TEs.

3.5 Detection of cracks via the ITP with artificial background
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Figure 3.17: Imaging of a simulated damaged background with the indicator of the so-called Factor-
ization Method. The reconstruction uses far field data generated at the wavelength λ := 2π/k = 0.3.
The resolution of the image is set by the sampling points step equal to 0.01 here.

During the PhD of Kevish Napal [366] that I have supervised with L. Audibert and H.
Haddar, we considered the problem of identifying a set of cracks embedded in some ho-
mogeneous background from measured far field data generated by acoustic plane waves.
This type of problem has been extensively studied in the literature and we refer to
[308, 118, 316, 7, 45, 289, 286, 478, 10, 342, 61, 102, 43, 46, 250] for an overview of some
non-iterative methods that have been employed in this context. In the PhD of Kevish, we were
interested in cases where the cracks form a relatively dense network that causes failure of most
of these methods (due to important multiple scattering effects). In general, the above techniques
provide an indicator function that only reveals a volumetric domain encompassing the cracks
network as illustrated in Figure 3.17. In our work, we proposed and studied two approaches to
remove this limitation and provide indicator functions that are sensitive to local densities of the
cracks inside the network.

These two methods belong to the family of so-called sampling methods (see e.g. [190, 304])
and make use in particular of the Generalized Linear Sampling Method (GLSM) [29, 123]. In the
case of inclusions with non empty interior, sampling methods fail if the interrogating frequency
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coincides with so-called Transmission Eigenvalues (TEs) (that coincide with resonant frequencies in
the case of non penetrable obstacles). As we have seen in the previous two sections, exploiting the
failure of these methods at TEs, it has been shown that TEs can be computed from far field data,
and moreover that the knowledge of these quantities can be used to infer qualitative information on
the material. However, recovering sharp information from TEs is not an easy task for penetrable
inclusions because they cannot be viewed as the spectrum of a selfadjoint operator. To overcome
this difficulty it has been suggested to consider a modified spectrum that we refer to as Relative
Transmission Eigenvalues (RTEs) and that can still be computed from far field data (see §3.3).
The original proposed idea consists in the introduction of an artificial background that can be
chosen by the observer. Then RTEs correspond to wavenumbers such that there exists an incident
field for which the far field resulting from the effective background and the one resulting from the
artificial background are arbitrarily close. The advantage of using RTEs is that they depend on
the artificial background which can be fit as desired, in accordance with the problem under con-
sideration. Hence choosing the appropriate setting for the artificial obstacle, such as the position,
the geometry, whether the obstacle is penetrable or not and the corresponding refractive index or
boundary conditions, can greatly simplify the link between the RTEs and the parameters of interest.

In the PhD of Kevish, that led to the articles [26, 27], we adapted the idea of RTEs for crack
monitoring perspectives. Note that cracks have an empty interior and therefore TEs do not exist
(according to their definition for volumetric inclusions). However, one can still define RTEs as
long as the artificially included background contains inclusions with a non empty interior. This is
what we exploited to build indicator functions that are sensitive to the density of cracks inside the
artificial inclusion. Considering the latter to be a non-penetrable obstacle Ω (with some prescribed
boundary conditions), the RTEs then coincide with the eigenvalues of the Laplace operator with
the boundary conditions on ∂Ω and the boundary conditions on the cracks intersecting Ω. This
indicates that these RTEs are sensitive to the number of cracks contained in Ω. We have shown for
instance that RTEs are monotone with respect to the crack (for the inclusion order). As for TEs,
we proved that RTEs can be determined from the multi-frequency data using an adaptation of the
GLSM [29]. This led to a first algorithm where the domain Ω is swept over the interrogated region
and for each position, the computed RTEs are compared with RTEs associated with a crack free
inclusion Ω. The desired resolution of the method is determined by the size of Ω which is in turn
limited by the frequency band of the data (since it should contain at least the first RTE associated
with Ω).

A weak point of this first method is the relatively high numerical cost of the computations of
RTEs associated to one artificial background. Since increasing the resolution, or equivalently, re-
ducing the size of Ω, requires increasing the number of artificial backgrounds considered, obtaining
high resolution images may be prohibitive. To bypass this drawback, we suggested a second method
which uses far field data at only one fixed wavenumber k.

This alternative approach mixes the notion of artificial background with ideas from the Dif-
ferential Linear Sampling Method [28]. We consider the same Ω as previously but instead of
comparing RTEs, we compare the solutions of the corresponding transmission problems. We
showed that a measure of the difference between these solutions can be obtained using the GLSM.
This measure is indeed sensitive to the presence of cracks but we were unable to prove monotonicity
results as for the first indicator function. The numerical results however suggest that the obtained
indicator function depends on the density of cracks inside Ω. Then, varying Ω over the probed
domain provides an image that reflects how badly the material is damaged.

We illustrate the principle of the first method in Figures 3.18–3.20 in a simplified 2D setting.
In Figure 3.21, we compare the performances of the two approaches with the ones obtained with
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the classical Factorization Method. Numerically we observe the superiority of the second method
for relatively sparse networks. When the crack network becomes denser, only the first method
provides an indicator function that shows variations with respect to local crack densities.
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Figure 3.18: Plot of the indicator function (left) computed with the artificial obstacle Ω represented
on right. The peak of the curve coincides with the known eigenvalue of the problem in Ω without
crack (indicated by the vertical line): we deduce that there is no crack inside Ω.
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Figure 3.19: Plot of the indicator function (left) computed with the artificial obstacle Ω represented
on right. The peak of the curve does not coincide with the known eigenvalue of the problem in Ω
without crack (indicated by the vertical line): we deduce that there is some crack inside Ω.
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Figure 3.20: Left: collection of artificial disks used to identify the crack. Right: reconstruction
provided by the first method. The amplitude of the indicator function gives an idea of the density
of cracks inside the corresponding square.
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Figure 3.21: From left to right: exact configuration of the cracks, first method, second method
and classical Factorization Method indicator functions. From top to bottom, additional cracks are
added to the medium. The synthetic data is corrupted with 1% random noise.
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In my work, I have been mainly interested in topics related to inverse wave scattering theory. But
I have also considered a question appearing in Electrical Impedance Tomography (EIT).

3.6 Construction of indistinguishable conductivity perturbations
in EIT

EIT is a noninvasive imaging technique with applications e.g. in medical imaging, process
tomography, and nondestructive testing of materials [90, 148, 460]. The aim of EIT is to reconstruct
the conductivity distribution inside the examined bounded physical body Ω ⊂ Rd, d ≥ 2, from
boundary measurements of current and potential. From the purely theoretical standpoint, the
inverse problem of EIT, also known as the inverse conductivity problem, corresponds to determining
the strictly positive conductivity σ : Ω → R in the elliptic equation

div (σ∇u) = 0 in Ω (3.47)

from knowledge of the corresponding Neumann-to-Dirichlet (or Dirichlet-to-Neumann) map at the
object boundary ∂Ω. This formulation corresponds to the idealized continuum model (CM), which
is mathematically attractive in its simplicity but lacks a straightforward connection to practical
EIT measurements that are always performed with a finite number of contact electrodes. On
the other hand, it is widely acknowledged that the most accurate model for real-life EIT is the
complete electrode model (CEM), which takes into account electrode shapes and contact resistances
at electrode-object interfaces [149, 452].

Instead of the CM or the CEM, in [164], with N. Hyvönen and S. Staboulis during my post-
doc at Aalto University in Helsinki, we decided to work with the point electrode model (PEM).
The latter treats the current-feeding electrodes of EIT as delta-like boundary current sources and
models the potential measurements as pointwise evaluations of the corresponding solution to (3.47)
at the electrode locations [262]. Note that to make such a model well defined, relative potential
measurements need to be considered due to the singularities induced by the localized current inputs
(see below). The PEM is a reasonably good model for practical EIT measurements - in particular,
superior to the CM, see [280] - if the electrodes are small compared to the size of the imaged
body. In [164], we adapted the method presented in §2.2 to construct invisible perturbations of a
given reference conductivity for an arbitrary but fixed electrode configuration modeled by the PEM.

To put this work into perspective, let us briefly review the main results on the unique solv-
ability of the inverse conductivity problem, which was proposed to the mathematical community
by Calderón in [129]. For d ≥ 3, the global uniqueness for C 2-conductivities was proven in [458]; an
extension of this result to the case of Lipschitz conductivities can be found in [253]. The first global
uniqueness proof in two spatial dimensions was given by [364] for C 2-conductivities; subsequently,
[21] proved uniqueness for general L∞-conductivities. All these articles assume the Cauchy data for
(3.47) are known on all of ∂Ω, but the partial data problem of having access only to some subset(s)
of ∂Ω has also been tackled by many mathematicians; see e.g. [284, 296] and the references
therein. From our view point, the most important uniqueness results are presented in [281, 444]
where it is shown that any two-dimensional conductivity that equals a known constant in some
interior neighborhood of ∂Ω is uniquely determined by the PEM measurements with a countably
infinite number of electrodes. Our article [164] complements [281, 444] by constructively showing
that for an arbitrary, but fixed and finite, electrode configuration there exists a perturbation of
the unit conductivity that is invisible for the EIT measurements in the framework of the PEM.
For completeness, it should also be mentioned that the nonuniqueness of the inverse conductivity
problem has been studied for finite element method (FEM) discretizations with piecewise linear
basis functions in [324]. Take note that we restrict our attention exclusively to isotropic conduc-
tivities because it is well-known that the inverse conductivity problem is not uniquely solvable for
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anisotropic conductivities; see e.g. [20, 456] and the references therein.

Following what has been presented in §2.2, our constructive proof for the existence of “invisi-
ble conductivities” is based on introducing a small perturbation of a given reference conductivity
and applying a suitable fixed point iteration. Although the technique is, in principle, applicable
in any spatial dimension d ≥ 2 and for an arbitrary smooth enough reference conductivity, a
necessary intermediate result about linear independence of certain auxiliary functions is proved in
[164] only for d = 2 and the unit reference conductivity, making the main theoretical result of this
work two-dimensional. In [164], we implemented the constructive proof as a numerical algorithm
that is capable of producing conductivities that are indistinguishable from the unit conductivity
for a given set of point electrodes. We also numerically demonstrated that such conductivities are
almost invisible for small electrodes within the CEM as well.

It should be emphasized that the existence of invisible conductivity perturbations for a finite
number of electrodes is not very surprising: the space of admissible conductivities is infinite
dimensional whereas EIT measurements with N + 1 electrodes include only N(N + 1)/2 degrees of
freedom. Be that as it may, we were not aware of any previous works providing examples on this
nonuniqueness that is of importance in practical EIT.

Setting

Let Ω ⊂ Rd, d ≥ 2, be a simply connected and bounded domain with a C ∞-boundary. In-
troduce a real valued reference conductivity σ0 ∈ C ∞(Ω) such that σ0 ≥ c > 0 in Ω. Here and
below C, c > 0 denote generic constants that may change from one occurrence to the next. Consider
the Neumann boundary value problem

div (σ0∇u0) = 0 in Ω, ν · σ0∇u0 = f on ∂Ω (3.48)

for a current density f in
Hs

⋄(∂Ω) := {g ∈ Hs(∂Ω) | ⟨g, 1⟩∂Ω = 0}, (3.49)

with some s ∈ R. Here and in what follows, ν denotes the unit normal vector of ∂Ω oriented toward
the exterior of Ω. We observe that the dual of Hs

⋄(∂Ω) is realized by

H−s(∂Ω)/R := H−s(∂Ω)/span{1}, s ∈ R. (3.50)

It follows from standard theory of elliptic boundary value problems that (3.48) has a unique solution
u0 ∈ Hs+3/2(Ω)/R, which is smooth away from ∂Ω due to the interior regularity for elliptic equations.
In particular, for any domain ω ⊂ Ω such that ω ⊂ Ω, it holds that

c∥u0∥H1(ω)/R ≤ ∥u0∥Hs+3/2(Ω)/R ≤ C∥f∥Hs
⋄(∂Ω),

where c = c(s, ω) and C = C(s) [341]. Let us next consider a perturbed conductivity

σε := σ0 + εκ, (3.51)

where κ ∈ L∞(Ω) is compactly supported in Ω and ε > 0 is such that σε ≥ c > 0 in Ω. The
corresponding perturbed Neumann boundary value problem

div (σε∇uε) = 0 in Ω, ν · σε∇uε = f on ∂Ω, (3.52)

with f ∈ Hs
⋄(∂Ω) for some s ∈ R, has a unique solution in (Hs+3/2(Ω) ∩ H1

loc(Ω))/R (cf. e.g.
[341, 263]). We note that the relative Neumann-to-Dirichlet map

Λε − Λ0 : f 7→ (uε − u0)|∂Ω, D ′
⋄(∂Ω) → D(∂Ω)/R
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is well-defined. Here, the mean-free distributions D ′
⋄(∂Ω) and the quotient space of smooth bound-

ary potentials D(∂Ω)/R are defined in accordance with (3.49) and (3.50). This regularity result
can be deduced from standard elliptic theory (cf. e.g. [341, 263]) and follows from the fact that
Λε and Λ0 are pseudodifferential operators with the same symbol on ∂Ω because σε − σ0 vanishes
in some interior neighborhood of ∂Ω. One can also prove the following symmetry property for the
relative Neumann-to-Dirichlet map (see e.g. [444, Thm. 2.1]).

Proposition 3.6.1 For all φ, φ′ ∈ D ′
⋄(∂Ω), we have

⟨φ, (Λε − Λ0)φ′⟩∂Ω = ⟨φ′, (Λε − Λ0)φ⟩∂Ω =
�

Ω
(σ0 − σε)∇uε

φ · ∇u0
φ′ dx,

where uε
φ, u0

φ′ denote respectively the solutions of (3.52), (3.48) with f equal to φ, φ′.

Now, consider an observer who can impose currents between pairs of (small) electrodes located at
x0, . . . ,xN ∈ ∂Ω and measure the resulting voltages for both conductivities σ0 and σε. According
to the PEM [262], this corresponds to knowing all elements in the matrix of relative measurements
M (σε) ∈ RN×N defined via

Mij(σε) = ⟨δi − δ0, (Λε − Λ0)(δj − δ0)⟩∂Ω, i, j = 1, . . . , N,

where δn ∈ H−(d−1)/2−η(∂Ω), η > 0, stands for the Dirac delta distribution supported at xn. It
follows from Proposition 3.6.1 that M (σε) is symmetric and, furthermore,

Mij(σε) =
�

Ω
(σ0 − σε)∇uε

i · ∇u0
j dx, (3.53)

where u0
n, u

ε
n ∈ (H−(d−4)/2−η(Ω) ∩ H1

loc(Ω))/R, η > 0, are the solutions of the Neumann problems

div (σ0∇u0) = 0 in Ω, ν · σ0∇u0 = δn − δ0 on ∂Ω (3.54)

and
div (σε∇uε) = 0 in Ω, ν · σε∇uε = δn − δ0 on ∂Ω, (3.55)

respectively. The goal of [164] was to find σε ̸≡ σ0 such that M (σε) vanishes.

Main result

Let ω ⊂ Ω ⊂ Rd be a nonempty Lipschitz domain such that ω ⊂ Ω. We recall the decom-
position σε = σ0 + εκ and require that κ ∈ L∞(Ω) satisfies supp(κ) ⊂ ω. Let us compute an
asymptotic expansion for M (σε). To this end, we write

uε
n = u0

n + εũε
n (3.56)

where uε
n, u

0
n ∈ (H−(d−4)/2−η(Ω) ∩ H1

loc(Ω))/R are defined by (3.55) and (3.54), respectively. Plug-
ging (3.56) in (3.55), we see that ũε

n must satisfy the Neumann problem

div (σε∇ũε
n) = −div (κ∇u0

n) in Ω, ν · σ0∇ũε
n = 0 on ∂Ω. (3.57)

Since div (κ∇u0
n) defines a compactly supported source in H−1(Ω), by applying the Lax-Milgram

theorem to the variational formulation of (3.57), we see that (3.57) has a unique solution ũε
n ∈

H1(Ω)/R. Inserting (3.56) in (3.53), we deduce that

Mij(σε) = −ε
�

Ω
κ∇u0

i · ∇u0
j dx− ε2

�
Ω
κ∇ũε

i · ∇u0
j dx. (3.58)
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The representation (3.58) demonstrates that M (σε) is of the order ε, which was to be expected as
M (σ0) is the null matrix and σε − σ0 = εκ. It is relatively easy to find a nontrivial κ such that
M (σε) is of the order ε2. To cancel the higher order terms in ε which depend less explicitly on κ,
we introduce a suitable fixed point problem. To proceed, we redecompose κ in the form

κ = κ0 +
N∑

j=1

j∑
i=1

τij κij (3.59)

where τij ∈ R are free parameters. Moreover, κ0, κij ∈ L∞(Ω) are fixed functions that are supported
in ω and assumed to satisfy the conditions

�
Ω
κ0 ∇u0

i′ · ∇u0
j′ dx = 0 for 1 ≤ i′ ≤ j′ ≤ N (3.60)

and �
Ω
κij ∇u0

i′ · ∇u0
j′ dx =

1 if (i, j) = (i′, j′) or (j, i) = (i′, j′),
0 else.

(3.61)

Establishing that such κij exist is the main difficulty in the analysis. In [164] we showed that this
is the case when σ0 ≡ 1 and when Ω is a simply connected domain of R2 with a C ∞ boundary.
Our proof exploits conformal maps and we have not been able to extend it to 3D. Note that it is
reasonable to assume that the N(N + 1)/2 free parameters τij in the perturbation κ are enough
to cancel out the symmetric matrix M (σε) ∈ RN×N (cf. Proposition 3.6.1). Substituting (3.59) in
(3.58) and using (3.60)–(3.61), we obtain the expansion

M (σε) = −ε τ − ε2 M̃ ε(τ)

where
M̃ ε

ij(τ) = M̃ ε
ji(τ) =

�
Ω
κ∇ũε

i · ∇u0
j dx, 1 ≤ i ≤ j ≤ N,

and τ ∈ RN×N is the symmetric matrix defined by the parameters τij . Thus imposing M (σε) = 0
is equivalent to solving the following fixed point problem:

Find τ ∈ SN such that τ = F ε(τ), (3.62)

where SN denotes the space of symmetric N ×N matrices and F ε : SN → SN is defined by

F ε(τ) = −ε M̃ ε(τ).

In [164] we showed that for any fixed parameter γ > 0, there is ε > 0 small enough such that the
map F ε has the invariant set

Bγ := {τ ∈ SN
∣∣ |τ | ≤ γ} (3.63)

on which it is a contraction. In (3.63), | · | denotes an arbitrary norm of SN . As a consequence, the
Banach fixed point theorem guarantees the existence of ε0 = ε0(γ) > 0 such that for all ε ∈ (0; ε0],
the fixed point problem (3.62) has a unique solution in Bγ , enabling the construction of σε for which
M (σε) = 0 via (3.59) and (3.51).

Theorem 3.6.2 Assume that σ0 ≡ 1. Let Ω ⊂ R2 be a simply connected and bounded domain with
a C ∞-boundary. For any Lipschitz domain ω ⊂ Ω such that ω ⊂ Ω, there exists a conductivity
σε ∈ L∞(Ω), with σε ≥ c > 0, such that σε − σ0 ̸≡ 0, supp(σε − σ0) ⊂ ω and

Mi,j(σε) = ⟨δi − δ0, (Λε − Λ0)(δj − δ0)⟩∂Ω = 0

for all i, j = 1, . . . , N .
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It is important to notice that the constructed κ defined by (3.59) satisfies κ ̸≡ 0 whenever κ0 ̸≡ 0
by virtue of the orthogonality conditions (3.60)–(3.61). In other words, if κ0 ̸≡ 0, then also σε ̸≡ σ0

as required. Moreover, for given σ0, κ0, κij and γ > 0, the upper bound ε0 > 0 can be tuned to
ensure that the perturbed conductivity corresponding to κ of (3.59) satisfies σε ≥ c > 0 for all
ε ∈ [0; ε0] and τ ∈ Bγ , which guarantees that all conductivities involved in the fixed point iteration
are admissible.

In Figures 3.22, 3.23, we give examples of conductivities which provide the same measurements
as the reference conductivity σ0 ≡ 1 for different numbers N and positions of electrodes. As N
increases, the values of ε such that we have convergence for the iterative procedure used to solve
the fixed point problem (3.62), become smaller and smaller. As a consequence, the amplitude of
the indistinguishable conductivities is small for large N .
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Figure 3.22: Examples of invisible conductivities for N = 5, 7, 9, 11 (recall that N +1 is the number
of electrodes). The black dots represent the electrodes.
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Figure 3.23: Other examples of invisible conductivities. The black dots represent the electrodes.
The right picture is a surface plot of the conductivity (a).

3.7 Future directions and open questions

In this section, we gather a few open problems and possible directions of research related to the
topics of that chapter.
i) The Interior Transmission Problem (ITP) introduced in (3.1) is a fertile ground of open questions
and we already mentioned several of them in §3.1.4. In addition, it would be interesting to study
more TEs which are complex but not real. Numerically they seem rather common. Some proofs
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of existence have been obtained in simple configurations (in particular for 1D problems). How to
show their existence in 2D/3D? for Maxwell’s problem? And what can one say concerning their
influence on reconstruction methods? In practice, one works with real k > 0 but what happens for
example to the LSM at a real k > 0 such that there is a complex TE close to it?
ii) In §§3.2 and 3.6, we explained how to construct invisible inclusions for two inverse problems
with a finite number of measurements. The consequence of the existence of these indistinguishable
defects for the corresponding reconstruction methods is not clear and would deserve to be studied
further.
iii) The idea of working with artificial backgrounds to improve reconstruction methods as studied
in §3.3 looks very promising. The main point here consists in exploiting more cleverly the given
data by comparing/modifying them with computed quantities. For the artificial background, there
are many possibilities and finding the right choice for a given problem is a vast field of research.
In his PhD [427], Fabien Pourre considered this question in the acoustic case for media with many
small scatterers.
iv) The inside-outside duality considered in §3.4 allows one to characterize TEs via the behavior of
the eigenvalues of the scattering matrix. This has been done in Rd. Is there some similar property
for the scattering matrix defined in waveguides as in Chapter 2?
v) In the previous chapter, we saw that in waveguides, complex resonances located close to the real
axis have a strong influence on scattering properties for real frequencies in a neighborhood of the
resonance. We can imagine that this is true in Rd as well (think of an almost trapping domain).
How do imaging techniques behave for these types of objects? Does the presence of the complex
resonance destroy or improve the reconstruction?
vi) We mentioned in §3.6 that the most accurate model for real-life EIT is the complete electrode
model (CEM) which takes into account electrode shapes and contact resistances at electrode-object
interfaces. We tried to construct indistinguishable conductivities for this model, with again a finite
number of electrodes, but we were unable to justify the method. This deserves to be studied.



CHAPTER FOUR

MISCELLANEOUS PROBLEMS

In this chapter, we present briefly four works which are not directly connected to the themes
developed in the previous chapters. The first two ones are related to problems of asymptotic
analysis. The other two concern questions of singular behaviors for solutions of boundary value
problems.

4.1 A numerical approach for a problem with a small inclusion

ωδ

Ωδ

Figure 4.1: Domain Ωδ with a small obstacle.

In the article [155], with X. Claeys, we considered the Poisson equation in a domain with a
small hole of size δ. We presented a simple numerical method, based on asymptotic analysis, which
allows one to approximate robustly the far field of the solution as δ goes to zero without meshing
the small hole.

Let ω,Ω ⊂ R2 be two bounded Lipschitz domains such that ω ⊂ Ω. For δ > 0, define
ωδ := {x ∈ R2, x/δ ∈ ω} and Ωδ := Ω \ ωδ (see Figure 4.1). Given a data f ∈ L2(Ω), we
are interested in devising a robust and accurate numerical method for approximating, for small
values of δ, the far field of the function satisfying

uδ ∈ H1
0(Ωδ) and − ∆uδ = f in Ωδ. (4.1)

In (4.1), H1
0(Ωδ) denotes the subspace of the elements of the Sobolev space H1(Ωδ) vanishing on

∂Ωδ. On the other hand, we call far field of uδ the restriction of uδ to Ω \Br, where Br := B(0, r)
is the disk with fixed arbitrary radius r > 0. Problem (4.1), or variants of it, arises as a simple but
relevant model in many applications ranging from electrical engineering [52, 431] to flow transport
around wells [147, 414]. This kind of problem also appears when considering wave scattering by
small impenetrable inclusions [136].

In order to solve numerically Problem (4.1), a crude but rather natural idea would consist in
neglecting the influence of the small inclusion on the total field uδ. Indeed (see for example [352]),
as δ → 0 the function uδ converges toward u0 the solution to the limit problem where the inclusion
has disappeared

u0 ∈ H1
0(Ω) and − ∆u0 = f in Ω.

161
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However, in general (more precisely when u0(0) ̸= 0), the convergence turns out to be very slow:
for any arbitrary radius r > 0 such that Br ⊂ Ω, we have ∥uδ − u0∥H1(Ω\Br) ≥ C | ln δ|−1∥f∥L2(Ω),
for some constant C > 0 independent of δ. To give an idea | ln δ|−1 ≈ 0.0434 for δ = 10−10. Thus,
neglecting the presence of the small inclusion is not satisfactory and a reasonable approach for
approximating the solution of (4.1) should reproduce accurately the perturbation induced by the
presence of the small inclusion ωδ.

Most of the numerical approaches that could be considered for dealing with this problem suf-
fer from a numerical locking effect [31]: performances deteriorate as δ → 0. Admittedly, robust
methods already exist in the literature, like the multi-scale finite element method coupled with some
mesh refinement strategy [219], or the boundary element method (see e.g. [14]). These techniques
provide very good results in many cases, but they require careful and thorough implementation
efforts, and/or rely on strong assumptions such as homogeneity of the coefficients of the equation
under consideration. Other methods are based on an approximation of uδ of the form “u0 +
corrector”, where both terms of this sum are computed separately (see for example [203, 60]).
These approaches may induce substantial additional computational cost in a real life simulation as
we explain below. In many practical situations, small inclusions are not the main subject of concern
and it seemed to us desirable to devise a simple, general purpose and implementation friendly
method that does not rely on any kind of mesh refinement technique while remaining robust as δ
tends to zero.

In [155], we proposed an approach based on the following methodology. First, we computed
an asymptotic expansion of uδ with respect to δ. To state the result which is interesting for our
study, we have to introduce a few objects. Let G, P denote respectively the Green function and
logarithmic capacity potential, defined in normalized geometries, such that

−∆G = 0 in Ω \ {0}
G = 0 on ∂Ω

G(x) = 1
2π ln(1/|x|) + O

|x|→0
(1)

−∆P = 0 in Ξ := R2 \ ω
P = 0 on ∂Ξ

P (ξ) = 1
2π ln(1/|ξ|) + O

|ξ|→∞
(1).

Classically, there exist constants G0, P0 that depend only on the domains Ω, ω such that

G(x) − (2π)−1 ln |x|−1 −G0 = O(|x|) for |x| → 0,
P (ξ) − (2π)−1 ln |ξ|−1 − P0 = O(|ξ|−1) for |ξ| → +∞.

Next, define the gauge function

λ(δ) := 2π
ln δ + 2π(P0 −G0) (4.2)

and the approximation
vδ(x) := u0(x) + u0(0)λ(δ)G(x).

We proved the following result.

Proposition 4.1.1 For any disk Br ⊂ Ω, there exist constants Cr, δ0 > 0 independent of δ such
that

∥uδ − vδ ∥H1(Ω\Br) ≤ Cr δ | ln δ| ∥f∥L2(Ω), ∀δ ∈ (0; δ0]. (4.3)

This last result shows that vδ = u0 +u0(0)λ(δ)G provides a reasonable approximation (for example
δ | ln δ| ≈ 2.3 10−9 for δ = 10−10) of uδ at any fixed distance from the small hole. Thus, the far
field of uδ appears as the superposition of the limit field u0 and a field “radiated” by a point source
located at the center of the hole.
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Numerically, u0, G can be approximated by functions uh
0 , Gh using a standard finite element

method (here, h refers to some mesh size) and define vh
δ = uh

0 + uh
0(0)λ(δ)Gh. Then, (4.3) ensures

that vh
δ is a good approximation of the far field of uδ. This procedure is rather simple to implement

and it has been proven for slightly different problems that it gives good results. However, it requires
solving two problems (plus the knowledge of the constant G0) which we would like to avoid because
it may be time consuming. Adapting this approach to the case of N inclusions would lead to N + 1
numerical solves. Similarly, looking for an approximation of uδ as sharp as the first M terms of
its asymptotic expansion would lead to M numerical solves when there is one inclusion. From this
perspective, for practical computations, a method involving only one numerical solve would be
much more interesting.

This is why we then derived an approximate model whose solution has the same far field asymptotics
as uδ, up to a remainder in O(δ1−ε), for all ε > 0. Let us decompose G under the form

G = slog + G̃ with slog(x) := 1
2π χ(x) ln(1/|x|) and G̃ ∈ H1

0(Ω) ∩ C 0(Ω),

where χ ∈ C ∞
0 (Ω) is equal to one in a neighborhood of O. This allows us to write vδ as

vδ = wδ + u0(0)λ(δ) slog

with wδ := u0 + u0(0)λ(δ)G̃. Let us express the coefficient u0(0)λ(δ) by means of wδ. According to
the definition of u0 and G it is clear that wδ belongs to H1

0(Ω) ∩ C 0(Ω). Moreover, observing that
G̃ = G0 +Ĝ for some function Ĝ ∈ H1(Ω)∩C 0(Ω) vanishing at 0, we find wδ(0) = u0(0)(1+λ(δ)G0)
and so u0(0)λ(δ) = wδ(0)λ(δ)/(1 + λ(δ)G0). Using Definition (4.2) of λ(δ), we deduce that

vδ = wδ + 2π wδ(0)
ln δ + 2πP0

slog.

Let us emphasize that this expression for vδ is interesting because it involves only one unknown func-
tion, namely wδ. Now, we need to derive a problem characterizing wδ. In the sense of distributions
in Ω, there holds

−∆wδ = −∆(u0 + u0(0)λ(δ) G̃) = f − 2π wδ(0)
ln δ + 2πP0

∆G̃

with
∆G̃(x) = (2π)−1

(
(∆χ)(x) ln |x| + 2∇χ(x) · ∇(ln |x|)

)
.

Of course the term wδ(0) is annoying to write a variational formulation in H1
0(Ω) because the func-

tional wδ 7→ wδ(0) is not defined in this space. So it cannot be exploited directly for discretization
and then numerical computation. This is the motivation for considering a regularized counterpart
where we replace wδ(0) by (2πδ)−1 �

|x|=δ wδ dσ. Finally, this leads us to examine the following
approximate model

Find ŵδ ∈ H1
0(Ω) such that�

Ω
∇ŵδ · ∇v dx+ 2π

ln δ + 2πP0

1
2πδ

�
|x|=δ

ŵδ dσ

�
Ω

∆G̃ v dx =
�

Ω
fv dx ∀v ∈ H1

0(Ω). (4.4)

We emphasize that Problem (4.4) is set in Ω and not in Ωδ. As a consequence, when discretizing it
with a finite element method, we do not have to adapt the mesh to the small obstacle. Moreover
(4.4) requires only one numerical resolution. After that, we established a result of consistency for
the Galerkin discretization of (4.4) which is quasi-optimal and, this is important, uniform with
respect to δ. This led us to the following result
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Proposition 4.1.2 Consider a finite dimensional space Vh ⊂ H1
0(Ω) and denote by ŵh

δ the solution
of the variational formulation (4.4) in Vh. For any disk Br ⊂ Ω and for any ε > 0, there exists a
constant C > 0 depending on r, ε but not on δ and h such that, for δ small enough,

∥uδ − (ŵh
δ + 2π

ln δ + 2πP0

1
2πδ

�
|x|=δ

ŵh
δ dσ slog)∥H1(Ω\Br)

≤ C (δ1−ε + | ln δ|−1 inf
φh∈Vh

∥G̃− φh∥H1(Ω)) ∥f∥L2(Ω) + C inf
φh∈Vh

∥u0 − φh∥H1(Ω).

In [155], we also implemented numerically the approach and indeed observed that it does not
deteriorate as δ tends to zero.

In theory, it should be possible to adapt the method to obtain higher-order models that can
be solved with only one numerical resolution. However this has to be written properly and tested
numerically.

4.2 Small obstacle asymptotics for a 2D semi-linear problem

With X. Claeys and S.A. Nazarov, we continued our investigations concerning asymptotic anal-
ysis in presence of small objects by considering in [159] a 2D non-linear equation in a domain with
a small Dirichlet obstacle of size δ. Let Ωδ ⊂ R2 be as in the previous section. For f ∈ L2(Ω) and
some fixed integer m ∈ N, we are interested in the following semi-linear problem

Find uδ ∈ H1
0(Ωδ) such that

−∆uδ + (uδ)2m+1 = f in Ωδ.
(4.5)

First, we remind the reader how to prove that (4.5) admits a unique solution. For any Lipschitz
domain O ⊂ R2, the Rellich-Kondrachov embedding theorem ensures that H1(O) ⊂ Lp(O) for all
p ≥ 1. As a consequence, the form (u, v) 7→

�
Ωδ

∇u ·∇v+(u)2muv dx is well-defined and continuous
in H1

0(Ωδ) × H1
0(Ωδ). Introduce the continuous operator Aδ : H1

0(Ωδ) → H−1(Ωδ) := H1
0(Ωδ)∗ such

that
⟨Aδ(u), v⟩ =

�
Ωδ

∇u · ∇v + (u)2muv dx ∀u, v ∈ H1
0(Ωδ).

Classically, one finds that uδ ∈ H1
0(Ωδ) satisfies (4.5) if and only if it solves the problem

Find uδ ∈ H1
0(Ωδ) such that

⟨Aδ(uδ), v⟩ =
�

Ωδ

fv dx ∀v ∈ H1
0(Ωδ).

(4.6)

Simple differential calculus shows that Aδ(u) − f is the Fréchet differential evaluated at u of the
cost functional Jδ : H1

0(Ωδ) → R defined by

Jδ(φ) = 1
2 ∥∇φ∥2

L2(Ωδ) + 1
2m+ 2 ∥φ∥2m+2

L2m+2(Ωδ) −
�

Ωδ

fφ dx ∀φ ∈ H1
0(Ωδ).

One can check that uδ is a minimum of Jδ if and only if it satisfies Problem (4.6). Since Jδ is
continuous, strictly convex and coercive, it admits a unique minimum (see e.g. [295, Chap. 3]).
Therefore (4.6) (as well as (4.5)) has a unique solution. From the convexity of the map t 7→ t2m+2

on R, we obtain (s2m+1 − t2m+1)(s− t) ≥ 0 for all s, t ∈ R. This implies ⟨Aδ(u) − Aδ(v), u− v⟩ ≥
∥u− v∥2

H1
0(Ωδ) for all u, v ∈ H1

0(Ωδ) and leads to the stability estimate

∥u− v∥H1
0(Ωδ) ≤ ∥Aδ(u) − Aδ(v)∥H−1(Ωδ) ∀u, v ∈ H1

0(Ωδ).
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Here we use the notation ∥ · ∥H1
0(Ωδ) := ∥∇ · ∥L2(Ωδ)2 . To sum up, for all δ ∈ (0; 1], the operator Aδ :

H1
0(Ωδ) → H−1(Ωδ) is a uniformly continuous bijection, and its inverse A−1

δ : H1
0(Ωδ) → H−1(Ωδ)

is also uniformly continuous. The same conclusion holds for the operator A0 : H1
0(Ω) → H−1(Ω)

defined by
⟨A0(u), v⟩ =

�
Ω

∇u · ∇v + (u)2muv dx ∀u, v ∈ H1
0(Ω).

The goal of [159] was to construct an asymptotic expansion of the solution uδ to Problem (4.5)
as δ → 0. For the usual Dirichlet Laplacian, as mentioned in the previous section, neglecting the
small obstacle, that is considering the solution of the problem without the obstacle, is a very crude
approximation of order | ln δ|−1. Such an estimate also holds for the above non linear problem.
Therefore, it is essential to compute a corrective term.

While literature concerning asymptotic analysis for linear elliptic PDEs is very rich (see e.g.
the classical monographs [462, 298, 283, 352]), for non linear PDEs, it seems that there are much
less references, especially if one looks for error estimates. The problem we consider has been
studied in [12] in the context of topological sensitivity analysis. In [12], the author provides an
error estimate in o(| ln δ|−1). The first outcome of [159] was an improvement of this result. More
precisely, we showed an estimate in o(δ1−ε) with any ε > 0. In [282] (see also the related papers
[439, 213]), the authors study the same equation as in (4.5), but in 3D for a Dirichlet obstacle and
in 2D for a Neumann obstacle. We emphasize that the asymptotic expansion is very different for
the 2D Dirichlet obstacle. Compared to the case of the Neumann condition in 2D, at least two
remarkable differences in the analysis can be pointed out. For the Dirichlet case, the matching
equation is non trivial and requires a solution procedure (based on a fixed point argument), whereas
the matching condition is totally explicit in the Neumann case. Another remarkable difference
lies in the magnitude of the first corrector term that is O(| ln δ|−1) in the Dirichlet case, whereas
it is only O(δ) for the Neumann case. Moreover, in [282], the compound method is used and
error estimates are proved in Hölder spaces. In [159], we work with different tools, employing the
method of matched asymptotic expansions and showing error estimates in Sobolev spaces (Hölder
estimates are available in our case, too). In the literature, it seems that people prefer to use
the compound method to derive asymptotic expansions for non linear PDEs (cf. e.g. [352, §5.7]
where the equation −∆uδ + |uδ|2 = fδ with various boundary perturbations is discussed under the
smallness assumption on the source term fδ). The second objective of [159] was to investigate the
method of matched asymptotic expansions for non linear PDEs.

For this technique, the general scheme is the following. First we compute an expansion of
the solution with respect to δ far from the obstacle ωδ. There, we search for an approximation of uδ

under the form vδ := u0 + λ(δ)u1, δ where the functions u0, u1, δ have to be determined and where
the gauge function λ(δ) (independent of x) is supposed to vanish as δ → 0. Formally plugging this
expansion into Equation (4.5) and retaining the first order terms as δ → 0, we find that u0 must
be a solution to the problem

Find u0 ∈ H1
0(Ω) such that

−∆u0 + (u0)2m+1 = f in Ω.

Using that A0 : H1
0(Ω) → H−1(Ω) is a continuous bijection, we can define u0 as u0 := A−1

0 (f). In
other words and quite naturally, we postulate that at first order, far from the origin, uδ does not
see the small obstacle.

To derive the correction term u1, δ we impose that

−∆(u0 + λ(δ)u1, δ) + (u0 + λ(δ)u1, δ)2m+1 = f in Ω \ {O}
u0 + λ(δ)u1, δ = 0 on ∂Ω.

(4.7)
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Since A0 : H1
0(Ω) → H−1(Ω) is a bijection, we have to look for u1, δ in a larger space than H1

0(Ω)
(otherwise, we would conclude u1, δ = 0 which is not interesting). Denote by G the Green function
for the Laplace operator with homogeneous Dirichlet boundary condition such that −∆G = δO

in Ω, G = 0 on ∂Ω (δO is the Dirac distribution centered at O). To simplify the notation, we
write G(·) instead of G(·, O). By analogy with the more classical asymptotics for the 2D Dirichlet
Laplace problem with a small obstacle (see for example [352, Chap. 2]), we impose the condition
u1, δ −G ∈ H1(Ω) (as a consequence, u1, δ admits a logarithmic singularity at the origin). Expanding
(4.7), we find that u1, δ must be solution to the problem

Find u1, δ such that u1, δ −G ∈ H1(Ω) and
−∆u1, δ + (2m+ 1)(u0)2mu1, δ

+λ(δ)
2m+1∑
k=2

(
2m+ 1
k

)
(u0)2m+1−kλ(δ)k−2(u1, δ)k = 0 in Ω \ {O}

u1, δ = 0 on ∂Ω.

(4.8)

In (4.8),
(2m+1

k

)
denotes the binomial coefficient. Here, we already observe one consequence of the

fact that we are dealing with a non-linear problem. We proved that (4.8) admits a unique solution
for λ(δ) ∈ R such that |λ(δ)| is small enough.

Then, and we will not detail the rest of the analysis, we construct an expansion close to the
obstacle where we expect a rapid variation of the field. Finally, we match the two expansions in an
intermediate region to define completely the unknown terms of the far and near field expansions.
The main novelty appearing in the study of the non linear PDE occurs during the matching step
which leads us to solve a non linear (and non explicit) equation to define the gauge functions of
the expansion.

In [159], we justified this formal asymptotic procedure by proving an error estimate between
uδ and our expansion as δ tends to zero. Moreover, we constructed an approximate model which
admits a solution corresponding to the first two terms of the far field expansion of uδ. From a
practical point of view, it is much simpler to discretize this approximate model than to compute
separately each of the terms appearing in the expansion of uδ. The derivation of this problem was
the third main outcome of the paper.

Admittedly, in this work we considered a rather academic problem. A possible direction to
continue this study would be to consider other types of non linear PDEs that could be more
relevant for applications. Note that in [58, 13], stronger non linearities are dealt with in the field
of topological sensitivity analysis. Besides, considering higher order expansions seems a difficult
problem with this approach.

4.3 Quasi-reversibility methods

In the article [99], with L. Bourgeois, we were interested in an ill-posed Cauchy problem for the
Laplace equation for which uniqueness holds. Let us start by presenting this problem. Consider a
bounded Lipschitz domain Ω ⊂ Rd, d > 1, the boundary ∂Ω of which is partitioned into two sets Γ
and Γ̃. More precisely, Γ and Γ̃ are non empty open sets for the topology induced on ∂Ω from the
topology on Rd, ∂Ω = Γ ∪ Γ̃ and Γ ∩ Γ̃ = ∅ (see Figure 4.2). The Cauchy problem we are interested
in consists, for some data (g0, g1) ∈ H1/2(Γ) × H−1/2(Γ), in finding u ∈ H1(Ω) such that

∆u = 0 in Ω
u = g0 on Γ

∂νu = g1 on Γ,
(4.9)
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Ω

Γ

Γ̃

Ω

Γ

Γ̃

Figure 4.2: Examples of domains Ω. The thick blue lines represent the support of measurements.

where ν is the outward unit normal to ∂Ω. This kind of problem arises when some part Γ̃ of
the boundary of a structure is not accessible, while the complementary part Γ is the support of
measurements which provide the Cauchy data (g0, g1). It is important to note that in practice, those
measurements are contaminated by some noise. Due to Holmgren’s theorem, the Cauchy problem
(4.9) has at most one solution. However it is ill-posed in the sense of Hadamard: existence may
not hold for some data (g0, g1), as for example shown in [41]. A possibility to regularize Problem
(4.9) is to use the quasi-reversibility method, which goes back to [325] and was revisited in [310].
The original idea was to replace an ill-posed Boundary Value Problem such as (4.9) by a family,
depending on a small parameter ε, of well-posed fourth-order BVPs. Much later, L. Bourgeois
introduced the notion of mixed formulation of quasi-reversibility for the Cauchy problem of the
Laplace equation [95]. This notion was extended to general abstract linear ill-posed problems in
[104]. The idea is to replace the ill-posed second-order BVP by a family, again depending on a
small parameter ε, of second-order systems of two coupled BVPs: the advantage is that the order
of the regularized problem is the same as the original one, which is interesting when it comes to
the numerical resolution. The price to pay is the introduction of a second unknown function λε in
addition to the principal unknown uε. Such mixed formulation of quasi-reversibility is the following:
for ε > 0, find (uε, λε) ∈ Vg0 × Ṽ0 such that for all (v, µ) ∈ V0 × Ṽ0,

ε

�
Ω

∇uε · ∇v dx+
�

Ω
∇v · ∇λε dx = 0�

Ω
∇uε · ∇µdx−

�
Ω

∇λε · ∇µdx = ⟨g1, µ⟩H−1/2(Γ),H̃1/2(Γ),
(4.10)

where Vg0 := {u ∈ H1(Ω), u|Γ = g0}, V0 := {u ∈ H1(Ω), u|Γ = 0} and Ṽ0 = {λ ∈ H1(Ω), λ|Γ̃ = 0}.
In (4.10), the brackets stand for duality pairing between H−1/2(Γ) and H̃1/2(Γ). We observe that
in view of Poincaré inequality, the standard norm of H1(Ω) in the spaces V0 and Ṽ0 is equivalent
to the semi-norm ∥ · ∥H1

0(Ω) defined by ∥ · ∥2
H1

0(Ω) =
�

Ω |∇ · |2 dx. Let us denote by (·, ·)H1
0(Ω) the

corresponding scalar product. We remark that the weak formulation (4.10) is equivalent to the
strong problem

∆uε = 0 in Ω
∆λε = 0 in Ω
uε = g0 on Γ

∂νuε − ∂νλε = g1 on Γ
λε = 0 on Γ̃

ε ∂νuε + ∂νλε = 0 on Γ̃,
where we observe that the two unknowns uε and λε are harmonic functions which are coupled by
the boundary ∂Ω. We have the following theorem.

Theorem 4.3.1 For all (g0, g1) ∈ H1/2(Γ) × H−1/2(Γ), Problem (4.10) has a unique solution
(uε, λε) ∈ Vg0 × Ṽ0. Moreover, there exists a constant C which depends only on the geometry
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such that

∀ε ∈ (0; 1],
√
ε∥uε∥H1(Ω) + ∥λε∥H1(Ω) ≤ C (∥g0∥H1/2(Γ) + ∥g1∥H−1/2(Γ)).

If in addition we assume that (g0, g1) is such that problem (4.9) has a (unique) solution u (the data
are said to be compatible), then there exists a constant C which depends only on the geometry such
that

∀ε > 0, ∥uε∥H1(Ω) +
∥λε∥H1(Ω)√

ε
≤ C∥u∥H1(Ω)

and
lim
ε→0

∥uε − u∥H1(Ω) = 0.

To prove such theorem, we need the following lemma, which establishes an equivalent weak formu-
lation to Problem (4.9) and which is proved in [104].

Lemma 4.3.2 For (g0, g1) ∈ H1/2(Γ) × H−1/2(Γ), the function u ∈ H1(Ω) is a solution to Problem
(4.9) if and only if u|Γ = g0 and for all µ ∈ H1(Ω) with µ|Γ̃ = 0, we have

�
Ω

∇u · ∇µdx = ⟨g1, µ⟩H−1/2(Γ),H̃1/2(Γ). (4.11)

Proof of Theorem 4.3.1. Let us begin with the first part of the theorem. There exists a
continuous lifting operator g0 7→ U from H1/2(Γ) to H1(Ω) such that U |Γ = g0. Let us define
ûε = uε − U ∈ V0. By replacing in (4.10), we obtain that (ûε, λε) ∈ V0 × Ṽ0 satisfies, for all
(v, µ) ∈ V0 × Ṽ0, the system

ε

�
Ω

∇ûε · ∇v dx+
�

Ω
∇v · ∇λε dx = −ε

�
Ω

∇U · ∇v dx�
Ω

∇ûε · ∇µdx−
�

Ω
∇λε · ∇µdx = ⟨g1, µ⟩H−1/2(Γ),H̃1/2(Γ) −

�
Ω

∇U · ∇µdx.

Well-posedness then relies on the Lax-Milgram Lemma applied to the coercive bilinear form

aε((u, λ), (v, µ)) = ε

�
Ω

∇u · ∇v dx+
�

Ω
∇v · ∇λ dx−

�
Ω

∇u · ∇µdx+
�

Ω
∇λ · ∇µdx

in V0. Choosing v = ûε and µ = λε and subtracting the two above equations, we obtain

ε

�
Ω

|∇ûε|2 dx+
�

Ω
|∇λε|2 dx = −ε

�
Ω

∇U · ∇ûε dx− ⟨g1, λε⟩ +
�

Ω
∇U · ∇λε dx.

The Cauchy-Schwarz inequality implies

ε∥ûε∥2
H1

0(Ω) + ∥λε∥2
H1

0(Ω) ≤ ε∥U∥H1
0(Ω)∥ûε∥H1

0(Ω) + ∥g1∥H−1/2(Γ)∥λε∥H1/2(Γ) + ∥U∥H1
0(Ω)∥λε∥H1

0(Ω).

The equivalence of the norm ∥ · ∥H1
0(Ω) and the standard H1(Ω) norm in the spaces V0 and Ṽ0, the

continuity of the trace operator and the continuity of the lifting operator g0 7→ U yield

ε∥ûε∥2
H1(Ω) + ∥λε∥2

H1(Ω) ≤ Cε ∥g0∥H1/2(Γ)∥ûε∥H1(Ω) + (c ∥g1∥H−1/2(Γ) + C∥g0∥H1/2(Γ)) ∥λε∥H1(Ω).

Using Young’s inequality to deal with the right-hand side of the above inequality, the result follows.
Let us prove the second part of the theorem. In the case when the Cauchy data (g0, g1) is associated
with the solution u, then u satisfies the weak formulation (4.11). By subtracting (4.11) from the
second equation of (4.10), we obtain that for all µ ∈ Ṽ0,

�
Ω

∇(uε − u) · ∇µdx−
�

Ω
∇λε · ∇µdx = 0. (4.12)
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Now setting v = uε − u ∈ V0 in the first line of (4.10), µ = λε ∈ Ṽ0 in (4.12) and subtracting the
two obtained equations, we get

ε

�
Ω

∇uε · ∇(uε − u) dx+
�

Ω
|∇λε|2 dx = 0.

We deduce that the term (uε, uε −u)H1
0(Ω) in the above sum is nonpositive, which from the Cauchy-

Schwarz inequality implies ∥uε∥H1
0(Ω) ≤ ∥u∥H1

0(Ω) and then ∥λε∥H1
0(Ω) ≤

√
ε∥u∥H1

0(Ω). Hence there
exists a constant C such that

∥uε∥H1(Ω) ≤ C ∥u∥H1(Ω) and ∥λε∥H1(Ω) ≤ C
√
ε ∥u∥H1(Ω).

It remains to prove that uε → u in H1(Ω) when ε → 0. The sequence (uε) is bounded in H1(Ω).
Therefore, there exists a subsequence, still denoted (uε), such that uε ⇀ w in H1(Ω) when ε → 0,
with w ∈ H1(Ω). Since the affine space Vg0 is convex and closed, it is weakly closed. This guarantees
that w ∈ Vg0 . Besides, by passing to the limit in the second equation of (4.10), we obtain that w
satisfies the weak formulation (4.11). Uniqueness in Problem (4.9) then implies that w = u, so that
(uε) weakly converges to u in H1(Ω). But

∥uε − u∥2
H1

0(Ω) = (uε, uε − u)H1
0(Ω) − (u, uε − u)H1

0(Ω) ≤ −(u, uε − u)H1
0(Ω),

so that weak convergence implies strong convergence. Lastly, a standard contradiction argument
enables us to conclude that the whole sequence (uε) strongly converges to u in H1(Ω).

Remark 4.3.3 Another type of mixed formulation of quasi-reversibility was introduced in [205], in
which the additional unknown lies in Hdiv(Ω) instead of H1(Ω). In addition, a notion of iterative
formulation of quasi-reversibility was introduced and analyzed in [204]. However we believe that the
quasi-reversibility formulation (4.10) is the easiest one to handle to establish regularity results of
the weak solutions.

The estimates of Theorem 4.3.1 involve H1(Ω) norms of the regularized solution (uε, λε) in the
case of a Lipschitz domain Ω and for the natural regularity of the Cauchy data (g0, g1), that is
H1/2(Γ) × H−1/2(Γ). These estimates were derived in two different cases: the data (g0, g1) are
compatible or not.

The main concern of [99] was to analyze, when the domain Ω and the Cauchy data (g0, g1)
are more regular than Lipschitz and H1/2(Γ) × H−1/2(Γ), respectively, the additional regularity of
the solution (uε, λε), whether the data (g0, g1) are compatible or not. We also wanted to obtain
estimates in the corresponding norms. In order to simplify the analysis, the additional regularity of
the data (g0, g1) is formulated in the following way: we assume that (g0, g1) is such that there exists
a function U in H2(Ω) with (U |Γ, ∂νU |Γ) = (g0, g1) and that we can define a continuous lifting
operator (g0, g1) 7→ U . Denoting f = ∆U ∈ L2(Ω) and considering the new translated unknown
u−U → u, the initial Cauchy problem (4.9) can be transformed into a homogeneous one (however
still ill-posed): for f ∈ L2(Ω), find u ∈ H1(Ω) such that

−∆u = f in Ω
u = 0 on Γ
∂νu = 0 on Γ.

(4.13)

We emphasize that this regularity assumption made on the data is not an assumption of regularity of
the solution u. It is simple to construct smooth data in the sense above such that the corresponding
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u is only in H1(Ω) and not in H2(Ω). The mixed formulation of quasi-reversibility for Problem (4.13)
takes the following form: for ε > 0, find (uε, λε) ∈ V0 × Ṽ0 such that for all (v, µ) ∈ V0 × Ṽ0,

ε

�
Ω

∇uε · ∇v dx+
�

Ω
∇v · ∇λε dx = 0�

Ω
∇uε · ∇µdx−

�
Ω

∇λε · ∇µdx =
�

Ω
fµ dx.

(4.14)

Note that the strong equations corresponding to Problem (4.14) are

−(1 + ε)∆uε = f in Ω
−(1 + ε)∆λε = −ε f in Ω

uε = 0 on Γ
∂νuε − ∂νλε = 0 on Γ

λε = 0 on Γ̃
ε ∂νuε + ∂νλε = 0 on Γ̃.

The analog of Theorem 4.3.1 is the following.

Theorem 4.3.4 For all f ∈ L2(Ω) and ε > 0, Problem (4.14) has a unique solution (uε, λε) ∈
V0 × Ṽ0. There exists a constant C which depends only on the geometry such that

∀ε ∈ (0; 1],
√
ε∥uε∥H1(Ω) + ∥λε∥H1(Ω) ≤ C ∥f∥L2(Ω). (4.15)

If in addition we assume that f is such that Problem (4.13) has a (unique) solution u, then there
exists a constant C which depends only on the geometry such that

∀ε > 0, ∥uε∥H1(Ω) +
∥λε∥H1(Ω)√

ε
≤ C ∥u∥H1(Ω) (4.16)

and
lim
ε→0

∥uε − u∥H1(Ω) = 0.

The goal of [99] then was to study the regularity of the solution (uε, λε) to Problem (4.14) and to
complete the statements (4.15) and (4.16) of Theorem 4.3.4 by giving estimates in stronger norms.
One objective was the following. In practice, one has to solve Problem (4.14) with two additional
approximations. Firstly, the data f is altered by some noise of amplitude δ. Secondly, Problem
(4.14) is discretized, for instance with the help of a Finite Element Method based on a mesh of
size h. It is then desirable to estimate the error between the approximated solution and the exact
solution as a function of ε, δ and h. Such error estimate for the H1(Ω) norm needs the solution to
be in a Sobolev space Hs(Ω), with s > 1. Let us mention that in [115] (see also [110, 111, 112, 114]),
a discretized method was proposed in order to regularize the Cauchy problem (4.9) in the presence
of noisy data without introducing a regularized problem such as (4.14) at the continuous level.
In some sense, the method of [115] relies on a single asymptotic parameter, that is h, instead of
two in our method, that is ε and h. However, we believe that from the theoretical point of view,
the study of regularity of quasi-reversibility solutions is an interesting problem in itself, which has
never been investigated. The difficulty stems from the fact that it leads to analyze the regularity
of the solution to a problem involving a small parameter ε which degenerates when ε tends to 0.
There are other contributions (see e.g. [302, 197, 156, 159, 384, 385]) where regularity results or
asymptotic expansions are obtained in situations where the limit problem has a different nature
from the regularized one. For example in [197], the authors study a mixed Neumann-Robin problem
where the small parameter ε is the inverse of the Robin coefficient. But while both the perturbed
problem and the limit one are well-posed in [197], only the perturbed problem is well-posed in our
case, the limit (Cauchy) problem being ill-posed (in any framework). Our contribution is original
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in this sense.

In our work, we proved regularity results of the solutions to these regularized problems which
hold uniformly in ε when ε tends to zero. We considered two situations: smooth domains and 2D
polygonal geometries. In presence of corners, due to the particular structure of the regularized
problems, classical techniques à la Grisvard do not work and instead, we applied the Kondratiev
approach (already used in §1.3, §2.10, §3.1.2). The main point was to write the procedure in detail
to keep track of the dependence in ε in all the estimates. With these results, we derived some
error estimates between the exact solution and the quasi-reversibility solution in the presence of
two perturbations: noisy data and discretization with the help of a Finite Element Method. Let us
give an idea of what they look like.

Consider V0,h and Ṽ0,h finite dimensional subspaces approximating respectively V0 and Ṽ0. For a
noise level δ > 0, let f δ ∈ L2(Ω) (the available data in practice) be a noisy approximation of f such
that

∥f δ − f∥L2(Ω) ≤ δ.

The discretized version of the mixed formulation of quasi-reversibility (4.14) writes: for ε > 0, find
(uδ

ε,h, λ
δ
ε,h) ∈ V0,h × Ṽ0,h such that for all (vh, µh) ∈ V0,h × Ṽ0,h,

ε

�
Ω

∇uδ
ε,h · ∇vh dx+

�
Ω

∇vh · ∇λδ
ε,h dx = 0�

Ω
∇uδ

ε,h · ∇µh dx−
�

Ω
∇λδ

ε,h · ∇µh dx =
�

Ω
f δµh dx.

(4.17)

We also denote by (uε,h, λε,h) the solution to problem (4.17) associated with f instead of f δ. In
practice, uδ

ε,h is the only approximate function of the exact solution u which is accessible. Therefore,
our goal is to assess the norm of the discrepancy uδ

ε,h − u in the domain Ω. In this view, we write

∥uδ
ε,h − u∥H1(Ω) ≤ ∥uδ

ε,h − uε,h∥H1(Ω) + ∥uε,h − uε∥H1(Ω) + ∥uε − u∥H1(Ω), (4.18)

and estimate each term of this decomposition. The first one corresponds to the error due to the
noisy data. We proved the following lemma.

Lemma 4.3.5 There exists a constant C > 0 which depends only on the geometry such that

∥uδ
ε,h − uε,h∥H1(Ω) ≤ C

δ√
ε
. (4.19)

The second term of (4.18) represents the error due to discretization. By exploiting our regularity
analysis, the core of [99], we deduced the following estimate.

Lemma 4.3.6 There is a constant C > 0 which depends only on the geometry and on u such that

∥uε,h − uε∥H1(Ω) ≤ C
hs−1

ε
, (4.20)

for a certain s > 1 that we can characterize.

Estimating the third term in (4.18) is strongly related to the stability of the Cauchy problem for
the Laplace equation, a topic which has a long history. It is well-known that since such problem is
exponentially ill-posed, the corresponding stability estimate is at best of logarithmic type (see for
example [96]). To our best knowledge, an estimate of η(ε) := ∥uε − u∥H1(Ω), which tends to 0 when
ε tends to 0, is unknown. However, a logarithmic stability estimate for ∥uε −u∥L2(Ω) can be derived
from Theorem 1.9 in [8].
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Lemma 4.3.7 There exists a constant C > 0 which depends only on the geometry and on u and a
constant µ ∈ (0; 1) which depends only on the geometry such that

∥uε − u∥L2(Ω) ≤ C
1(

log(1/ε)
)µ .

In conclusion, by gathering (4.18), (4.19) and (4.20), we end up with the final estimate

∥uδ
ε,h − u∥H1(Ω) ≤ C

δ√
ε

+ C
hs−1

ε
+ η(ε), (4.21)

where η converges to 0 when ε tends to 0 at best with a logarithmic convergence rate in view of
Lemma 4.3.7. An important application of the estimate (4.21) is that when δ → 0, we have to
choose ε = ε(δ) and h = h(ε) such that

lim
δ→0

δ√
ε(δ)

= 0, lim
ε→0

hs−1(ε)
ε

= 0

in order to obtain a good approximation of the exact solution from noisy data and by using our
Finite Element Method.

An intriguing question around this topic concerns the derivation of an asymptotic expansion,
and not only a regularity study, of the solution uε with respect to ε as ε tends to zero. The main
difficulty for that lies again in the fact that the limit problems are Cauchy problems that are
ill-posed in any framework. Is it possible to propose an asymptotic expansion that can be justified
by error estimates? This is not clear at all and deserves to be studied.

4.4 Generalized impedance boundary conditions with vanishing or
sign-changing impedance

In the article [100], with L. Bourgeois, we considered a Laplace type problem with a Generalized
Impedance Boundary Condition (GIBC) involving a vanishing or sign-changing coefficient. GIBCs
are often used in the context of asymptotic analysis for partial differential equations to obtain
simplified models. Imagine for example that one is interested in the scattering of an electromagnetic
wave by an inclusion of perfectly conducting material coated with a thin dielectric layer of variable
thickness. One can show that the solution of the corresponding problem is well approximated by
the solution of a scattering problem for the inclusion alone supplemented with an ad hoc second-
order GIBC. In this model, the complexity of the initial geometry is incorporated in the boundary
condition. This can be useful in particular to reduce computational costs because it allows one
to avoid meshing the thin layer, see e.g. [19]. Note that this approach can also be exploited to
solve the inverse problem consisting in finding information on the obstacle from the measurement
of scattered fields [97, 98]. For modeling aspects and derivation of GIBCs in electromagnetism,
we refer the reader to [255]. Similarly, in aeroacoustics, the so-called Ingard-Myers boundary
conditions are used to model the presence of a liner located on the surface of a duct [348]. They
also consist of a second-order GIBC.

In order to describe the setting of our study, let us present in more detail another situation where
GIBCs arise. Let Ω ⊂ R2 be an open, connected, bounded set with a Lipschitz continuous boundary
∂Ω. Additionally, assume that there holds Γ ⊂ ∂Ω with Γ := (−1; 1) × {0} and set Γ0 := ∂Ω \ Γ
(see Figure 4.3 left). Now let us perturb slightly, in a smooth way, the boundary of Ω. To proceed,
introduce some smooth profile function g supported in [−1; 1] satisfying g(−1) = g(1) = 0 and for
ε > 0 small, define the domain Ωε such that

∂Ωε = Γ0 ∪ Γε with Γε := {(x, εg(x)) |x ∈ (−1; 1)}.
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Γ

Γ0

Ω

∂Ω = Γ ∪ Γ0

x

y

Γε

Γ0

Ωε

Γε

Γ0

Ωε

Figure 4.3: Left: domain Ω. Center and right: examples of perturbed domains Ωε.

Examples of such geometries are given in Figure 4.3 center and right. In Ωε, we study the model
problem

−∆uε + uε = f in Ωε

∂νεuε = 0 on ∂Ωε,
(4.22)

where f is a given source term which vanishes in a neighborhood of Γ and νε stands for the outward
unit normal vector to ∂Ωε. Let us recall how to obtain formally an asymptotic expansion of uε with
respect to ε small. Consider the ansatz

uε = u0 + εu1 + . . . (4.23)

where u0, u1 are functions to determine and where the dots correspond to higher order terms. On
Γε, we have the expansions

νε =
1√

1 + ε2(g′(x))2

(
εg′(x)

−1

)
=
(

0
−1

)
+ ε

(
g′(x)

0

)
+ . . . (4.24)

∇uε(x, εg(x)) = ∇uε(x, 0) + εg(x)
(
∂2

xyu
ε(x, 0)

∂2
yyu

ε(x, 0)

)
+ . . .

= ∇uε(x, 0) + εg(x)
(

∂2
xyu

ε(x, 0)
−∂2

xxu
ε(x, 0) + uε(x, 0)

)
+ . . . .

(4.25)

Now we insert (4.23) in (4.22) and exploit (4.24), (4.25). Collecting the terms of orders ε0, ε1, we
find that u0, u1 satisfy respectively the problems

−∆u0 + u0 = f in Ω
∂νu0 = 0 on ∂Ω

−∆u1 + u1 = 0 in Ω
∂νu1 = 0 on Γ0

∂νu1 = −∂x(g(x)∂xu0) + g(x)u0 on Γ.

Then by rectifying the boundary of Ωε using “almost identical” diffeomorphisms to transform the
perturbed domain into the original geometry Ω (see e.g. [294, Chap. 7, §6.5]), under additional
assumptions of regularity for f , one can prove the estimate, for ε small enough,

∥uε − (u0 + εu1)∥H1(Ω\ω) ≤ Cε2,

where C > 0 is a constant independent of ε and ω is a neighborhood of Γ. In practice, as mentioned
above, instead of computing successively u0, u1, . . . , very often one prefers to work with a model
problem (see also §4.1), whose dependence with respect to ε is rather explicit, which provides via
a simple calculation an approximation of uε up to a given order. In our case, to approach u0 + εu1
in one shot, one can consider the problem

−∆u+ u = f in Ω
∂νu = 0 on Γ0

∂νu = −ε∂x(g(x)∂xu) + εg(x)u on Γ.
(4.26)
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The condition on Γ appearing in (4.26), which makes the analysis of this problem not straightfor-
ward, is a particular instance of the so-called Ventcel boundary conditions, which are themselves
a subclass of GIBCs. Ventcel boundary conditions are second order differential conditions which
have been named after the pioneering works of Feller and Ventcel [231, 465, 232, 466]. Since then,
there have been many studies concerning the Laplace operator with Ventcel boundary conditions
[230, 16, 201, 141, 202, 200, 59, 142]. For investigations in non smooth domains, one can consult
[334, 425, 396]. The value of ε > 0 as well as the term εgu play no major role in the well-posedness
in the Fredholm sense of (4.26) and to simplify, we work with the condition

∂νu = −∂x(g(x)∂xu) on Γ, (4.27)

where ν is the outward unit normal vector to ∂Ω. Up to now, in most of the articles mentioned
above only the cases g = −1 or g = 1 on the whole boundary have been considered. However, for
certain problems, as the one which led us to (4.26), it may be relevant to consider some g which
vanish or whose sign is not constant on Γ. For instance, such situation arises in a water wave
problem where the small variation of the ocean bottom shape with respect to a reference flat depth
is approached by the boundary condition (4.27), like in [103]. In this case the function g coincides
with this shape variation and is likely to vanish or change sign. Then it is natural to wonder what
can be said concerning the well-posedness of the corresponding problem in that situation.

This is precisely the question we studied with L. Bourgeois in [100]. Let us mention that a
variable g is allowed in [241] but it does not vanish. Besides, note that degenerate elliptic problems
are studied in [399] in the context of modeling of resonant waves in 2D plasma. These problems
share similarities with ours but are nonetheless different.

To simplify, we focus our attention on two model problems. Let us divide Γ into the two
segments

Γ− := (−1; 0) × {0} and Γ+ := (0; 1) × {0}.

To study the case of a g which vanishes at a point (the origin), we work on the variational problem
whose strong formulation is

−∆u+ u = f in Ω
∂νu = 0 on ∂Ω \ Γ+

∂νu = s ∂x(xα ∂xu) on Γ+,

(4.28)

where s = 1 or s = −1 and α ≥ 0 is a real number. Moreover here and below, f is a given element
of L2(Ω).

To address the situation where g changes sign in (4.27), we study the variational problem whose
strong formulation is

−∆u+ u = f in Ω
∂νu = 0 on Γ0
∂νu = −∂x(|x|α ∂xu) on Γ−
∂νu = ∂x(xα ∂xu) on Γ+,

(4.29)

with again α ≥ 0. In (4.28) and (4.29), the coefficient α can be viewed as a simple polynomial
rate which characterizes how fast the impedance vanishes at the origin. The most relevant case is
probably α = 1, which in (4.29) corresponds to a smooth change of sign. The situation α = 0, i.e.
a jump of the impedance function which may seem less realistic because one needs smoothness in
the asymptotic expansion leading to (4.26), is also considered in our paper. We will see that the
value of α plays a crucial role in the results of well-posedness.
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Definition of the problems

To consider the case of an impedance vanishing at the origin, we introduce the space

Vα(Ω) := {v ∈ H1(Ω) |xα/2∂xv ∈ L2(Γ+)}

and study the weak formulation

Find u ∈ Vα(Ω) such that for all v ∈ Vα(Ω)�
Ω

∇u · ∇v + uv dx+ s

�
Γ+

xα ∂xu ∂xv dx =
�

Ω
fv dx.

(4.30)

Here the term xα is our impedance function. We denote by a(·, ·) the sesquilinear form appearing
in the left-hand side of (4.30) and by ℓ(·) the antilinear form of the right-hand side. For the space
Vα(Ω), we have the following result.

Proposition 4.4.1 For all α ≥ 0, Vα(Ω) is a Hilbert space when equipped with the inner product

(u, v)Vα(Ω) =
�

Ω
∇u · ∇v + uv dx+

�
Γ+

xα ∂xu ∂xv dx.

It is readily seen that the forms a(·, ·) and ℓ(·) are respectively continuous in Vα(Ω) × Vα(Ω) and
Vα(Ω). With the help of the Riesz representation theorem, hence we can define the bounded
operator A : Vα(Ω) → Vα(Ω) and the element L ∈ Vα(Ω) such that

(Au, v)Vα(Ω) = a(u, v) and (L, v)Vα(Ω) = ℓ(v), ∀u, v ∈ Vα(Ω).

With this notation, the weak formulation (4.30) is equivalent to find u ∈ Vα(Ω) such that Au = L.

To investigate the case of an impedance which is both vanishing at the origin and whose sign
is non constant, we introduce the space, for α ≥ 0,

Wα(Ω) := {v ∈ H1(Ω) | |x|α/2∂xv ∈ L2(Γ−), xα/2∂xv ∈ L2(Γ+)},

and consider the weak formulation

Find u ∈ Wα(Ω) such that for all v ∈ Wα(Ω)�
Ω

∇u · ∇v + uv dx−
�

Γ−

|x|α ∂xu ∂xv dx+
�

Γ+

xα ∂xu ∂xv dx =
�

Ω
fv dx.

(4.31)

We denote by b(·, ·) the sesquilinear form appearing in the left-hand side of (4.31). One shows that
Wα(Ω) is a Hilbert space for all α ≥ 0 when equipped with the inner product

(u, v)Wα(Ω) =
�

Ω
∇u · ∇v + uv dx+

�
Γ−

|x|α ∂xu ∂xv dx+
�

Γ+

xα ∂xu ∂xv dx.

With the Riesz representation theorem, we define the bounded operator B : Wα(Ω) → Wα(Ω) and
the element L̃ ∈ Wα(Ω) such that

(Bu, v)Wα(Ω) = b(u, v) and (L̃, v)Wα(Ω) = ℓ(v), ∀u, v ∈ Wα(Ω).

With this notation, the weak formulation (4.31) is equivalent to find u ∈ Wα(Ω) such that Bu = L̃.
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Statement of the results

We start with the variational formulation (4.30). Concerning the relation with the strong problem
(4.28), we have the following result:

Theorem 4.4.2 For s = ±1, for any α ≥ 0, if u satisfies (4.30), then it solves (4.28) where the
GIBC on Γ+ holds in D′(Γ+) (distributional sense).

Next we consider the well-posedness of (4.30). In the good sign case s = 1, we have the following
theorem, which is a direct application of the Lax-Milgram theorem since the bilinear form a(·, ·) is
coercive.

Theorem 4.4.3 For s = 1, the weak formulation (4.30) has a unique solution for all α ≥ 0.

The bad sign case s = −1 is more delicate to address because then the coercivity of a(·, ·) in
Vα(Ω) is not clear. The main achievement of [100] was to emphasize that the well-posedness (in the
Fredholm sense) of (4.30) depends on the parameter α. We proved a positive result for α ∈ [0; 1)
and a negative result for α = 1.

Theorem 4.4.4 For s = −1 and α ∈ [0; 1), the operator A : Vα(Ω) → Vα(Ω) is Fredholm of index
zero. As a consequence, Problem (4.30) admits a solution when A is injective.

Theorem 4.4.5 For s = −1 and α = 1, the operator A : Vα(Ω) → Vα(Ω) is not of Fredholm type.

Now we present the results for the variational formulation (4.31) with an impedance which is both
vanishing and sign-changing. They are very similar to the ones of Theorems 4.4.2, 4.4.4 and 4.4.5.

Theorem 4.4.6 For any α ≥ 0, if u satisfies (4.31), then it solves (4.29) where the GIBC on Γ±
holds in D′(Γ±).

Theorem 4.4.7 For α ∈ [0; 1), the operator B : Wα(Ω) → Wα(Ω) is Fredholm of index zero. As a
consequence, Problem (4.31) admits a solution when B is injective.

Theorem 4.4.8 For α = 1, the operator B : Wα(Ω) → Wα(Ω) is not of Fredholm type.

Remark 4.4.9 Comparing all these results, we can say that the well-posedness of Problem (4.31)
is more affected by the fact that the impedance is vanishing than by the fact that its sign is non
constant.

Let us make a few comments. The proof of the positive results (Theorems 4.4.4 and 4.4.7) is based
on the reformulation as 1D problems by working with Dirichlet-to-Neumann operators. We proved
compact embedding results for the weighted Sobolev spaces involved in the analysis to show that,
roughly speaking, the volume terms in (4.30), (4.31) are only compact perturbations of the ones on
Γ± when α ∈ [0; 1). In the study of B, i.e. in the case of a sign-changing impedance, we also used
a T-coercivity argument a bit as in §1.2.1. The proof of the negative results (Theorems 4.4.5 and
4.4.8) relies on the computation of singularities and the construction of Weyl’s sequences similar
to what we did in the study of the plasmonic problem (1.1) with a corner in the interface. In
[100], we also worked on the equivalence between the strong and weak formulations, which is not
straightforward.

For s = −1 and α > 1, we expect that A and B are not Fredholm but unfortunately, we
have been unable to establish this result. This is due to the fact that then there are no singularities
with separate variables in polar coordinates at the origin. In our study, for s = −1, we did not
consider the question of injectivity of A and B. For α ∈ [0; 1), due to the Fredholm property, we
know that these operators have a kernel of finite dimension. However showing that this kernel
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reduces to the null function is an open question. We do not expect that this occurs in all geometries
but even finding a simple Ω where we can prove that this is true reveals complications because we
can not use separation of variables due to the form of the operators. Finally, in [100] we presented
simple numerical experiments corroborating the Fredholm/non Fredholm property of the operators
A, B according to the value of α. However there is no justification for this numerics. It would be
interesting to establish results of convergence for our numerical methods when the mesh is refined
and when A, B are isomorphisms.
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[293] I.V. Kamotskĭı and S.A. Nazarov. An augmented scattering matrix and exponentially decreas-
ing solutions of an elliptic problem in a cylindrical domain. Zap. Nauchn. Sem. S.-Peterburg.
Otdel. Mat. Inst. Steklov. (POMI), 264(Mat. Vopr. Teor. Rasprostr. Voln. 29):66–82, 2000.
(English transl.: J. Math. Sci. 2002. V. 111, N 4. P. 3657–3666).

[294] T. Kato. Perturbation theory for linear operators. Springer-Verlag, Berlin, reprint of the corr.
print. of the 2nd ed. 1980 edition, 1995.

[295] O. Kavian. Introduction à la théorie des points critiques, volume 13 of Mathématiques &
Applications. Springer-Verlag, 1993.

[296] C. Kenig, J. Sjöstrand, and G. Uhlmann. The Calderón problem with partial data. Ann. of
Math., 165:567–591, 2007.

[297] H. Kettunen, L. Chesnel, H. Hakula, H. Wallén, and A. Sihvola. Surface plasmon resonances
on cones and wedges. In 2014 8th International Congress on Advanced Electromagnetic Ma-
terials in Microwaves and Optics, pages 163–165, 2014.

[298] J. Kevorkian and J.D. Cole. Perturbation methods in applied mathematics, volume 34 of
Applied Mathematical Sciences. Springer-Verlag, New York-Berlin, 1981.

[299] D. Khavinson, M. Putinar, and H.S. Shapiro. Poincaré’s variational problem in potential
theory. Arch. Ration. Mech. Anal., 185(1):143–184, 2007.

[300] M. Kim, Y. Choi, C. Yoon, W. Choi, J. Kim, Q.-H. Park, and W. Choi. Maximal energy
transport through disordered media with the implementation of transmission eigenchannels.
Nat. Photonics, 6(9):581–585, 2012.

[301] S.-H. Kim, R. Takei, Y. Shoji, and T. Mizumoto. Single-trench waveguide TE-TM mode
converter. Opt. Express, 17(14):11267–11273, 2009.

[302] A. Kirsch. The Robin problem for the Helmholtz equation as a singular perturbation problem.
Numer. Func. Anal. Opt., 8(1-2):1–20, 1985.

[303] A. Kirsch. The denseness of the far field patterns for the transmission problem. IMA J. Appl.
Math., 37(3):213–225, 1986.

[304] A. Kirsch. Factorization of the far-field operator for the inhomogeneous medium case and an
application in inverse scattering theory. Inverse Probl., 15(2):413, 1999.

[305] A. Kirsch. An integral equation approach and the interior transmission problem for Maxwell’s
equations. Inverse Probl. Imaging, 1(1):159–179, 2007.



192 Bibliography

[306] A. Kirsch. A note on Sylvester’s proof of discreteness of interior transmission eigenvalues. C.
R. Acad. Sci. Paris, Ser. I, 354(4):377–382, 2016.

[307] A. Kirsch and A. Lechleiter. The inside-outside duality for scattering problems by inhomo-
geneous media. Inverse Probl., 29(10):104011, 2013.

[308] A. Kirsch and S. Ritter. A linear sampling method for inverse scattering from an open arc.
Inverse Probl., 16(1):89, 2000.

[309] A. Kleefeld and E. Reichwein. Improvement of the inside-outside duality method. In Integral
Methods in Science and Engineering, Volume 1, pages 149–159. Springer, 2017.

[310] M.V. Klibanov and F. Santosa. A computational quasi-reversibility method for Cauchy prob-
lems for Laplace’s equation. SIAM J. Appl. Math., 51(6):1653–1675, 1991.

[311] R.V. Kohn, J. Lu, B. Schweizer, and M.I. Weinstein. A variational perspective on cloaking
by anomalous localized resonance. Comm. Math. Phys., 328(1):1–27, 2014.

[312] V.A. Kondratiev. Boundary-value problems for elliptic equations in domains with conical or
angular points. Trans. Moscow Math. Soc., 16:227–313, 1967.

[313] V.A. Kozlov, V.G. Maz’ya, and A.B. Movchan. Asymptotic analysis of a mixed boundary
value problem in a multi-structure. Asymptot. Anal., 8(2):105–143, 1994.

[314] V.A. Kozlov, V.G. Maz’ya, and J. Rossmann. Elliptic Boundary Value Problems in Do-
mains with Point Singularities, volume 52 of Mathematical Surveys and Monographs. AMS,
Providence, 1997.

[315] V.A. Kozlov, V.G. Maz’ya, and J. Rossmann. Spectral problems associated with corner singu-
larities of solutions to elliptic equations, volume 85 of Mathematical Surveys and Monographs.
AMS, Providence, 2001.

[316] R. Kress and P. Serranho. A hybrid method for two-dimensional crack reconstruction. Inverse
Probl., 21(2):773, 2005.

[317] G.A. Kriegsmann. Complete transmission through a two-dimensional diffraction grating.
SIAM J. Appl. Math., 65(1):24–42, 2004.

[318] H. Kumrić, M. Thumm, and R. Wilhelm. Optimization of mode converters for generating the
fundamental TE01 mode from TE06 gyrotron output at 140 GHz. Int. J. Electron, 64(1):77–
94, 1988.

[319] A. Lai, K.M.K.H. Leong, and T. Itoh. A novel N-port series divider using infinite wavelength
phenomena. In IEEE MTT-S Int. Microw. Symp. Dig., pages 1001–1004, 2005.

[320] E. Lakshtanov and A. Lechleiter. Difference factorizations and monotonicity in inverse
medium scattering for contrasts with fixed sign on the boundary. SIAM J. Math. Anal.,
48(6):3688–3707, 2016.

[321] E. Lakshtanov and B. Vainberg. Ellipticity in the interior transmission problem in anisotropic
media. SIAM J. Math. Anal., 44(2):1165–1174, 2012.

[322] E. Lakshtanov and B. Vainberg. Applications of elliptic operator theory to the isotropic
interior transmission eigenvalue problem. Inverse Probl., 29(10):104003, 2013.

[323] E. Lakshtanov and B. Vainberg. Sharp Weyl law for signed counting function of positive
interior transmission eigenvalues. SIAM J. Math. Anal., 47(4):3212–3234, 2015.

[324] M. Lassas, M. Salo, and L. Tzou. Inverse probl. and invisibility cloaking for FEM models and
resistor networks. Math. Models Methods Appl. Sci., 25, 2015.

[325] R. Lattès and J.-L. Lions. Méthode de quasi-réversibilité et applications. Travaux et
Recherches Mathématiques, No. 15. Dunod, Paris, 1967.

[326] W. Lawson, M.R. Arjona, B.P. Hogan, and R.L. Ives. The design of serpentine-mode convert-
ers for high-power microwave applications. IEEE Trans. Microw. Theory Tech., 48(5):809–814,
2000.

[327] N. Lebbe. Contribution in topological optimization and application to nanophotonics. PhD
thesis, Université Grenoble Alpes, 2019.

[328] N. Lebbe, C. Dapogny, E. Oudet, K. Hassan, and A. Gliere. Robust shape and topology opti-
mization of nanophotonic devices using the level set method. J. Comput. Phys., 395(0):710–
746, 2019.



Bibliography 193

[329] N. Lebbe, A. Glière, K. Hassan, C. Dapogny, and E. Oudet. Shape optimization for the design
of passive mid-infrared photonic components. Opt. Quant. Electron., 51(5):166, 2019.

[330] A. Lechleiter and S. Peters. Determining transmission eigenvalues of anisotropic inhomoge-
neous media from far field data. Commun. Math. Sci, 13(7):1803–1827, 2015.

[331] A. Lechleiter and S. Peters. The inside–outside duality for inverse scattering problems with
near field data. Inverse Probl., 31(8):085004, 2015.

[332] A. Lechleiter and M. Rennoch. Inside-outside duality and the determination of electromag-
netic interior transmission eigenvalues. SIAM J. Math. Anal., 47(1):684–705, 2015.

[333] H.-W. Lee. Generic transmission zeros and in-phase resonances in time-reversal symmetric
single channel transport. Phys. Rev. Lett., 82(11):2358, 1999.

[334] K. Lemrabet. Problème aux limites de Ventcel dans un domaine non régulier. C. R. Acad.
Sci. Paris, Ser. I, 300(15):531–534, 1985.

[335] U. Leonhardt. Optical conformal mapping. Science, 312(5781):1777–1780, 2006.
[336] W. Li, K.-M. Perfekt, and S.P. Shipman. Infinitely many embedded eigenvalues for the

Neumann-Poincaré operator in 3D. SIAM J. Math. Anal., 54(1):343–362, 2022.
[337] J. Lin, S. Shipman, and H. Zhang. A mathematical theory for Fano resonance in a periodic

array of narrow slits. SIAM J. Appl. Math., 80(5):2045–2070, 2020.
[338] J. Lin and H. Zhang. Scattering and field enhancement of a perfect conducting narrow slit.

SIAM J. Appl. Math., 77(3):951–976, 2017.
[339] J. Lin and H. Zhang. Scattering by a periodic array of subwavelength slits I: field enhancement

in the diffraction regime. Multiscale Model. Sim., 16(2):922–953, 2018.
[340] C.M. Linton and P. McIver. Embedded trapped modes in water waves and acoustics. Wave

Motion, 45(1):16–29, 2007.
[341] J.-L. Lions and E. Magenes. Problèmes aux limites non homogènes et applications. Dunod,

1968.
[342] J. Liu and M. Sini. Reconstruction of cracks of different types from far-field measurements.

Math. Methods Appl. Sci., 33(8):950–973, 2010.
[343] V. Liu, D. A.B. Miller, and S. Fan. Ultra-compact photonic crystal waveguide spatial mode

converter and its connection to the optical diode effect. Optics Express, 20(27):28388–28397,
2012.

[344] S. Longhi. PT -symmetric laser absorber. Phys. Rev. A, 82(3):031801, 2010.
[345] L. Lu, J.D. Joannopoulos, and M. Soljačić. Topological photonics. Nat. Photonics, 8(11):821–

829, 2014.
[346] B. Luk’yanchuk, N.I. Zheludev, S.A. Maier, N.J. Halas, P. Nordlander, H. Giessen, and C.T.

Chong. The Fano resonance in plasmonic nanostructures and metamaterials. Nat. Mater.,
9(9):707–715, 2010.

[347] É. Lunéville, J.-M. Krieg, and E. Giguet. An original approach to mode converter optimum
design. IEEE Trans. Microw. Theory Tech., 46(1):1–9, 1998.

[348] É. Lunéville and J.-F. Mercier. Mathematical modeling of time-harmonic aeroacoustics with a
generalized impedance boundary condition. ESAIM: Math. Model. Numer. Anal., 48(5):1529–
1555, 2014.

[349] G. Ma and P. Sheng. Acoustic metamaterials: from local resonances to broad horizons. Sci.
Adv., 2(2):e1501595, 2016.

[350] S. A. Maier. Plasmonics: fundamentals and applications. Springer, 2007.
[351] R. Mandel, Z. Moitier, and B. Verfürth. Nonlinear Helmholtz equations with sign-changing

diffusion coefficient. C. R., Math., Acad. Sci. Paris, 360(G5):513–538, 2022.
[352] V.G. Maz’ya, S.A. Nazarov, and B.A. Plamenevskĭı. Asymptotic theory of elliptic boundary
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